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PREFACE. 



Is publishing the following work my principal 
intention is to explain difficulties which may bo 
encountered by the student on first reading the 
Principia, and to illustrate the advantages of a 
careful study of the methods employed by Newton, 
by shewing the extent to which they may be 
applied in the solution of problems. I have also 
endeavoured to give assistance to the student who 
is engaged in the study of the higher branches of 
Mathematics, by representing in a geometrical form 
several of the processes employed in the Differential 
and Integral Calculus, and in the analytical investi- 
gations of Dynamics. 

In my version of the first section and the begin- 
ning of the second I have adhered as closely as 
I could to the original form; and, in the cases 
in which sections have been interpolated, or the 
form of demonstration changed, I have indicated such 
changes and interpolations by brackets. 
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It is generally advisable not to deviate from 
Newton's words in the demonstrations of the 
Lemmas; but in many cases, I suppose purposely, 
he expressed himself very concisely, as in Lemmas 
IV. and X., and he was contented with simply giving 
the enunciation of Lemma v. ; therefore in these cases 
interpolations have been made which, I believe, are 
in accordance with Newton's plan of demonstration. 

Throughout the Problems and Theorems which 
depend upon the sixth proposition, the variations are 
replaced by equations. By this method of treating 
the subject I conceive that clearer ideas of the 
meaning of each step are obtained by the student. 

In this edition I have introduced some notes on 
the geometrical solution of some problems relating 
to maxima and minima, and I have placed the 
investigations of the properties of the curves, which, 
after the conic sections, are the best examples for 
illustrating geometrical methods, in a more pro- 
minent position, at the end of the first section. 

I have derived great assistance in the preparation 
of my notes from the gtudy of Whewell's Method 
of Limits^ and from several early editions of Newton^ 
especially that of Carr. 

With respect to the three Laws of Motion, I may 
remark that I have not commenced the work by 
enunciating and making observations upon them, 
partly because I should only have been repeating 



what has bcGn said so well by Thompson, Tait, 
and Maxwell, whose works are in everybody's hands, 
and partly because in the course of reading recom- 
mended to students, for whose benefit my work 
was especially intended, those laws will have been 
already discussed in the elementary treatises on 
t Dynamics. 

The Problems are principally selected from the 
papers set in the Mathematical Tripos, and in the 
course of the College Examinations, and I have 
generally divided them into two portions, the 
first of which contains those problems which are 
capable of solution by more direct applications of 
the propositions which they illustrate, and are 
within the powers of a larger number of students 
In both portions I have been carefiil to introduce 
very few problems which are not capable of solution 
by methods given in the work. 

At the end of the work I have given hints for 

I the solution, and in many cases complete solutions, 

of the problems ; and in doing so I am acting in 

t direct opposition to my previously expressed opinion, 

I but additional experience of fifteen years has shewn 

I me that it a satisfaction to a student who has not 

been able to solve a problem to see a solution of 

} it J and, even when he has been successful, to 

compare his solution with that of an older hand. 

The principal objection to the publication of solutions 
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is that they are frequently referred to prematurely; 
but a wise student will treat them only as a dernier 
ressort. 

In solving the Problems I have noticed two errors 
which should be corrected as follows : 

XTTL 12 half the chord. . . .is the harmonio mean, &c. 

XXym. 6 velocity in a circle whose radius is the length 

of the unstretched string, &c. 

Two sets of Problems have been numbered 
XXVII., the second is written XXVII. bis in the 
Solutions. 

I take this opportunity to express my thanks 
to Mr. Steam, of King's College, for his kindness 
in correcting the errors of the press and for many 
valuable suggestions. 

PERCIVAL FROST. 



Cambridge, 

Februart/y 1878. 
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SECTION I. 
ON THE METHOD OF PRIME AND ULTIMATE RATIOS- 
LEMMA I. 
Quantilies, and tlte ratio of quantities, which, in any finite 
time, tend constantli/ to equality, and which, before the 
end of that time, approach nearer to each other than by 
any assigned difference, become ultimately equal. 
If not, let them become ultimately unequal, and let their 
ultimate difference be D. Hence [since, tiiroughout 
the time, they tend conatantly to equality], they 
cannot approach nearer to each other than by the 
difference D, contrary to the hypothesis [that they 
approach nearer than by any assigned difference. 
Therefore, they do not become ultimately unequal, 
that is, they become ultimately equal]. 

Variable Quantities. 
1. The Quantities, of which Newtoo treats in this Lemaia, 
are variable magnitudes, described by a supposed law of con- 
Btmction, the variation of these magnitudes being due to the 
arbitrary progressive change of some element of the construc- 
tion employed in the statement of the law. 

When, in the progressive change of this element, it receivea 
the last value which ia assigned to it in any proposition, the 
hypothesis Is said to arrive at Its ultimate form, or to be 
inde&iltely extended. 



TbQS, let ABP be a semicircle, ACB its diameter, BP aiTfl 
arc, PM the ordiaate perpcodiculftr to ACB, tlicu, as the arc 
BP grnduallj diminiBbes, AM is a variable magnitude, con- 
tiDually increasing, and BP is the clement of the const ructioo^ 





to the arbitrary change of which the variation of AM a dnea^ 
and if BP may be made aa sroall as we please, AM may bflTl 
made to approach to AB nearer than by any difference that can 
be named, and the hypothesis approaches its ultimate form. 

Again, if ABG be a triangle, aod AB be divided into a 
number of equal portions, Aa,ah,bc, ..., and a series of parallelo- 
grams be inscribed upon those bases, whose sides aa, ij9, C7, , 
are parallel to BG and terminated in A C, the sum of the a 
of the parallelograms will be a variable magnitude, defined \ 
that coustructiou, and changing in a progressive manner, if t 




number of parts into wbtch AB is divided be coutinoal 

increased. In this case the number of parts is the variable 
element of the construction. In the ultimate form of the 
hypothesis, it will be shewn, Lemma II., that the sura of the 
parallelograms is the area of the triangle when the number | 
is increased indefinitely. 

2. The variation of a magnitude is continuous, when in thi2 
passage from any one value to any other, throughout its changi 



it receives every intermediate value, without becoming infinite. 
When this is not the caae, the variation is discontinuous. 

According to the hypothesis in the last illustration, the 
number of parts into which AB is divided being exact, the 
magnitude varies discontinuously, t.e. the sum of the areas does 
not pass through all the intermediate values between any two 
Etatea of the progress. 

If the hypothesis be changed, equal portions being set off 
coniraencing from B, and Aa remaining over and above after 
ba, the last of the portions for which there is room, these equal 
portions could be made to diminish gradually, and the sum of 
the areas would in that case vary continuously. 

Tendency to Eqtialily. 
3. Quantities are ultimately equal, when they are ultimately 
in a ratio of equality. 



4. Quantities, which always remain finite, throughout the 
change of the hypothesis by which they are descrihed, tend 
continually to equality, when their difference continually diml- 
Dishea. 

Thus, in fig. 1, page 2, let BQ be an arc, always In a given 
ratio to BP, and let QN be the corresponding ordinate; a 
BP continually diminishes, AM and AN remain finite, and, 
since their difference continually diminishes, they tend con- 
. tinually to equality. 

5. Qoantities, which may become indfifinitely small, or in~ 
definitely great, as the hypothesis is indefinitely extended, tend 
continually to equality, when the ratio of their difTerence to 
either of them continually diminishes. 

To illustrate this teat of a tendency to equality, let hb 
Buppose, in fig. 1, page 2, that the arc BP ia double of the arc 
BQ; then, since {chdBP}'' = AB.BM, and {cMBQ}'' = AB.BN, 
.-. BM : BN:: [aUBPy : [chdBQ)'' 

: : (arcBP)" : {ascBQ)' : : 4 : 1 ultimately, 
.'. J£N": ,SW:: 3 : 1 ultimately; 



4 NEWTOM. 

hence, we observe that BM and BN have a difference, which 
tends continnally to become ZBN, the ratio of which to either 
is finite, bo that, although both lend to bocotne indefinitely 
small as the hypothesis tends to its ultimate form, BM 
BN do not satisfy the condition requisite for a tendency 
equality. 



Observations on the Lemma. 



J 

una. >■ 



6. We will now proceed to examine the force of the 
important terms employed id the statement of the first Lemma. 

The expression "in any finite time" (tempore quovis finito), 
signifies what has been called tlie indefinite extension of the 
hypothesis from some definite state to its ultimate form.* 

The law of the variation of the magnitudes under considera- 
tion is obtained by the examination of their construction while 
the element, to which the change is due, is at a finite distance 
from its final ralue, and the finite time is the supposed time 
occupied in the passage from this definite to the ultimate state. 

In the first illastration, Art. 1, it denotes the progressire 
diminution of BP, from being a ^nile magnitude to the point 
of evanescence. 

In the second, the progress from ani/ finite namher of equal 
portions to an indefinite number. 

7. The expression " which comtavtly tend " (qoK constanter 
tendunt) signifies that, from the commencement of the finite 
time to the limit of the extension of the hypothesis, the dif- 
ferences continually diminish. 

To illustrate this mode of expression, let BO be a quadrant 
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of a circle whose bounding radii are OB, OG, and let BDA 
be a straight line cutting the arc BDC and the radius OC in 
J) and A, and let OP be a radius revolving from 00 to OB, 
and cutting BA in Q, E the point of bisection of the arc BD. 

OP and OQ twice tend to equalitj, viz, from OG to OD 
and from OE to 05, and once from equality from OD to 
0E\ it is only from OE to OB that OP" and OQ" tend to 
equality constantly during the progress, and it is from some 
position between OE and OB that the finite time must be con- 
sidered to commence. 

8. " Before the end of that time " (ante finem temporia) 
implies that, however small the given difference may he, a less 
difference than that difference is arrived at, while the distance 
from the ultimate state is still finite, however near to the final 
state it may be necessary to proceed. 

Thus, if, in the last figure, the angle BOD be 60°, the 
radius one inch, and the given difference TsScmj o"" TuHim <*f 
an inch, the difference PQ will be less than the given difference, 
if the revolving radius be 2' or 1', respectively, from the ultimate 
position ; and ao on, however small we choose the difference. 

9. In the proof of the Lemma, if the ultimate difference be 
D, the quantities cannot approach nearer than by that given 
difference; otherwise, they would, in one part of the pro- 
gression, have been tending from equality in order to arrive 
ultimately at that difference, contrary to the statement of the 
proposition in the words " ad Eequalitatem constauter tendunt," 

The nature of the proof, which is more difficult than may at 
6rBt sight appear, can be iliiistrated as follows, by examining 
the effect of the omlHsion of some of the points in the statement 
I of the Lemma, 

Draw 0)/, Oj: at right angles, AB any straight line meeting 
Oy in A, CED a curve touching AB in E and meeting Oy in 
(7, CD another touching a straight line parallel to AB in 0, 
MQPP' a common ordinate. 

I As OM diminiahes until it becomes Indefinitely small, 
MQPP' moves up to Oy. 



I 



Ib both cvTM, Ae eiiamaixM MQ wak MP at MP" hxn» ao 
Itiawta fiToMn GA^ c^ul to D 




I 



Onut tlw word " coiutaoter," and die carre CED is admissi- 
ble in % representatioD of the approach of the qoantities ; because 
the ordinates approach, before the eod of the time, nearer than 
hy any aaagnable diSiereoce, as at £, althoogb the cooditioD of 
continnal tendency to eqnality is not satisfied. 

^ Omit the words " ante finem temporis," and CU will be suf- 
ncient; for, in this case, they tend continually to equality, bnt 
before the end of the time they do not approach nearer than by 
any aaatgnable difference, and they are nltimately anequaL 

In the case of the doited line ARF touching AB at A, all 
the conditions are satisfied. QM and BM tend continually to 
^S * I 7, and their difference may be made lem than any giveD 
d'ffereace before OM vanishes. 

Limit of a Variable Quantity. 
With a ■ * ''*"*^'^ qaantity tends continually to eqnality 

qaantitv*Tr^'\^^*"' quantity, and approaches nearer to this 
<i«temiininor^, " ^*"^ assignable difference, aa the hypothesis 
fi^ed qnan.V - ^*"''*"'° '^ approaching its ultimate form, thU 

The tTslL^ "" "*"'* "" ^''"'' "/'''« -""^^^ 2-"'%- 
*»»at this ,_"f' *^*t "'^'■««I'oi'd be a tendency to equality; 
«condition- a.ad^i7 ^^°"^'* ^" continued from some finite 
«'on to the ul,- ^^^ approach should, during the progres- 

Jifference *^ '"'"■°' ^^ ^^»™"" ^^'^^ ^y any assignable 



■•^«■ence. 



.ncd in tte Scholium at tlie end of the 



L-8ect!oD, the variable quantity does not become equal to, or surpass 
Bthe limit, before tbe arrival at the ultimate form. 



» 



Limiting Ratio of Variable Quantitiea. ' 

11. If two quantities continually diminiab or increase, and 
the ratio of these quantities tends continually to equality witb 
ft certain fixed ratio, and may be made to differ from that ratio 
by less than any assignable difference, as the hypothesis deter- 
mining their variation is indefinitely extended, this fixed ratio 
IB called the limiting ratw of the varying quantities. 

Ultimate Ratio of Vanishing Quantities. 

12, When tbe ultimate form of the hypothesis brings the 
qaautities to a state of evanescence, they are called vanishing 
quantities; and the limiting ratio, or the limit of tbe ratio, is 
tbe ultimate ratio of the vanishing quantities. 

Tbe expression "vanishing quantities" does not imply that 
the quantities are indefinitely small while under examination, but 
only that they will he so in tbe ultimate form ; which observa- 
tion implies that the ratio of the vanishing quantities is not an 
equivalent expression with the ultimate ratio of the vanishing 
quantities, the former being taken " ante finem temporis." 

" UltimsB rationes illte quibuscum quantitatcs evanescunt, re- 
Tera non sunt rationes quantltatum ultiraarum." See Scholium, 
at tbe end of the section. 

Thus, let OCy FG be two straight lines Intersecting ^^in 
G, F, and draw ADE, MPQ, perpendicular to AB. 

Let a, ff be the areas AMPD, AMQE, then it is easily found 
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that ai0::Al>+ArP:AE+MQ; now, let MPQ be anp- 
poscil to moTo up to ADEj tlion, in tLc ultimate form of tl 
hypotlicais, a and /3 vaaiflb, and are called vauishing quantitiea 
IVoiii this circu ID stance. 

Alao, the ultimate ratio of the vanishing quantities i 
AD : AE, 

In this case, since MP: MQ ia not equal to AD : AE, t 
ratio of the vanishing quantities, viz. AD + MP : AE + MQ^ 
is difierent from AD : AK the ultimate ratio. 



Orders of Vanishing Quantitiea. 

13. When wo have to consider various kinds of vanishin|f I 

qnantities, it is necessary to consider their relative magnitudes, 
and for this purpose if one of tliem be selected as a standard 
of small quantities, this quantity, and all the vaniabing quan- 
tities of which the ultimate ratio to it is finite, are called 
vanishing quantities of the first order. 

If a, >3 be any two vanishing quantitiea, and ^ : a vanish 
in the limit, ^ is said to be a vanishing quantity of s higher 
order than a. 

If a be of the first order, and /9 : a' be ultimately Snit^ 
/9 ia called a vanishing quantity of the second order, and so ov 
for higher orders. 

Trigonometrical functions give familiar illustrations of thestf- 
orders; let 8 he taken aa the standard of vanishing quantities^ 
sin^ tan2S, sin^tf are all of the first order, since their ratios 
to 6 are ultimately 1, 2 and J; versS, which is equal to 
Ssin'l^ is of the second order, tanff-^ and ff-sinfl are of 
the third order. 

Quantities which become infinite in the ultimate state are 
also classified in a similar manner according to orders. 

Prime Ratios. 

14. If the order of the change in the form of the hypo- 
thesis be reversed, or the varying quantities be tending from 
equality, having started into existence from the commencement 
of the time, the quantities are called nascent (Quantities ; and the 



■ Xatio with wtict they commence existence ia called the prime 
I ratio of the naacent quantities, 

Application of Lemma I to the investigation of certain Limits. 

(1) Limit of ) as x graduallif diminishes, and ulti- 
Mmately vanisices. 

Since the difference between „- — and -; ia =-. ti ihia 

2— a; 2 2 (2 - a;) ' 

difference continually dlminiahea na x gradually diminiahea, and, 
by diminishing x Bufficieutly, may be made lesa than any 
RBsignable difference. 

Hence, will tend continually to equality with ^, if we 

«ommence from some value of x less than 2, and the difference 
may be made less than any assignable quantity ante finem tem- 
poris, therefore ^ satisfies all the conditions of being the required 
'limit. 

(2) Limit of - — — , when x increases indefinitely. 

Since the difference y— „ — tt = ttt^ — ^-r , which continn- 
b + ix i i[i> ■\-ox] 

ally diminiahea aa x increases, and may be made leaa than any 

iwslgnablo difference ; therefore, as before, J satisfies all the con- 

ditiona of being a limit of -^ . 

(3) Tangents are drawn to a circular arc, at its middle pointy 
and at its extremities. Shew that, when the arc diminishes, the 
area of the triangle formed by the chord of ike arc, and the twt 
tangents at the extremities, is ultimately four times that of thi 
triangle firmed by the three tangents. 

Let be the middle point of the arc, AB the chord, FA, 

''Bj DCE the three tangents, and the centre of the circle, 

i FDE : i FAB : FC : Fa\ 

Now FC{FC^-2C0)=FA' = F0.FG; 

.-. FC:FG::F0:FC + 2C0; 

Q 
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tliereforo, aince FC vanislieB Id the limit, FC: FG :iCO : iGO 
and FO = iFC, ultimately ; 

.-. i,FDE: A FAB :: I : i. 

(4) Limit of — — - , token x differs from 1 Jy an indefinitely 

small quantify, m being any numbcrj integral or fractional^ posi- 
live or negative. 

First, where m is a positive whale namber, 

which may be made to differ from m by lesa than any assignable 

difference by taking x suiHciently near to unity. 



JJext, let Jrt = ^ *, p, 
DUiubers, and let x = f; 



2, and r being positive whole 



1 v'z.y' ^1 y-i-b''- 
y ' y- i y ■ y'-i 
y-i y-i 



-1 



This may he made to differ from " or wi by a quantity 

less than any assignable quantity by taking a, and therefore y, 
sufficiently near to unity; hence, whether h be integral or 
fractional, positive or negative, 7« is the limit required. 
I When we divide the numerator and denominator byy- i 

[ y is not equal to 1, the time chosen being ante Jinem temporia 



creased, p heing any positive numher, 

Since this sura is the aritlimetic mean of the n fractluiia 



^vliile the difference is finite. See the direction m the Scholium 
referred to above: "Cave intelUgaa quantitates mitgnitudiae 
determiaatas, acd coglta semper diminuendas sine limite." 



(5) Limit of 



r+2' + 3'+...+ n 



, when n is indejiniti'lj/ in- 



Q'.e)'. •••©'. 



therefore, for all positive values of p, integral or fractional, it 
les between [—] and I - j or 1, therefore Its ultimate value lies 

etween and 1. 
This being an Important limit, we will investigate it first for 
the particular case in which p ia Integral and positive, and then 
generally when p is any positive quantity. 

Let S,= l'' + 2' +...+ «'; 
then S^^, = l'' + 2'-^...+ n' + {n+iy; 

■•■ 'S'„„-'S.=(>i+ir. 

If therefore we assume that 

S, = ^?i^' + -B«'+...+ £n+ if, 
then B^^ = A{n + lY*'+B{n + lY+...+ L{n + l) + Mi 
.: {n + If = A {{ft + 1)'*' ~ tr']+B{{n+ If -f>r]+... 
= A\[p + })nr+i{p-Vl)pnr'+...] 
+ B{prr'-^lp{p-l)n'-'+...)+..., 
■we obtain, hy equating the coefficients, ^ + 1 equations for 
determining the values of thep+ I constants A, B,.,,L, which 
reduce the equation to an identity. 

The first of these equations is 1 = (^ + I] ^ ; 

.'. 5,= -^ .ff*' + Bn'+..., 



n^' p+l^ 



H KKWTO\. 

henoe, if n be tncreaaed, since the number of the terms followia) 

ia finite, wo may make the difference between - ' and 

p + 1 ' -^ rT' p + l 

diminiBb until it bccotnes less than aoj assignable quantity; 

tberefbre — —7 is the limit required. 
p+l ^ 

Next, let^ be anj positive quantity, and 1st t be the limit c 

l'4 2'+...+ n' 



In which j> + 1, 0, y— ar« in descending order, and ^j — '™ 

Tanisbes, when n is made infinitely large ; 

.-. l'+2'+...+ (n+l)' = ^(«4ir' + ^("+l)^+-; 

.-. {«+!}' = ; {(«+ir'-«^'!+-B((n4I)P-nPi+..; 



...f..ir=.(iii^.^ 



n n 

tliorefore, obserring that, when n ia increased indefinitely, 



l = (;?+!)^+Iimit of 



t(l+e).gn^+Y(l+E')C«^4-. 



where e, s', ... vanish ultimately. Let e, be the greatest of th^l 
quantities e, e', ..., and let all the terms be positive, then 

y9 (1 4 e) ii/+... ia less tbaa (1 + e, /9 (b/ + 1 0,J+...\ , 



fi[l + t)B«^+... . 



' T) 1 ■■• 3.re each less than I, 
P P ' 



is leea than (1 -i- ej y9 x 
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which vanishea in the limit, hence l = {p-i-l)l ulticaately ; 



Cob, — -- is evidently also the limit of the sam 
p + L 






, since -^, vaniahea in the limit. 



(6) i/" a straight line of constant length glide with its ex- 
tremities in two straight lines, which intersect at a given angle A, 
and BC, be be two positions of the line intersecting in P, which 
become, ullimatelj/ coincident, find the limits of ike ratios Gc : Bit 
; andFGiPB. 

By hypothesis, BC'' = hc\ 

but BC* = BA* + CA' - 2BA . CA casA, 

and h(? = hA^-\-cA* — 2hA.cA co%A; 

\ CA*-eA^=hA*~BA*+2[BA{cA-vCcy[BA+Bb)cA] cosA; 

,'. Cc[CA + cA)=Bbi,BA-irbA)-{2[BA.Cc-cA.Bb)co%A\ 

A Co-.Bh:: BA + bA-2cA cos A -.CA + cA-^BA aoaA 

:: BA— CA coaA ; CA —BA coaA ultimately. 




Draw CN, £Af perpendicular to AB, AG^ therefore tlie limit 
I of the ratio Cc : Bb is BN: CM. 
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AgtiOj let BQ, drawn parallel to A C, meet be in Q, 
then PO:PB:: Cc iBQ; 
also Co:Bbi:BN:CM ultimately, 
and £i : £Q : : ^6 : ^(! ; 
.'. CciBQ:: BN.AB : C.l/.^ (7 ultimately. 
D^aw ..45 perpendicular to BG^ then J?^.vl£ = £A.J2(| 
and CM.AC^CR.BC; 

.-. PO:PB::BB:CB; 
.'. PC=BR and PB=CB. 



1. Abb ttte limita of the ratios y* : x equal in any of the thrall 
equatdona 

(1) y'-M*, (2) y'-(w-J', (3) y'^ax-^, 
when « Is indefinitely diminished ? 

2. Find the limit of j^^ , 

(1) when X is indefinitely diminished, 

(2) when X is indefinitely increaBed. 

3. Find the ultimate ratio of the vanishing quantittes ax + i^,i 
hx+ 03?, when x is made indefinitely email. 

4. Prove that a-hx and h-ax tend to equality as x diminishes ] 
to zero, and yet have not their limits equaL 

5. BAC, hAe are two triangles, in which AB, Ah and AC, As I 

are coincident in direction, and BC, bo intPrseot in P; prove tha^ J 
if the areas of the triangles ba equal, as IS, C and I, d approach,! 
each to each, P will be ultimately in the point of bisection of SO. 

6. APQ, ABC are two straight lines which are intersected by 
two fixed lines BP, CQ, prove that, as^PQ moves up to ABC, 
PC and QB intersect in a point whose ultimate position divides BC 
in the ratio of AB : AC. 

7. Tangents are drawn to a circular arc at its middle point, 
and at its estremities, and the three chords are drawn. Prove 
that the triangle contained by the three tangents is ultimately 
one-half of that contained by the three chorda, whea the s 
indefinitely diminished. 
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8. jiP ifl a chord of a given circle, AQ R chord near AP, find 
the position of the point of ultimate intersectioD of ciroles described 
OB JiP, AQ BB diameters, when AQ approaches to and ultimately 
coincides with AP. 

9. A circle passes through a fixed point, and cuts off from a 
fixed line a chord PQ of constant length, prove that the chord 
of ultimate intereection of two consecutive circles bisects PQ. 

10. PN 18 aa ordinate, and PTb. tangent to an ellipse, cutting 
the axis-major in N and T respectively ; A being the vertex, Bhe\v 
that aa P approaches A, NT ia ultimately bisected in A. 

11. APQ is a parabola, PM, QN ordinates to the aris AMN, 
with centres M and N and radii PM, QN two circles are drawn ; 
prove that, when N approaches indefinitely near to M, if the two 
circles intersect, the distance of their point of intersection from PM 
is ultimately equal to the semi-latus rectum. What is the condition 
that the circles may intersect? 



» 



n. 

1. What is the teat of tendency to equality ? If two quantities 
diminish so that their difference diminishes, prove that they will 
tend to or from equality according as the ratio of their rates of 
decrease is greater or less than the ratio of the greater to the lees. 

2. ABC is an isosceles triangle, base BC; P, Q are points on 
the straight lines CA, CB such that AP is always twice £Q; 
prove that, if PQ and AB intersect iu R, and R be the ulliuiate 
position of R, when AP ia indefinitely diminished, 

EB:AC:: AC: iBC-AC. 

3. PMP' is a double ordinate of an ellipae, whose centre is C; 
E ia the point of ultimate intersection of the circles described on 
PP' and the next consecutive double ordinate respectively, and RT 
is the ordinate of S. Shew that TM : CM:: BC^ i AC'. What 
is the condition that these circles may intersect ? 

4. Two concentric and coaxial e!lipaee have the sum of the 
■ ■quarea of their mes equal; if the curves approach to coincidence 
^Vith each other, shew that the ratio of the distances of any one 
• of their pointa of intersection from the axes will be ultimately 
I equal to the inverse ratio of the squares of the axes. 

fa triangle be inscribed in a given circle, prove that the 
Bslgebraic sum of the small variations of its sides, each divided by 
(the cosine of the angle opposite to it, will be equal to zero. 
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6. ABC^ APQ are drawn to out a drde from an exiemal 
point A; BU^ CT are tangents at B and C to the cuole, meeting 
APQ in U, T; shew that the ultimate ratio of FV: QT, when 
APQ moves up to ABC, ia AB* : AC\ 

7. BCRA is a diameter of a drole whose oentre is C, and PRQ 
is a chord in it perpendicular to BA, PR is bisected in 8^ and 
C8 meets the circle in 8'. If tangents at P and 8' meet BA in T 
and Tf shew that when P moves up to A, AT^ 4 AT ultimately. 

8. If the quadrilateral ABCD be slifzrhtlj displaced in its own 
plane, so as to occupy the position ah CD, and be the point of 
intersection of DA, CB^ prove that the point of ultimate inter- 
section of ah and AB will be the foot of the perpendicular from 
upon AB. 

9. PSp, QSq are focal chords of a parabola, prove that, niti- 
mately, wnen P moves up to Q, 

PQ :pq:i 8P^ : 8p^. 

10« The extremities of a straight line slide upon two g^ven 
straight lines, so that the area of the triangle formed by the three 
straight lines is constant ; find the limiting position of the chord 
of intersection of two consecutive positions of the circle described 
about that triangle. 
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If^ in any figure AacEyhoundp-d hy thestralglit lines Aa, AE 
and the curve acE, any number of parallelograms Ab, Be, 
Gd, ^c. he inscribed upon equal bases AB, BO, CD, &fc., 
and having aides Bb, Cc, Dd, 6fe. parallel to the aide Aa 
of the figure; and the parallelograms a Kbl, bZcm, cMdn, 
jfc. be completed; then, if the breadth of these parallelo- 
grams be diminished^ and the number increased indefi- 
nitely, the ultimate ratios which the inscribed figure 
AKbLcMdD, the circumscribed figure AalbmcndoE, and 
the curvilinear figure AabcdE have to one another, will 
be ratios of equality. 




For tlie difference of the inscribed and circumscribed 
figures 18 the sum of the parallelograms Kl, Lm, Mn, 
Do, tliat is (since the bases of all are equal) a paral- 
lelogram whose base is Kb, that of one of them, and 
altitude the sum of their altitudes, that is, the paral- 
lelogram ADla. But this parallelogram, since its 
breadth is diminished indefinitely [as the number of 
parallelograms is increased indefinitely] becomes less 
than any assignable parallelogram ; therefore, by 
Lemma I., the inscribed and circumscribed figures, 
and, a fortiori, the curvilinear figure, which is inter- 
mediate, become ultimately equal. 
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LEMMA III. 

The same ultimate ratios are also ratios of equality, when 
the breadths o/ the parallelograms AB, BC, CLf^... are 
unequal, and ail are diminished inJeJinitel^. 




For, let AF bo equal to the greatest breadth, and the 
parallelogram FAaf be completed. This parallelo- 
gram will be greater than the difference between the 
inscribed and circumscribed figures. But, when its 
breadth is diminished indefinitely, it will become 
less than any assignable parallelogram. [Therefijre, 
a fortiori, the difference between the inscribed and 
circumscribed figures will become loss than any 
assignable areas. Hence, by Lemma I., the ultimate 
ratios of the inscribed and circumscribed and the 
curvilinear figure, which is intermediate, will be 
ratios of equality.] 

Cor. 1. Hence the ultimate sum of the vanishing paral- 
lelograms coincides [as to area] with the curvilinei 
figure. 

Cor. 3. And, a fortiori, the rectilinear figure which 
bounded by the chords of the vanishing arcs ah, be, 
cd, &c., ultimately coincides with the curvilinear 
figure. 

Cor. 3. As also the rectilinear circumscribed figure, 
which is bounded by the tangents at the extremities 
of the same arcs. 

Cob. 4. And these ultimate figures, with respect to 
their perimeters acE, are not rectilinear figures, but 
curvilinear limits of rectilinear figures. 



he 
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Observations on the Lemmas II. and III. 
15. The statements of ttie propositions concerning limlta (if 
I qnantitles and their ratios contain : 

I. The hypothesis by which the quantities are defined. 

II. The manner iq which the hypothesis approaches its 
■ultimate form. 

III. The ultimate property when the hypothesis is thus 
indefinitely extended. 

The strength of the proofs lies in the exainin.ition of the 
■quantities while the hypothesis is in a finite state, before arrival 
at the ultimate form, and the deduction of properties by which 
the relations of the quantities can be pursued accurately to the 
ultimate state. 

If in this manner we analyse the statement of Lemmas II. 
and III., the hypothetical constructions are given in the manner 
of describing the parallelograms; the extension of the hypo- 
thesis towards its ultimate form is the continual increase of the 
number of parallelograms ad infinitum ; the ultimate property is 
tlie equality of the ratio of the sums of the parallelograms and 
the curvilinear area. 

In the proof of the Lemmas, the continnal decrease of the 
parallelograms At or Af shews that the conditions of ultimate 
equality of two quantities are all satisfied, viz., that the sums 
of the two series of parallelograms, since they are finite, tend 
continually to equality, and that they approach nearer to each 
other than by any assignable difference " ante finem temporia," 
fcc, while the number of the parallelograms still remains finite. 

I Volumes of Revolution. 

16. In a manner exactly similar to Lemma II. it may be 
diewn that, if Aa be perpendicular to AE, and the whole 
figure revolve round AE as an axis, the ultimate ratios, which 
the suras of the volumes of the cylinders, ger.erated respectively 
by the rectangles jIJ, 5c, ... and o5, SC, ... and the volume 
of revolution generated by the curvilinear area AEa will have 
to each other, will be ratios of equality. 




by the to- 



ThoB the differenoe ot the cyllndera gniented by Ab and 
aB is the annolua geoented bj the rectangle oft, and the 
difference of tbe two series of cy linden, which have all equal 
h«ghts ABf BC^ ... is the som of auch annnli, and is easily 
seen to be the cylinder generated by oS, which, since the height 
coDtinually diminiahes, may be made less than any as^gnable 
volume, hence the conditions that the two series may have tbe 
same timit are satisfied, and hence also the Tolnme of rerolation, 
which ia greater than one snm and less than the other, is 
ultimately in a ratio of equality to either sum. 

The same argament applies when the rerolation is only 
tiiFongh a certun angle instead of being complete, in which 
case the c^lindera are replaced by sectors of cylindrical volames. 
Sectorial Areas. 

17. Iha Lemmas may be extended to sectorial areas. 
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Thus, let SABCFbs a sectoi-ial area, and let tbc angle ASF 
be divided into equal portions ASB, B8G, ... and the circular 
area Ab', aBc, hCd, ... be drawn with centre 8\ then, since 
the difference of the two seriea of circular aectora ia the anni 
of the areas ab\ he', ..., it is equal to the difference of the 
greatest and least of the sectora, viz. AGHb'; therefore the 
two areas SAb'Bc... and SaBbC... tend continually to equality 
as the number of angles is increased and their magnitudes 
diminished, and the ratios which these areas have to each other 
and to the area 8ABF a.re ultimately ratios of equality. 

Similarly, aa i^ Lemma III., if ASB, BSC, ... be unequal. 

Surfaces of Revolution. 

18. The following proposition is the extension of the prin- 
dples of the Lemmas to the determination of a method for 
finding the area of a surface of a solid of revolution. 

Let CD be a plane curve which generates a surface of revo- 
lution by its revolution round AB, a line in its plane. 

CD is divided into portions, of which FQ is one, FM, QN 
are perpendicular to AB; iji, Qq are drawn parallel to AB, and 
each equal to FQ in length ; ^m, qn are perpendicular to AB. 
The surface generated hy CD shall be the limit of the sum of 
the cylindrical surfaces generated by such portions as Pp or Qq. 

For, the cylindrical surfaces generated by Fp and Qq are 
one less and the other greater than the surface generated by FQ^ 
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Irince every portion of Qq is at a greater, and every portion of 
1 at a less, distance from the axis than the corresponding 
Mitions of FQ. 
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But these aarfacesarc i-eBjiectively "ivPM.Pp and ^irQN.i, 
and their difference is 2Tr ( QN~ PM) PQ, and the ratio of t 
difference to the aarfaccs thcraaelTca js QN—PM: PM or i 
vhich ratio is ultimately leas than any given ratio. 

Heuco the suraa of the surfaces generated by the lines corre- 
Bponding to /^ and Qq have the ratio of their difference to either 
sum less than the greatest value of the ratio QN~PM: PM, 
■which may be made leas than any 6nite ratio. Therefore ilie 
Bums of the cylindrical surfaces and the curved surface, which 
IB intermediate in maguitude to these sums, are ultimately in 
a ratio of ei^uality. 

Centre of Gravity. 
19. It ia easily seen that the same methods are applicable 6 
the determination of the poaitiou of the centre of gravity of a 
body, since it is known that, if a body be divided into i 
number of portions, the dietance of the centre of gravity of i 
body from any plane is equal to the sum of the momciits of a 
the portions divided by the sum of all the portions. ' 



Qem 



al Exk-nsion. 



20, The most general extension may be stated as followflB 
If any magnitude A be divided into a series of magnitudes 



A^A^...A^, each of which, when their numbe 
nitely, becomes indefinitely small, and two 
a/i ...o„ and b.h ...b can be found such that 



:ased indefl- 
series of quaulitieB 



and also such that each of the ratios a,—h^ : a„ a,— 
becomes less than any finite ratio when the number is increased; 
then a, + (i,+...-f a„, &, + 6,+---+^„ and A will be ultimately 
in a ratio of equality. For, let ^ : I be equal to the greatest' 
of the ratios a, — i, : a,) &c. ; 

13 a ratio less than / : 1, and may therefore be made less thai 



I 



I 
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liny assignable ratio by increasing the number. Therefore the 
two aeries Oj+a,4.,. and J,+i,+.,. tend continnally to equality, 
and the difference may be made, before the end of the time, less 
than any assignable magnitude ; therefore the three magnitudes 
.tLTC ultimately in a ratio of equality. 

21. Cor. 1. "Omni ex parte" has not been adopted from 
the text of Newton, because it requires limitation, for the 
perimeters do not ultimately coincide with the perimeter of the 
curvilinear area. 

In the figure for Lemma II, the perimeter of the inscribed 
les of parallelograms is 

AK + Kb + hL + Lc +...+ DA = 2AK-i ^ADy 
id the limit of this perimeter is 2-4« + 2AK 
The perimeter of the other series of parallelograms, being 
',Aa + 2AE is constant throughout the change, and has properly 
limit. 

Cor. 2. The perimeter of the figure boondcd by the chords 
ah, hCf ... ultimately coincides with that of the curvilinear figure. 
This coincidence will be discussed under Lemma V^. 

Coa. 3. The same is true for the figure formed by the 
tangents. 

Cc'B. 4. Instead of "propterea," as in Newton, it Is advisable 
state, as in Wbewell'a Doctrine of Limits, that, if a Jlnite 
irtion of a curve be taken, and many successive points in the 
curve be joined so as to form a polygon, the sides of which, 
taken in order, are chords of portions of the curves, when the 
number of those points is Increased indefinitely, the curve will 
be the limit of the polygon. 

Application to the Determination of certain Areas^ Volumes, &c, 
(1) Area of a parabola, bounded bt/ a diameter and an ordinate. 
Let ABf BG be the bounding abscissa and ordinate. Com- 
plete the parallelogram ABGD. 

Let AD be divided Into n equal portions, of which suppose 
kitf to contain r, and MN to be the (r + l)"" ; draw MP, NQ 



fc 
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parallel to -4B, meeting the curve in P, Q^ and Bi paraUel to 
MNi the curvilinear area A CD is the limit of the sum of the 




series of parallelograms constructed, as FN^ on the portions 
corresponding to MN. 

But parallelogram FN : parallelogram ABCD 

::FM.MN:CD.AD^ 
and, by the properties of the parabola, 

FM:CD::AAP lAD" iit^i n\ 

also MN : AD : : 1 : 71 ; 
.-. PM.MN \ CD. AD II T^in'^] 



T 



therefore, parallelogram FN=^ -g x parallelogram ABCD] 



n 



hence, the sum of the series of parallelograms 

= 8—^ — X parallelogram ABCD^ 

and, when the number of parallelograms is increased indefinitely, 

l' + 2'-f...+ (n-l)V 1 

therefore, proceeding to the ultimate form of the hypothesis, the 
curvilinear area A CD and the parabolic area ABC will be, 
respectively, one-third and two-thirds of the parallelogram 
ABCD. 

Note 1. If we had inscribed the series of parallelograms in 
ABG^ AB being divided into n portions, we should have arrived 
at the result 
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for the ratio of Ite series of parallelograms to the parallelogram 
ABCD, which might thus have been directly shewn to be 
ohimately |; but the former method ia preferable, since the 
proof of the value of the limit dependa upon simpler principles. 

Note 2. If BO had been divided into n equal portions, the 
ratio of the parallelogram corresponding to PN to the parallelo- 
( gram ABCD would have been n'—r': n', and that of area ABQ 
to parallelogram ABCD the li^it of 

w'-l' + Ti'-2'+...4«'-(n- ly* , _ l _ 2 



(2) Volume of a paraboloid. 

Let AKE be the area of a parabola, cut off bj the axis AS 



•m, <> 

m S^ a 



I and an ordinate UK, wliicli by its revolution round the axis 
generates a paraboloid. 

Let AH be divided into » equal portions, and on MN the 
(!•+ l)*", as base, let the rectangle PBNMhG inscribed. 
Cylinder generated by PN : cylinder by AHKL 
•.:PM\MN:HK\AH. 
But PM'\HK*::AM:AH::r:n^ 
and MN-.Aff:: l:n; 
.: PM\MN:HK\AH::r:n\ 

Hence cylinder generated hy PN= —^ x cylinder by ARKL ; 
I tbei-efore the sum of the cylinders inscribed is 



l+2-f...+ (n-l) , 



circnmscribed cylinder, 



I and the paraboloid is the limit of the series of inscribed cylinders ; 
I kence the volume of the paraboloid is half that of the cylinder 
l^on the same base and of the same altitude. 



(3) Voiujiu of a tpherical tfgment. 

Ijtt AUK generate, by its rerolution rooDd tbe diameter AB^ 
the ipherical aegmeut wli'jtfe height is A3. 




A MS B 
IMride An,aB befwe, acd make the same contitractioD ; 

then PM^ = AM.iAB-AM)=-AH.AB--^AH\ 

Volume of cylinder generated by PN^=irPM''.MN 



, AS 



'- =irAS\(^,AB--, ah) , 

«hence, a« before, the limit of the snm 

= irAE^^AB-^AH)^ 
which is the volame proposed. 

CoE. If AH=^AB=AC, the segment is a bemiaptere whose 
Tolnnieis wAC {AC~^AC) = ^irAC*, which is two-thu^ of 
the cylinder on the same base and of the same altitude, 

(4) Area of the surface of a right ame. 

As an illustration of the method of finding surfaces given 
«bove, suppose AHK to be a right-angled triangle, which 
revolves round AH^ a side containing the right angle, then 
the hypothenuse AK generates a conical surface. 

Let MN be the (r+ l)"" portion of AH, after diviuon into 




n equal portions; MP, NQ ordinates parallel to BK; i^, ( 
each equal to PQ and parallel to AH. 
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The areas generated by Pp and Qq rcBpeclively are 
2trPM.Pp and 'i.-rrQN.Qq, 
and PM:EK::AM:AH::r:n, 

QNiEK-.-.AN-.AHiir+l-.n, 
PQ:AK::MN:AH:: I -.n; 

I therefore the areaa are -^.'liiIIK.AK and — ^-.2tiI{K.AK 

respectively ; and the coDical surface is intermediate in magni- 
tude between 

n' ' 

and 2-^HK.AEx^-^^^:—'', 

I each ef which has for its limit trHK.AiT, which is therefore 
\ the area of the conical surface. 

Note. The reader may notice the following method of 
I obtaining the conical surface by development, although it is 
I not related to tlie method of limits. 

If a circular sector EAK', traced on paper, be cut out, the 
bounding radii AK^ AK' ean he placed in contact, so that the 
boundary KLK' will form a circle. 

The figure so formed will be conical, AK will be the slant 
side, and HK in the last figure will be the radius of the circular 
base, whose length will be the arc of the sector KAK'. 

Hence, the area of the conical surface is equal to that of the 
sector KAK' = lAK.2wffK=irHK.AS:. 

(5) Mass of a rod whose density varies as fh m'" power of 
Oie distance from, one extremity. 

Let AB be the rod, and let MN be the {r+ 1]''' portion, when 

its length has been divided into n equal parts; and let p. AM™ 

he the density at M, or the quantity of matter contained in an 

unit of length of the rod supposed of the same substance as the 

' rod at the point M. 

The quantity of matter in MN is intermediate between 
p.AW.MN and p.AN'.MHf, 



• ntio of tbe difference of tLeee lo eitber of Uiem is Jem- ■ 
tban ftny aeei^able rxtio wben n ia indefinitely increased. 

Therefore, since Aif=-AB, and itN='AB, the man 

of tbe wbole rod is the limit of 

p. — iij-= '— AB^'= — — - xp.AB 

(I x"* 
I of the mass of a rod of length AB and of tinifor 
m+l/ 

density equal to that of the rod AB at B. 

(6) Centre of gravity of the volume of a hemisphere. 
Let CAB be a quadrant, which by its rerolutioa round t 
radiDS CA generates tbe hemisphere. 




Let MR bo the rectangle which generates the r** mscrilx 

cylinder, so that Cif= - x CA and J/.V= - xCA. 

If the mass of a unit of volume he chosen as the nnit ( 
mass, the mass of the cylinder generated by MR nill be 

irP]iP.MN-~w[CA'~C3P)MN=(l-'^}7rGA'.~; 

hence, the mass of tbe aeries of inscribed cylinders will be 
„., r + 2"+...+ n* „., 
n 
and the moss of tbe hemisphere 

'^ttGA'- ^ir CA' =- l-rrCA\ 
A;;ain, tlie moment of tbe mass of tbe cylinder generate 
hj Mli, witli respect to the base of the hemisphere, will be 
-rrPM'.MN.^iCM+CN), 
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which differs from irPW.MN.CM by a quantity which vaniahea 

compared with it, and is therefore ultimately ( ^ ,) trCA'; 

\n n / 
therefore the moment of the hemisphere, with respect to its 
base, is 

(l-i)irCA*, or iwCA*; 
hence the distance of the centre of gravity of the volume of the 
hemisphere from C, which is the moment with respect to the 
base divided hy the mass, is %,GA. 



I 



1. niustrato the terms "tempore quoviB finite" and "conatnnter 
tendunt ad saqualitatem " employed in Lemma I. by taking the 
case of Lemma III. as an example. 

2. Shew, from the course of the proof of Lemma II., that the 
ultimate ratio of vamahing quantities may be indefinitely small or 
gteat. 

3. Shew that the ratio of the area of the parabolic curve, in 
whioh PiP =e AM, to the area of the eircumacriljing paraUelogram, 
of which one side is a tangent to the curve at ./f, is 3 : 4. 

4. Shew that the volume of a right cone is one-third of the 
(Q'lindeT on the same bane and of the same altitude. 



d UK an ordinate 
bing rectangle, 
ilution of ARK round 
|, ;, and p of the 



5. ARK is a parabolic area, ^ffthe 
perpendicular to the axis, AIIKL tbe 
ohew that the volumes generated by the 
ARt KL, AL, and RA' are respectively 
Ciylinder generated by the rectangle. 

6. Tbe volume of a spheroid is two-thirds of the circumscribing 

7. Find the centre of gravity of the volume of a right cone 
f the method of Lemma U. 

8. Shew that the centre of gravity of a paraboloid of revolution 
la distant from tbe vertex two-thirds of the leogth of the axis. 

9. Find the mass of a rod whose density vnries as the distance 
from «n extremity. Find also its centre of gravity, and shew that 

[', it is in one of tbe points of trlsection of the rod. 
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10. The limiting ratio of en hyperlioloid of revolution, wTiOf 
axis is the traDSTerfiO axis, to the circuniHcribini' (.ylinder is 1 : 3 
when the altitude is indefinitely diminiehed, and 1 : 3 wliea it is 
iudufiailely increaeed. 



I 

1. Prove that the areas of parahclie Brgnients, cut off by food 
cliords, vary aa the cubes of tlie greatiist brcadltiB of the aegmenta. 

2. Find the mass of a circle whose density varies as the m"' 
piiwer of the distance from the centre, 

3. Shew that the abscissa and ordinate of the centre of gravity 
of a parabolic area, contained between a diameter Ali and ordioata 
BC, are \AB and ;£(7 reepectively, 

4. A number of equal equaree in one plane with their centres 
coLucideut are arranged couBccutively, their sides making equal 
Email angles, each with the adjflcnnt ones; prove that the limit 
ipf (he length of the serrated edge, when the number of equarea 
is indefinitely increased, is equal to the circumference of a circle 
whoee radius is a side of the square. 

5. By supposing the axis of a parabola portioned off info suc- 
cessive lengths iu the ratio 1 : 3 : 5, &n , apply Lemma ITT , to find 
the area contained by the curve and a double ordinate. 

6. Find the volume generated by the revolution of an elliptic 
diic about an axis parallel to its major axis, and at such a given 
distance oa not to intersect the disc. 

7. In the curve ACS, BE is an ordinate perpendicular to -^J^M 
and FC is the greatest value of BE, and ^^ = sin ( -^ - ) 




Shew Ihat the area ABE varies as liO, where tfJ" is i 
ordiniile equal to ££ of the circle CS", whoee centre it 

radiua FC. 
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8. In the curve of the last problem shew that the ratio of the 
area A CD to the triangle whose sides are AB^ and the tangents 
AT^ DT at the extremities, is 8 : ir'. 

9. In the cnrve ATCy in which the relation between any 
leotangolar ordinate FM aud abadssa OK is ^=log^f , 




jwr JT 



n 



prove that the area contained between the carve, the abscissa OB^ 
«id ordinate BC^ is OA{BC'AO). 



LEMMA IV. 

If in two firjvres AacE, PprT ihere he inscribed (aa in 
Lemmas II. ^ III.) iieo series of parallelograms , the num- 
ber in each series being the same, and if, when the breadth 
are diminished mdejinitelff, the ultimate ratios of the 
parallelograms in one figure to the parallelograms in the 
other be the same, each to each, then the two figures 
AaeEy PprT will be to one another in that satne ratio. 




[Since the ratio, whose antecedent is the sura of the 
antecedents, and whose consequent is the sum of the 
conaequeuta of any number of given ratios, is inter- 
mediate in maf^nitude between the greatest and least 
of the given nitioa, it follows that the sum of the 
parallelograms described in AacE is to the aum in 
IprT in a ratio intermediate between the greatest 
and least of the ratios of the corresponding inscribed 
parallelograms; but the ratios of these parallelograms 
are ultimately the same, each to each, therefore the 
sums of all the parallelograms described in AacE, 
PprT are ultimately in the same ratio, and so the 
figures AacE, PprT are in that same ratio; for, 
by Lemma III., the former figure is to the former 
sum and tlie latter figure to the latter sum in a ratio 
of equality.] q.e. d. 

Cor. Hence, if two quantities of any kind whatever be 
divided info any, the same, number of parts, and 
those parts, when their number ia increased and 
magnitude diminished indefinitely, assume the same 
given ratio each to each, yiz. the first to the first, 
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the second to the second, and so on in order, the 
whole quantities will be to one another in the same 
given ratio. For if, in the figures of this Lemma, 
the parallelograms be taken each to each in the same 
ratio as the parts, the sums of the parts will be always 
as the sums of the parallelograms ; and, therefore, 
when the number of the parts and parallelograms is 
increased and their magnitude diminished indefi- 
nitely, the two quantities will be in the ultimate 
ratio of pai'allelogram to parallelogram, that is, (by 
hypothesis) in the ultimate ratio of part to part. 

Observations on the Lemma. 

22. The general proposition coDtaioed in tlie Corollarj' may 
l)c proved independently In the fallowing manner: 

Let Af B be two quantities of any kind, which can be 
divided into the same number n of parts, viz. n„ a,, a^...a^ 
and 6„ h^, J,---&„ respectively, such that, when their number is 
increased and their maguitudes diminished indefinitely, they 
have a constant ratio L : 1 each to each, bo that 
o. ;6, ::i(H-a,): I, 
«,: J,::i(l-|-aJ:l, 



I 



■where «„ a,, ... vanish when n is increased indefinitely. 

Then, a, + o,+...: S, + 6j-|-... being a ratio which Is inter- 
mediate between the greatest and least of these ratios, each of 
which is ultimately i : 1, we have, proceeding to the limit, 

A:B:: Li\; 
that is, A and B are in the ultimate ratio of the parts. 

23. The proof given in the Prindpia is as follows ; " For, 
as the parallelograms are each to each, so, coraponendo, la the 
Bum of all to the sura of all, and so the figure AacE to the figure 
PprT, for, by Lemma IIL, the former 6gure is to the former auui 
and the latter figure to the latter sum in a ratio of equality." 

The proof given in the text is aubatituted for this, because 
tbe demonstration breaks down for any finite distance from the 
ultimate form of the hypothesis. 
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Afplioation to the determmalion qfarlam Area», Fofuntes, etc. 

(1) Area of an ellipse. 

Let ACa ho the mnjur axis of an ellipse, BG the semi-niiiior 
axis, ADa tbc auxIlUry circle, and let parallelograais be io- 
scribcd, whoao sidcB are cuinmon orJiuatcs to tbe two carves. 

Lot PMNIt, QMyU be any two corresponding parallelo- 
grams. Tbo ratio of tbeso parallelograma is Pif : QM or 
BC-.AG. 




Hence, area of ellipse : area of drcle :: BG: AC, but «res 
of drclo = ttA C i therefore area of ellipse =■ vA C.BG. 

(2) Area of a sector of an eUij)se,pole in the focus. 

If jS be a focus of the ellipse, and SP, SQ be joined, 
^SPJI : ^SQM :: BG i AG, 
and area APM : area AQM:: BG : AG, 
hence, area ASP: area A8Q:: BC x AC, 
but wc^ ASQ= £i.SGQ + ifxXot ACQ 

= ^HC.QM^\AG.ucAQ', 
.: area ASP=i\SG.PM+BC.ircAQ]. 

(3) Area of a parahoUc curve cut off hy a dxamOer and 
an ordinate to the diumtter. 

In the following investigation it is asnerted that when a 
chord PQ is drawn to a curve from a point P, as Q moves np 
to P, PQ asBumcH as its limiting position that of the tangent 
at P, which is dcducible from the idea of a tangent being in tbe 
direction of the curve at the point of contact. 

Let AB, BG be the diameter and ordinate ; AD tbe tangent 
at A ; CD parallel to AB; P, Q points near each other; 
PM, QN and Pm, Qn parallel respectively to AD and AB. 

Let QP produced meet BA in T, and complete the parallelo- 
grams TAniS, TAaU. 



Then, since QP ia ullimately ; 
ultimately, and the parallulogram I'U i; 




at P, AT=AM 
ultimately double of 



the parallelogram Pn, and the complcmetitB PN^ PU are equal ; 
therefore the parallelograms PN, Pn are ultimately in the ratio 

Duce, in the curvilinear areas ABC, ACD two eet3 of 
parallelogram 3 can he inscribed which are ultimately in the ratio 
2 : 1, each to each ; therefore area ABC ia ultimately double of 
area ACD, and is therefore two-thirds of ABGD. 

(4) Volume of a paraboloid of revolution. 
Let AR be the asia of the parabola APK, AHKL the 
circumscribing rectangle. Also let PN, Pn be rectangles in- 
Bcribed in the portions AHK, AKL. 

Volume generated by PN=ttPM'.MN=-t.PM.PN. 

Volume generated by Pn = -irQN''.AM~-7TPM^.AM 

= TrAM,{QN-^ PM) .mn=v{QiV+ PM).Pn; 
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, vol. by PJV: vol. by Ptt::PM.Pi^: {QN^PM).Fn, 
%ai QN+ PM=2PM and PN=2P», as in (3), and therefore 
(Vol. by PiV=vol. by Pn ultimately ; hence, by Cor,, Lemma IV., 
rate volume of the paraboloid generated by AUK is half the 
rolume of the circumscribing cylinder generated by AKL. 
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(5) Centre of gravity of a paraboloid of revohttirtn. 

Since tbe volumes generated by PN nnd Pn are ultimately 
equal, the momeot of the volume generated by PN witb respect 
to tbe tangent plane at A : moment of tbat generated by Pn 

:: AM: \Pm ultimately, i.e. :: 2 : 1; 
hence the moment of volume generated by AUK is twice that 
of the volume generated by AKL, and the momeDt of 
paraboloid = I moment of the cylinder 
= I volume of cylinder X ^AH— J volume of paraboloid x AH^ 
hence the distance of the centre of gravity of the paraboloid from 
the vertex la two-thirds of the height of the paraboloid. 

(G) Centre of gravity and mass of a rod whose densiti/ varies 
as the distance front an extremity. 

Let AB be tbe rod, MN a small portion of it, then the i 
density at Mx AM. 



bp 




Construct on AB as axis an isosceles triangle CAD, whose 
base ie CD, and draw PMR, QNS parallel to CD ; then PR, 
QS, CD are proportional to the densities at M, N and B; 
therefore tbe mase of JlfiV is proportional to a rectangle inter- 
mediate to the rectangles Pli, MN and QS, MN, which are 
ultimately in a ratio of equality. 

Hence the mass oi MN is ultimately proportional to the mass 
of the rectangle PR, MN, supposed of uniform density, and the 
moment of MN, with respect to the line CD, is proportional to 
the moment of the same rectangle, since their distance is the 
same; hence, by tbe Lemma, the moment of tbe whole rod 
: the moment o 



B triangle 



li respect ti 



: tbe mass of the rod ; tbe mass of tbe triangle ; 
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therefore, the distances of the centres of gravity of the rod and 
triangle from CD being the same, the centre of gravity of the 
rod is at a distance ^AB from B, 

Also, the raas3 of MN being proportional to the area PRN, 
the mass of the rod is proportional to the area of the triangle 
ACD^ and the mass of a rod of uniform density equal to that 
at S, and of length AB^ being in the same proportion to the 
rectangle AB, CD, is therefore double of the mass of the rod. 

(7) Centre of gravity of a circular arc. 

Let be the centre of an uniform circular arc ABC, OB 
the bisecting radius, aBc a tangent at B, OD parallel to ac, 
and Aa, Cc parallel to OB. 

Let QB be the aide of a regular polygon described about the 




C o 

f arc, P the point of contact, Qq, Rr perpendicular to ac, and PM 
I to OB. Then, since OP, OB are perpendicular to QR, qr^ 
qr: QR::OM:OPi:OM: OB; 
but, since OM, OB are the distances of the centres of gravity of 
QR and qr from OD, and QR.OM=qr.OB, the moments of 
QR and qr with respect to OD are in a ratio of equality, and 
the same Is true of every side of the circumscribing polygon ; 
therefore, by Cor., Lemma IV., the moment of the arc, which is 
nltimfttely that of the polygon, ia equal to the moment of ac 
= tK!.05 = chord^C.radiu3 0a 
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Hooce, the distaoco of tbo centre of gravity of the arc from 
radius x chord 



(8) Surface of a segment of a sphere. 

Let AEH be the portion of a circle which generates by 
revolution round AS the spherical segment, the ceotre of 
the circle, FQ the chord of a small arc, PM, QN perpendicnlar 
to AB. 

Let AOGD be the rectangle circum scribing the quadrant 
and generating the circumacribiiig cylinder. 

Produce MP, NQ, HK to meet CD in p, q, k. Since PQ 
is in its limiting position a tangent at P, PQ is nltimately 
perpendicular to the radius OP, also pq is perpendicular to JCP; 

.-. PQipqiiOP: PM ultimatelj, 
and the surface generated by PQ is ultimately 2ttPM.PQ, 
Art. J8, = 2ir.O/*.^ = the surface generated byjjj- 




The same is true for each aide of the inscribed polygon when 
the number is indefinitely increased. 

Hence the surface generated by AK^ or the surface of the 
spherical segment, is equal to the surface of the circumscribed 
rylinder cut oflF by the plane of the base of the segment. 

Cob. Hence, also, the surface of any belt of a sphere cut oflF 
by two parallel planes is equal to the corresponding belt of the 
cylindrical surface. 
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(9) Centre of gravity of a hdt of the surface of a sphere cow 
tained hctweeti parallel planes. 

The moment of the belt generated by PQ with respect to the 
plane through A^ perpendicular to AH, is evidenlly ultimately 
equal to that of tbc belt generated by pq ; therefore tbe moment 
of any belt generated by K'K is equal to that of the cor- 
responding belt generated by fc'k. 

Hence, the centres of gravity of the two belts are coincident, 
viz. in the bisection of UW, that is, the distance of the centre of 
gravity of a spberical belt, contained between parallel planes, 13 
half-way between the two planes. 

(10) Volume of a spherical ser.tor. 

Let the spherical sector lie generated by the revolution of the 
sector A OP about A 0. 

The volume of the spherical sector is equal to the limit of the 
aum of a series of pyramids whose vertices are in 0, and the sum 
of whose bases is ultimately the area of the surface of the seg- 
ment; also the volume of each pyramid is \ base x altitude. 

Hence, the volume of tbe spherical sector is one-third of the 
area of the surface of the spherical segment x radius 

= ^.2TrAD.Dp.AO^l-KAM.AO' = lTTAO^ve-rBrOA. 

(IX) Centre of gravity of a spherical sector. 

If we suppose each of tbe pyramids on equal bases, they may 
be supposed collected at their centi-es of gi-avity, whose distances 
arc \A from ultimately, and they farm a mass which may 
be distributed uniformly over the surface of a spherical segment 
whose radius is \A0, viz. that generated by a»-, whose centre 
of gravity will be in the bisection of am, if rm be perpendicular 
XoAE. 

Therefore the distance of the centre of gravity of the spherical 
sector from = ^ ( Oa + Om) =10 A. co^'i^POA. 

If the angle POA become a right angle, tbe distance of the 
centre of gravity of the corresponding sector, wbicb in this case 
will become tbe hemisphere, will be | OA, as in page "29. 

(la) To find the direction and magnitude of the resultant 
attraction of a uniform rod upon a particle, every particle of the 
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rod being supposed to attract with a force which variei inveneljf 
as the square of its distance from the attracted particle* 




Let AB be the attracting rod, the particle attracted by the 
rod; draw 00 perpendicular to AB, join OAj OB^ and let a 
circle be described with centre and radius 00 meeting OA, 
OB in a, b. Let OpPj OqQ be drawn cutting off the small 
portions pq, PQ from the arc aCb and the rod, respectivelji 
and draw PR perpendicular to OQ. 



Then PR 
and pq 

.'. pq 



iPQiiOO: OP ultimately, 

:PR:: Op : OP ; 

iPQixOp^x OP* , 

and, if aCb be of the same density as the rod and attract 
according to the same law. 

Tin "PCi 

attraction oipq on : attraction of PQ : : -^^, : jy^ ultimately. 

• 
Therefore the portions PQ, pq of the rod and arc attract 

in the same direction with forces which are ultimately equal. 

Hence, by Cor., Lemma IV., the resultant attraction of the 
rod is the same as that of the arc aCb, which, by symmetry, 
is in the direction OD, bisecting the angle A OB. 

Again, draw qn perpendicular to OD^ pr to jw; then, by 
similar triangles, pqr, qOn, 

pq : qr :: Oq : On] 

pq On __ qr 
•'• 0? • Oq " OC^ ' 

that is, the resultant attraction o{ pq in the direction OD is the 
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STune as tlial of ^ si litt ^«tfmnnr 
soluat attTMSkm «f .ilfi k 



OC^ heaat die ^riiek le- 



OC 



«^ 



where ^ is die 



OC 
of a «Boi 






V- 

1. Shev liiat die mna of Ike 
between die carve ead twe 
of the 




2. Prove that Ifae vvlamee of two |igrraT]i]as will be eqpil if 
they stud oa the flsoie 
pLine pezdOel to t!i& 

3. Fmd the vohnne of m pezaboUd bj »in i | i eji«M wi& die 
area of a tnang^ whose rertex a&d base aze thnae of the gpmenJing 
parabola. 

4. ¥iad the centre of gia f it/ of die paraboloid bj irAiu a te 
to the flame triangie. 

5. "Find the mass of a straight rod, whose densitj' vanes as the 
sqnare of the distance from one extr&mi^, bj conipazison with 
a oone whoee axis is the rod. 

6. Shew that the oHhogonal projection of any plane area on 
another plane is the given area x the cosine of the indination of 
the two planes. 




As a first step, prove that, pqtr being the projection of the 
inscribed parallelogram PQSJ^ pqsr : FQSIt : : cosBAC : 1. 

7. Find the volnme of a hemisphere bj comparing the volumes 
generated bj the quadrantal sector and the portion of the circum- 
scribing square which is the difference between the square and the 
quadrantal sector. 
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VI. 

1. Find the voliimo of n pnmhnloiti prnneratcd by the revolution 
of a semi-cubical panibula, iu wliicL i'J/' « AJl*^ by means of a 
cono on the bu mo axis. 

2. Assuming that tho area of a belt of a sphere cut off lyy two 
parallel planes varies ah ilit> perpendicular distance between them, 
find by the aid of Lemma lY. tho area of any portion of the curve 
of sines. 

3. Prove that, if PQ be a small arc of an ellipse, and CD be 
conjugate to CFy the limit of the sum of all the ratios PQ : CZ>, 
taken over the whole perimeter of the ellipse; will be 2r. 

4. P is any point of a curve OP; OX, OF any lines drawn at 
right angles through 0, PJif, PN perpendicular to OJf, OF respec- 
tively. Prove that, if area 0PM : area OPN : : i« : 1 always, and 
the whole system revolve about OX, volumes generated by OPM^ 
OPN will be as w : 2. 

5. Prove that the surface generated by the revolution of a 
semi-circle round its bounding diameter is to the curved surface 
generated by the revolution of tho same semi-cirde round the 
tangent at the extremity of the diameter in tho ratio of the length 
of the diameter to the length of the arc of the semi-circle. 

6. Common ordinates MPP\ NQQ' are drawn to two ellipses 
which have a common minor axis, and tho outer of which touches 
the directrices of the inner; shew that the area of the surface 
generated by the revolution of PQ about the major axis bears a 
constant ratio to the area MP'Q'N. 

7. Prove that the area included between an hyperbola and the 
tangents at the vertices of the conjugate hyperbola is equal to the 
area included between the conjugate hyperbola and the tangents at 
tho vertices of the hyperbola. 
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All the homologous sides of similar figures are proportional, 
wliether curvilinear or rectiHncary and their areas are in 
the duplicate ratio of the homologous sides. 

[[Similar curvilinear figures are figures whose curved 

boundaries are curvilinear limits of corresponding 

portions of similar polygons. 
Let SASCD..., sahed... be two similar polygons, of 

which iSA, AB, BC\ ... are homologous to sa, ai, 

be, ... respectively. 




Then AB : ab : : SA : sa, 
fflmilarly, BC : be : : AB : ab :: SA : sa, 
C£>:cd::BC: he iiSA: sd, 

therefore, componendo, 
AB ■\-BC + CD+...:ab + bc + cd + ...::SA:sa. 

Now this, being true for all similar polygons, will be 
true in the limit, when the number of the sides AB, 
BC, ... and ab, be, ... is increased, and their lengths 
diminished indefinitely; if, therefore, A£, ae be 
curves which pass through the angular points A, B, ... 
and a, b, ... of the polygons, tlicse curves will be 
curvilinear limits of AB + BC+... and ab + bc + ..., 



and will be the boun Jarius of similar curvilinear Hg 
therefore the curved line A£ : the curved line ae 
: : SA : $a :: S£ : se. 
Again, -polygons ABC- : polygon aaSe... iiSA^iso^, 
and this is true in the limit; hence, by Lemma III. 
Cor. 2, curvilinear area .SA£ : curvilinear area aae 
: : SA" : sfl' : : AE' : ae" :: S£' : se". 

Q.E.D.] 

Observation» on the Lemma. 

24. In order to deduce the properties of aimllftr curves, it 
is premised, as before mentioDcd under Cor. 4, I^mma III., 
that, if a fiititB portion of a curve be taken, and if a polygon 
be inscribed in the curve, the sidca of which are chords taken 
in order of portions of ihe curve, and the number of sides of 
the polygons be increased indefinitely, and the magnitudes a 
the same time diminished indefinitely, the curve will be the limit 
of the pcriraeler of the polj'gon.* 

It is not assumed that each chord is equal to the corre- 
sponding arc ultimately; this is afterwards proved for a con- 
tiuuoua curve in Lemma yH, 



on- I 
aro ' 



Criteria of Similarity. 

25. From the d'-finition of similar curve lines, that tbey aro 
curvilinear limits of homologous portions of simitar polygons, 
the following criteria of similarity can be deduced, all of which 
are very convenient in practice; namely : 

(1) One curve line is similar to another when, if ovy 
polygon be inscribed in one, a similar polygon can be inscribed 
in the other. 

(a) If two curves be similar, and any point 8 be taken 
in the plane of one curve, another point s can be found in the 
plane of the other, sueh that, any radii iSP, SQ being drawn in 
the first, radii «p, sq can be drawn in the second, inclined at 
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the same angle as the former, and such that the following 
proportion will hold, 

sp: sq:: SP: 8Q. 

(3) If two curves be similar, and in the plane of one 
curve ani/ two lines OX, Y be drawn, two other lines ox, oy 
can be drawn In the plane of the other curve, Inclined at the 
same angle, having the property that the abscissa and ordinate 
OMy MP of any point P in the first being taken, the abscissa 

I and ordinate om, mp of a corresponding point p in the second 
vill be proportional to the former, viz., 
om:mp::OM: MP. 
And the converse propositions can also be deduced, that if 
these proportions hold, the curves will he similar, 

26. In order to illustrate test {!), let the arcs AB, ab of 
two circles have the same centre C, and let the bounding radii 
^ be Goinadent in direction. 

^P Let ABEB be any polygon inscribed in AB, and let CD, 
CE cut ah in d,e; join ad, de, eh, these are parallel to AD, 
J)E, EB respectively, bmA ad-, de: S •.-. AD : DE : EB; hence 
adeb Is similar to ADEB; and therefore the arcs ah, AB are 

^^Bimilar. 

^P 27. Test (2) may be deduced as follows : 

^" If ABCD.,., ohcd..., 6g. p. 43, be corresponding portions 
of similar polygons, AB, BC, ... ab, bo, ... being homologous 
sides, and AS, BS, ... be drawn to any point S, construct the 
f triangle mb equiangular with SAB, and join ac, sd, 




Then ah : 



■.abiAB%\bc:BC, And c SBC=Asbc; 
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therefore SliC^ she are similar triangles; 
beuce sc : SC :: ab i SB :: aa: 8A ; 
and similarly for sdj se^ &c. 

Ileucc, if two polygons be similar, and any point be taken 
in one, another point can be found in the other, such that the 
radii drawn to corresponding angular points will be propor- 
tional and include the same angles. 

If we now increase the number of sides indefinitely and 
diminish their magnitude, the same property will hold with 
respect to the curvilinear limit of the polygon. 

Test (3) can bo deduced from test (1) in a similar manner. 

Centres of Similitude* 

28. When two similar curves are so situated that a point 
can be found, such that the radii drawn from that point, either 
in the same or opposite directions, are in a constant ratio, such 
a point is called a centre of similitude. 

If the radii be measured in the same direction, the point 
will be a centre of direct similitude, and of inverse similitude 
if they be measured in opposite directions. 

It is easily shewn that there can be only one centre of 
similitude of one kind. 

Properties of similar curves and application of tests of 

Similarity/. 

(1) Similar conterminous arcs^ which have their chords ooinr 
cident^ have a common tangent. 




Let APB^ Apb be similar conterminous arcs, ABh the line 
of their chords, AQq^ APp any straight lines meeting the 
curves in Q^ q and P, p respectively ; then A will evidently 
be a centre of direct similitude for the two curves; therefore 
AQ : Aq:: AP : Ap ; hence APy Ap are similar portions of 



tlie curves, and athAP: arc Ap :: AP: Ap :: AB : Ah- tlierr- 
fore the arcs AP, Ap vanish Bimultaneoualy, or, when AP 
assumes its limhing position AD for the curve APB^ this is 
also the limiting position of Ap for the curve Aph^ that is, 
the curves have a common tangent. 

(2) To jlnd the centres of direct and inverse similitude of any 
two circles^ 




If one of the circles do not lie entirely within the other, 
let S be the intersection of two common tangents to the 
circles which intersect in the produced Hue Cc joining their 
centres, and let CQ, cq be radii to the points of contact. 

Draw SpP through S cutting the circles in p, P, then eg 
is paiallel to CQ, &nd CP: (^ :: CQ: cq :: CS: cS; 

.-. CS: CP::cS:cp; 
also OPS, cpS are each greater or each less than a right angle, 
and CSP is common to the triagles CPS, cpS; therefore the 
triangles are similar, Euclid vi. 7, and the sides about the 
angle CSP are proportional, that is, 8P : Sp :: SC : Sc ; 
therefore 8 is the centre of direct similitude. 

Similarly, the intersection of two common tangents which 
t cross between two circles is the centre of inverse similitude. 

(3) To find the condition of similar ily of two conic sections. 

Let the conic sections be placed bo that their directrices 
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arc parnllel and foci coiiici<lcnt, end let SpP be any line 
tliroiigh tliu foL'UH meeting tbem in p, /"; draw 8<tAD find 
PQ perpendiculftr to the dirnctrix DQ of AP, and join BQ^ 
and let pq, parallel to PQ, meet it in g, and draw jd per- 
pendicular to SD. 

Tben Sd: SDi-.Sq: 8Q:iSp:SP; and, if the 
be Bimilar, Sp : 8P will be a constant ratio ; therefore 8d 
is a constant ratio, and dq is a fixed straight line for 
positions of p ; also, since pq : Sp :: PQ : SP, pq : Sp is a 
constant ratio ; therefore qd ia the directrix of ap, and, the 
constant ratio being the same in both, the eccentricities are 
the same. 

(4) Instruments, like the Panlagraiih and the Eldograph^ for 
copying plans on an enlarged or reduced scale are founded upon 
the properties of similar figures; as are also other methods of 
copying, such as by dividing plans or pictures into squares. 

The Pantagraph is an instrument for drawing a figure 
similar to a given figure on a smaller or larger scale; one of 
its forms ia as in the figure. AD, EF, GC and AE, DO, FO , 
ore two sets of parallel bars, joined at all the angles byf 



d per» 
'd:^!^M 

i 




compass-joints; at 77 is a point, which serves to fix thtf" 
instrament to the drawing board; at ^ ia a point whi 
made to pass round the figure to be reduced or enlarged ; ai J 
(7 is a hole for a pencil pressed down by a weight, and the4 
pencil traces the similar figure, altered in dimensions in thdl 
ratio of BO: AB or BF: AD. 

The similarity of the figure traced by the pencil is a coa4 
sequence of continual similarity of the triangles ABD, BFC. •. 
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By changing the positions of tbe pegs at F and G tlie figure 
ascribed by G may be made of the reqaired dimensions. 
For a description of the Eidograph, invented by Professor 
■tWatlace, see the Transactions of the lioijal Sodety of EdinhurijJ ^ 
rvoL XUI. 

(5) Volume of a cone whose base is a plane closed ^^ure o/ 




e the section through M 



Let V be the vertex, AB the base, VU perpendicular to the 
^^bftBe from V\ let Vil be diTided into n equal portions, of 

Hwhich MN is the {r+ !)"• ; and let PQ 

Hparallel to AB. 

^P Take VPA any generating line of the cone meeting the 

^Psection PQ and tbe base AB in PA reapectively, then 
PM:AH:: VM: VS; 
therefore PQ is similar to AB, M, S being similarly situated 

1 points; and, by Lemma V., 

^L area PQ : area AB : i r" : n', 

H also MN: VH:: 1 :n; 

therefore the volume of the cylinder whose base is PQ and 
height MN =-iK&ma.AB.VB, and the volume of the cone, 

by Lemma II., is onc-thlrd of tbe cylinder whose base is AB 
and height VS. 






Apply a criterion of similarity to ehew that segments of 
lea wlu<^ contain equal angles are similar. 

Fiom the definition of an ellipse, as the locus of a point 
me sum of whose distances from two fixed points is constant, shew 
that ellipses are similar when the eccentricities are equal. 
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3. Prove that the centre of an ellipse is a centre of inverse 
similitude of two opposite equal portions of the circumference of 
the ellipse. 

4. Employ the properties of similar figures to inscrihe a square 
in a given semicircle. 

5. Construct, by means of similar figures, two circles, each 
of which shall touch two given straight Imes and pass through a 
given point. 

6. Deduce the position of the centre of gravity of a circular 
sector from that of a circular arc; shew that the distance from 

. 2 radius x chord 

the centre is z . • 

3 arc 

7. If A be the vertex of a conical surface, G the centre of 
gravity of the base, M that of the volume of the conical figure, 
shew that AH^^AQ. 

8. Find the centre of gravity of the surface of a right cone 
on a circular base. Does the method apply to the surface of an 
oblique cone? 
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If any arc ACB given in position be subtended hj/ a chord 
ABj and if at any point A, in the middle of continuous 
curvature, it be touched by the straight line AD produced 
in both directions^ then, if the points A, B approach one 
ottother and ultimately coincide, the angle BAD contained 
iy the chord and tangent will diminish indefinitely and 
ultimately vanish. 

For, if that angle do not vanish, the arc ACB will 
contain with the tangent AD an angle equal to a 




rectilineal angle, and therefore the curvature at the 
point A will not be continuous, which is contrary to 
the hypothesis, that A was in the middle of con- 
tinuous curvature. 



Dcfnitions of a Tangput to a Curve. 

29. (1) If a straiglit line meet a curve ia two points A, S, 
and if B move np to A, and uUimatelj coincide with A, 
AB in its limiting position will be a tangent to the curve at 
the point A. 

If two portions of a cnrve EA and AB cut one Huother 
at a finite angle in A, there will be two tangents AD, AD', 
which will be the limiting positions of straight lines AB and 
AE, when B and E move np to A along the different portions 
EA and BA of the curve respectively. And, similarly, if there 
be a mnttiple point in A, in which several branches of the cnrve 
cut one another at finite angles, 

(2) The tangent Is the direction of the side of the polygon, 
of wbicb the curve is the curvilinear limit, when the number 
of sides are increased indefinitely. 
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This is foundeil on the same idea of a tangent as del 
tion (1). 

(3) The tangent to a curve at any point is the direction 
the curve nt tliat point. 

In order to apply geometrical reasoning to the tangent 
employing thiB deBnition, we are obliged to explain the notion 
the direction of a curve, by taking two points very near to one 
another, and asserting that the direction of the curve is the 
limiting pOKition of the line joining these points when the 
distance becomes indefinitely small, a statement which reduces 
this definition to the preceding. 



Observations ( 
"CufTatura Conlinua," 



; Lemma. 



if we consider cnrves 
curvilinear limits of polygons, requires the curves to he limits 
of polygons whose angles continually increase as the number of 
the aides increaBe, and may be made to differ from two right 
angles by less than any assignable angle before the assumption 
of the ultimate form of the hypothesis. 

If, however, as we increase the number of sides and diminish 
their magnitude, one of the angles remains less than two right 
angles by any finite difference, the curvature of the curvilinear 
limit is diacontinnoua, and the form is that of a pointed arch, in 
which the two portions cut one another at a finite angle. 

A curve may be of continued cun-ature for one portion 
hetween two points, while for another its curvature changes 
" per aaltum." 

Thus, If ABC be a curve forming at ^ a pointed arch, it 



I 




may be of conliuued enrvature from B io A and from C to B, 
though not from C to A. 

In this case the tangents in passing from C to ^ assume all 
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positions intermediate to CT, Bf, and Bt', TA, but at B tliey 
pass from Bt to Bf without assuming the intermediate positioDS, 

31. " In medio curvaturEB continuiB," implies that the point 
A in the enunciation of the Lemma is not such a point as B 
in the last figure, but that, in passing from a point on one aide 
of A to another on the other side, the tangents pass through all 
the intermediate positions. 

The curvature is supposed to be in the same direction id 
the figure of the Lemma, which in all curves of continuous 
curvature is possihle, if B he taken sufficiently near to A at 
the commencement of the change in the conatmction. 

If the point A be not " in medio curvaturas continuie," two 
tangents AD, AD may be drawn at A to the two parts of the 
curve, and the curve BCA will make a finite angle with one of 
the tangents AD'. 

But, even in this case, the angle between the chord and 
that tangent which belongs to the portion of the curve con- 
sidered continually diminishes and ultimately vanishes. 

The Subtanffenl. 
Def. The part of the line of abscissBS intercepted be- 
■jhveen the tangent at any point and the foot of the ordinate 
^f that point is called the suhtangent. 

33. The Buhtangent may he employed as follows, to find a 
tangent at any point of a curve. 

Let Oif, MP be the abscissa and ordinate of a point P in 




i cmTe, and let § be a poiat near P, O^Y, NQ its abscissa 
md ordinate. 
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Let QPU meet OX the line of abscie:» in U] then, if PB 
parallel to OM meet QN in -B, 

FM: MUi: Qli : PB :: QN-- PM : ON- OM. 

Now as Q approaches to P, the limiting position of QPUiB 
that of the tangent at P, viz. tPl] and PM : MT is the limiting 
ratio of QN^ PM : OJ^T- OM. 

The Polar Sultangcnt and the Inclination of the Tangent to 
the Badiua Vector^ at any Point of a Spiral. 

84. Def. Let S be the pole, PT the tangent to the curve at 
any point P, and let /ST, perpendicular to /SP, meet PT in T; 
then STi% called the polar suhtangent at the point P. 

86. To find the inclination of the tangent at any point of 
a curve to tlie radius vector. 

Let Q be a point near P, QM perpendicular to SP^ pro- 
duced if necessary, QB the circular arc, centre S^ meeting 
8P in B. 

Lot QP meet ST in Z7, then 

SU: SP:: QMxPM, 
and MBx QMr.QM: SM-\-SB^ 

Q 




but, when Q approaches indefinitely near to P, Qlf vanishes 
compared with SM+SB] therefore MB vanishes compared 
with QM or PM] therefore SUiSPi: QM: PB^ ultimately; 
therefore ST : SP is the limiting ratio of QB : PB ; or 
QBiSQ^ SP. 



Hence ST, and also tbe trigonometrical tangent of the angle 
' iSPrbetween the tangent and the radius vector can be found. 

UlusCrationa. 

(1) If ST he the perpendicular on the tangent PY at P in 
a curve, Y will trace out a curve, called the pedal of the on'i/inal 
curve; to shew that if YZ be a tangent to the locus of Yy SZ 
perpendicular to it, SY''=SP.SZ. 

Let P' be a point near P, 8Y' perpendicular on P'P^ SZ 
perpendicular on Y'Y. 

Since angles SYP, SY'P are riglit angles, a semicircle on 
BP will paaa through Y, Y' ; therefore the angles fiFT, SPY 
in the same segment will be equal ; the right angles SZY\ 
8YP &\so are equal; therefore the triangles SPY, SY'Z are 
amilB.r,&aiSZ: SY' :: SY: 8P; but, ultimately, as P moves 




up to P, P'PT becomes the taugent at P, and Y' YZ that at Y 
to its locus, also 8Y' = SY; 

.: sz.sp=sy: 

(2) To find ike suhlavgent in the semi-cubical parabola. 
In the aemt-cubical parabola PM^ x OM'i 

.-. QN- - PM' : PM' -.-.ON'- OM' : O^P, 

but QN^-PM=2PM, 

and 0^'+ ON.OM+ 0M' = S03I% ultimately; 

.-. QN-FM: ^PM:: ON- OM: J OM ultimately, 

and QN-PM:PM\:ON-OM=MT; 

therefore MT is two-thirds of OM, 



(3) To jind the inclination of the tangent at any point of 
a cardioid to the radius vector. 

Def. If BqpC be a circle, whose centre n 8 and diameter 
SC, and pm he drawn perpendicular to BCj tlien, if ^ be 
produced to P, making SF=Bai^ P will trace oat a cardioid 
APS. 




Making tbe same constraction as before, in Art. 35, 

8T: SP:: Qlt: SP- 8Q ultimately. 
Let 8Q meet tlie circle in g, and draw qn perpendicular 
to BO, 

then QE: pq:: 8P: Sp ultimately, 

also pq xmni: 8p :pm , 

.-. QB:mnii8P:pm ; 

bat mn=:Bm-Bn=:8P-8Qi 

.: QB\ 8P-8Q:z 8P:pm ultimately; 

.'. 8T:8P::B>n:pm; 

hence LPT8=LpBm = iiLPSA^, 

and it follows that the cardioid cuts the axis SGA at rigbt 

angles, that it touches 8B at £, and that it cuts the circle BDO 

at an angle equal to half a right angle. 
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if any arc, given m position, be subtended ly the cJwrd AB, 
and at t/ie point A, in the middle of contitiuous curvature, 
a tangent AD be drawn, and the subtense BD, then, when 
B approaches to A and ultimately coincides with it, the 
uKmate ratio of the arc, the chord, and the tangent to one 
another, is a ratio of equality. 

For whilst tlie puint B approaches to the point A, let 
AB, AD be supposed always to be produced to points 
b and t/ at a finite distance, and bd be drawn parallel 
to ihe subtense BD, and let the arc Acb be always 
siu'ilar to the arc ACB, and have, therefore, ADd 
for its tangent at A. 




But, V, hen the points B, A coincide, the angle bAd, by 
the 1 receding Lemma, will vanish, and therefore the 
straij^ht lines Ab, Ad, which are always finite, and 
the arc Acb, which lies between them [and is of con- 
tinuous curvature in one direction, if the change 
commence when B is near enough to A"], will coin- 
cide ultimately, and therefore will be equal. 

Hence, also, Ihe straight lines AB, AD and the inter- 
mediate arc ACB, which are always proportional to 
thena, will vanish together, and have an ultimate 
ratio of equality to one another. 

Cor. 1. Hence if BF be drawn through B parallel to 
the tangent, always cutting any straight line AF 
passing through A in F, then BF will have ulti- 
mately to the vanishing arc A GB a ratio of equality, 
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since, if the parallelogram AFBD be completed, it 
will always have a ratio of equality to AD. 




Cor. 8. And if tlirough B and A be drawn many 
straight lines BE^ BD^ AF, AG cutting the tangent 
AD and BF, parallel to it ; tlie ultimate ratios of all 
the abscissae AD, AE, BF^ BG and of the chord and 
arc AB to one another will be ratios of equality. 

Cor. 3. And, therefore, all these lines in every argu- 
ment concerning ultimate ratios may be used indif- 
ferently one for the other. 

Ohservationa on the Lemma. 

36. Def. The suhLmse of the angle of contact of an arc is a 
straight line drawn from one extremity of the arc to meet, at 
a finite angle, the tangent to the arc at the other extremity. 

This subtense is the secant which defines the limited line 
called, in the Lemma, " the tangent." 

The chord is called by Newton the subtense of the arc^ see 
Lemma XI. 

37. In the construction for this Lemma, BD must be a 
subtense, i,e. inclined throughout the change of position at a 
finite angle to the tangent, for, otherwise, the angles BAD 
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and ADB being then both small, the ultimate ratio of the 
chord to the tangent might be any finite ratio instead of 
being one of equality. 

This is the only limitation of the motion of BD ; the figure 
representing changes which may take place in the approach 
towards the ultimate state of the hypothesis. 

Here h^ d are the distant points, that is, points at a finite 
distance from -4; BD^ B'D\ B"D" are consecutive positions 
of .the subtense, when B approaches towards A^ and rfJ, db\ db" 
are parallel to these, Ac'b\ Ac"b" are the forms of Acb changed 
so as to be always similar to the corresponding portion of A GB 
cut off by the chord. 

It should be remarked that the curve Acb is not inter- 
mediate in magnitude to the two lines Ab^ Ad^ but only in 
position; for example, Ab may be equal to Ad^ if BD make 
equal angles with the two lines, and the curve line will then 
be greater than either Ab or Ad\ but it becomes in all cases 
less bent, until it is ultimately rectilinear; hence the three 
Acb^ Abj Ad will be ultimately equal, the only alternative 
being that the curve may become doubled up, as in the figure. 




■which is precluded by the supposition that the curvature near A 
is continued in the same direction throughout the passage from 
JB to A. 

38. 77ie subtense ultimately vanishes compared with the arc. 

For BD : ACB :: bd : Acb, and, since bd vanishes and Acb 
remains finite in the limit, the ratio BD : A GB ultimately 
vanishes. It will be afterwards seen that in curves of finite 
curvature BD varies as the square of AGB ultimately. 

The ultimate equality of the lines AD^ AE with the chord 
or arc, whatever be the direction of the subtense, is due to 
the vanishing of BD^ and therefore of DE with respect to AD. 

39. If two curves of continuous curvature which do not inter^ 
sect have a common chord^ the length oftJie exterior curve will be 
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greater than that of the interior ^ provided that the curvature of 
the interior he always in the same direction. 

Let AcdeBj A CDEFB any two polygons, having a common 
side AB^ bo such that the first lies entirely within the second 




and that neither has internal angles, the perimeter of the first 
is less than that of the second. 

For, produce -4c, C6?, de to meet the perimeter of the exterior 
inc',rf',e'; ihen AC +Cc' > Ad -, .-. ACDEFB> Ac'DEFB] 

similarly AcDEFB> Acd'EFB^ and on on; 

.-. a fortiori^ ACDEFB> AcdeB. 

And, since the same is true in the limit, when the number 
of sides is increased indefinitely, the curvilinear limits of the 
polygons have the same property, and the proposition is proved. 
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LEMMA VIII. 

If two straight lines AJi, BE make with the arc ACB, the 
chord AB, and the tangent AD, the three triangles 
BACB, BAB and RAD, and the points A, B approach 

one another; then the ultimate form of the vanishing 
triangles is one of similitude, and the ultimate ratio one 
of equality. 

For, whilst the point B is approaching the point A, let 
AB, AD, AR bo always produced to points b, d, r at 
a finite distance, and rbd be always drawn parallel to 
BD, and let the arc Acb be always similar to the arc 
ACB, and therefore have Dd for the tangent at A. 




Then, when the points B, A coincide, the angle 5^i will 
vanish, and therefore the three triangles rAb, rAcb, 
rAd will coincide, and will therefore in that case be 
similar and equal. Hence also RAB, RACB, BAD, 
which are always similar and proportional to these, 
will be ultimately similar and equal to one another. 

Cor. And hence, in every argument concerning ulti- 
mate ratios, tliese triangles can be used indifferently 
for one aiother. 



40. If RB tbrouglioul tlie cliange In the hypothesis make a 
finite angle with MA, the three triangles rAb, rAcb, rAd will 
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remain always finite, and will be ultimately identical and equal. 
But, if the angle ABB be ultimately not finite, for example, if 
BB revolve round a fixed point jB, the three triangles rABj ... 
will become infinite, since r will move to r' and so on to an 
infinite distance, and there will be the same kind of objection 




to dealing with these infinite triangles, as to reasoning im- 
mediately upon the relation of the triangles BABj BAD in 
the former case. 

In this case we can at once deduce the equality of the tri- 
angles without producing AD to a point <Z at a finite distance. 
For, the ratio of the difference of BAD and BAB to BAB is 
BD : jB5, which vanishes ultimately, since BB is finite in 
this case; hence BAB and BAD and also the curvilinear 
triangle, which is intermediate in magnitude to them, will be 
ultimately in a ratio of equality. 
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LEMMA IX. 

If a straight line AE and curve ABC^ given in position^ cut 
one another in a finite angle Aj and ordinates BD^ CE bs 
drawny inclined at another finite angle to that straight 
linCy and meeting the curve in B^ C ; then^ if the pointe 
Bj C move up together to the point -4, the areas of the 
curvilinear triangles ABDy A CE will be ultimately to one 
another in the duplicate ratio of the sides. 

For, as the points jB, C are approaching the point A^ 
let AD^ AE be always produced to the points dy e at 
a finite distance, such that Ad : Aew AD : AE) and 




let the ordinates dby ec be drawn parallel to DBy 
JPC^ meeting the chords ABy J. C^ produced in by c. 

Then [since Ab : AB :: Ad: AD \: Ae : AE : : Ac\ACy 
and therefore Ab : Ac : : AB \ AC] b, curve Abe can 
be supposed to be drawn always similar to ABCy 
wliile B and C move up to A. 

Let the straight line Ag be drawn touching both curves 
at Ay and cutting the ordinates DBy ECy dby ec in 

F, G, /, g. 

[Now areas ABDy Abd, by Lemma V., are always in the 
duplicate ratio of ADy Ady and areas A CEy Ace in the 
duplicate ratio of AEy Acy and AD : Ad : : AE : Ae ; 

therefore ABD : Abd :: ACE : AcCy 

and ABD : ACE:: Abd : Ace.'] 

If, then, the points B and C move up to A and ultimately 
coincide with it, the angle cAg will ultimately vanish, 
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and the curvilinear areas Abdy Ace will coincide with 
the rectilinear triangles A/d, Age^ and therefore will 
be ultimately in the duplicate ratio Adj Ae. 

But ABD^ ACE are proportional to Ahd^ Ace always, 
also, AD^ AE are proportional to Ad^ Ae ; therefore 
also areas ABD^ A CE are ultimately in the duplicate 
ratio of AD^ AE. 

Observations on the Lemma» 

41. By a finite angle is to be understood an angle less than 
two right angles, and neither indefinitely small nor indefinitely 
near to two right angles. 

The angles between AD and the curve and between AD 
produced and BD are different finite angles, because otherwise 
BD would not meet the curve. 

42. If the angle DAF be greater than a right angle, the 
figure may assume a form in which AD will lie below ABC^ 
in this case DBj EC^ ... must be produced to meet the tangent, 
and the argument may proceed in the same manner as before. 

43. It IS not necessary that d and e be fixed, but only that 
they remain at a finite distance from A^ and that the proportion 
be retained ; and the first part of this observation applies to 
d in the previous Lemmas. 

The student, by reference to Arts. 37 and 40, will be able to 
exhibit the change in the figure which will correspond to a 
change of the position of B and C in the progress towards the 
ultimate' position. 

44. When the «angle CA G vanishes, the curvilinear aread 
Ahd^ Ace coincide with the rectilinear triangles Afd^ Age^ and 
80 are In the duplicate ratio of Ad : Ae. But if the angle 
DAF be not finite, those triangles will not themselves be finite, 
and the object aimed at by producing to a finite distance will 
not be attained. 

The fact is, that the triangle Adb is made up of the triangle 
Adf and the curvilinear triangle Afb^ of which the latter is 
indefinitely small ultimately, and the former is finite ; therefore. 



in the Lemma, Afb vanishes compared with A(lf\ but thia will 
not be so if Adf\si& indefinitely small, the ratio of the triangles 
AFB^ AGO must, therefore, be found hj another process, and 
it will be found, by referring to Lemma XL, that the ratio will 
be ultimately that of the cubes of the area if the curvature of 
the curve at A be finite. 

vin. 

1. JiQq IB n common aubtenao to two «urves PQ, Pq, which 
have a common tangent PR at P. When RQq approaclioa to P, 
PQ and Rq ultimately vanish; will the ratio PQ: Pq bo ulti' 
mately a ratio of equality ? 

2. If PT, a tangent to an ellipse at P, meet the auxiliary circle 
in r, and ST be perpondicular to the tangent at Y, ST will vary 
inversely aa HP. 

3. If a subtense SD be drawn to meet the tangent at A at 
a finite angle a, which remains constant aa B moves up to A, and 
HB meet the normal at ^ iu C, shew that the ultimate ratio of 
PC to AB will be seen. 

4. In the curve in which tho abadBsa vai-ies as the cube of 
the ordinate, shew that the subtangent is three times tho abei^issa. 

5. Prove that the extremity of the polar subtangont from tho 
focus of a conic section is always in a fised straight lino. 

6. AB is a diameter of a circle, P a point contiguous to A, 
and the tangent at P meets BA produced in T; prove that ulti- 
mately tho difference of BA, BP will bo equal to one-half of TA. 

7. In any curve, if Q be tho intersection of perpendiculars to 
two consecutive radii vectores through their extremities, and S7 
be the perpendicular from the pole S on the tangent at P, prove 
that ultimately 8P'' = ST.SQ. 

8. PQ, pq are parallel chorda of an ellipse whoso centre is C; 
shew that, if p move up to P, the areas CPp, CQq will be 
nltimatoly equal. 

9. From a point in the drcumference of a vertical circle a chord 
and tangent are drawn, tho one terminating at the loweat point, 
and the other in the vertical diameter produced ; compare the 
velocities acquired by a heavy body in falliiig down the chord 
and tangent when they are indefinitely diminished. 

10. A point moves bo that the product of ita distances from two 
fixed points is constant ; show that the normal to ita p«th divides 
tho anglo between tlie two radii into two whose siuos aro pro- 
portional to I ho radii. 



1. On the radii Tectorea of a curvo as diamotors circles i 
described ; fiud their envelope. 

2. If the intercept PQ between two curvee of their common 
radiua vector OPQ be constant, and the normala at P and Q 
interaect in S, ON will be at right angles to OPQ. 

3. A right angle slides on any oval curve, so that the eides 
containing tlio right angle always touch the curve; shew that the 
angle one tangent makes with the tangent to the locus of the 
vertex ia equal to that which the other tangent makes with ^^ 
the chord of contact. ^^m 

Hence shew that, if the oval be an ellipse, the locus of tlHt^^| 
vertex will be a circle concentric with the ellipse. ^^S 

4. A point moves so that the rectangle, whose sides are equal 
to the distances of the point from a given point and a given 
straight line, is equal to the square described on the perpendicular 
from the given point on the given line. Find the position of 

the point at which the tangent to the curve passes through tht-^^d 
fixed point. ^^| 

5. Two points A, B describe two curves according to any "^ 
finite and continuous law. If A', B' be the consecutive positions of 

A, B, and ABC, A'B'C be similar triangles, then the corre- 
sponding sides of the two triangles will ultimately intersect in the 

. , „ „ „ , , AA-.BC BB'.CA CC'.AB 
points P, Qi R, such that 



QR 



BP 



PQ 



6. If SP'-AB.PM, where PM is perpendicular to a fixe4 
straight line, prove that the locus of the centre of the circle oir-' 
cumscribing the triangle formed by the tangent, the radius vectoTi 
and the polnr subtangent, will be a straight line, 

7. In the figure on page 30 let FB' be taken equal to AB, 
and let the corresponding ordinate to the curve bo BE" ; prOTS 
that the subtangent at E' varies inversely as that at E. 

8. In the hyperbolic spiral, in which the radius vector varies 
inTereely as the spiral angle, prove that the subtangent is constant. 

9. In the spiral of Archimedes, in which the radius vector 
varies directly as the angle, prove that if a circle be described, 
of which a radius is the radius vector of tlie spiral, the polar 
subtangent will be equal to the arc of the circle subtended by 
the spiral angle. 
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The spaces which a iody describes \_from resf^ under the 
action of any finite force, whet/ier that force be constant 
or else continually increase or continually diminish, are 
in the very be^nninif oft/ie motion in the duplicate ratio 
of the times. 

[[Let the times be represented by lines measured from A, 
along AK, and the velocities generated at the end 
of thoso times by lines drawn perpendicular to AK. 
Suppose the time represented by AK to be divided 
into a number of equal intervalsj represented by AB, 
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BC, CD, ..., let Bb, Cc, Dd, .,.Kk represent the ve- 
locities generated in the times ^5, AG, ...-4 A" respec- 
tively, and let Ahcd be the curve line which always 
passes thi'ough the extremities of these ordinates. 
Complete the parallelograms Ab, Be, Cd, ... . 
In the interval oftime denoted by CD, the velocity con- 
tinually changes from tliat represented by Cc to that 
represented by Dd, and therefore CD being taken 
small enough, the space described in that time is 
intermediate between the spaces represented by the 
parallelograms Dc and Cd; therefore the spaces 
described in the times AD, AK are represented by 
areas which are intermediate between the sums of 
the parallelograms inscribed in, and circumscribed 
about, the carvilinear areas ADd, AKk respectively. 
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Therefore, by Lemma II., the number of intenrals being 
increased, and their magnitudes diminished indefi- 
nitely, the spaces described in the times AD^ AK 

. are proportional to the cnrrilinear areas ADh^ AKk. 

Now the force being finite, the ratio of the velocity to 
the time is finite ; therefore .SI: A^T is a finite ratio, 
howeyer small the time is taken; hence, if AT be 
the tangent to tiie curve line at A^ meeting Kk in T, 
KT : AK wOl be a finite ratio ; therefore the angle 
TAK will be finite, or AK will meet the carve at a 
finite angle. 

Hence, by Lemma IX., if AD^ AK be indefinitely 
diminished, area ADd : area AKk : : AD' : AK*; 
therefore, in the beginning of the motion, the spaces 
described are proportional to the squares of the times 
of describing them. q. e. d.] 

Cob. 1. And hence it is easily deduced that the errors 
of bodies describing similar parts of similar figures 
in proportional times, which are generated by any 
equal forces acting similarly upon the bodies, and 
which are measured by the distances of the bodies 
from those points of the similar figures, to which the 
same bodies would have arrived in the same propor- 
tional times without the action of the disturbing 
forces, are approximately as the squares of the times 
in which they are generated. 

Cob. 2. But the errors which are generated by pro- 
portional forces, acting similarly at similar portions 
of similar figures, are approximately as the forces 
and the square of the times conjointly. 

Cob 3. The same is to be understood of the spaces 
which bodies describe under the action of different 
forces. These are, in the beginning of the motion, 
conjointly, as the forces and the squares of the times. 

CoR. 4. Consequently, in the beginning of the motion 
the forces are as the spaces described directly, and 
the squares of the times inversely. 
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CoH. 5. And the squares of the times are as the spaces 

described directly and the forces inversely. 

The proof given In the original Latin ia as follows : 

Exponantur tempora per lineas AD, AE, et veloci- 

tates genitffi per ordinatas DB, EC\ et spatia, his 

velocitatibus descripta, crunt ut areje ABD, A CE Ids 

ordinatis descriptje, hoc est, ipso motus initio (per 

Lemma IX.) in duplicata ratione temporum AD, AH. 

Q.E.D. 

45. This proof has been amplified in order to exhibit in 
what manner the description of areas, by the flux of the ordi- 
nates, corresponds to that of spaces by tbo velocities represented 
by the ordinates ; also to shew the propriety of the application 
of the ninth Lemma by reference to the definition of fiaite force 
which may be stated as follows ; A force is finite wlien Ote ratio 
of the velocili/ generated in any time to the time in which it it 
generated, is finite, however small the time he taken. 



Observations on the Lemma. 

46. In the proof of this Lemma, time is represented by the 
lengtLi of a straight line, and a distance traversed by a body is 
represented by an area. 

If the length of a straight line be always proportional to the 
period of time elapsed, the straight line will be a proper repre- 
Gentation of the time. Thus a length of n inches has the same 
ratio to one inch which an interval of n seconds has to one 
second; and on this scale the length n inches is a proper repro- 
sentation of n seconds. 

If an area be always In the same ratio to the unit of area 
that the length of a straight line is to the unit of length, the area 
will be a proper representation of the length of the straight line, 

Thus, if Ah be one foot, AB, n feet, Ac one inch, and AG, 
t inches: complete the parallelograms ABDC, Ahdc, and £c, 
tlien ABCD will contain nt such areas as Ahdc. 

If now a particle move with a uniform velocity of n feet 
a second, and ^ (7 represent t seconds, un the scale of one inch to 



a bccoikI, the parallelogram Be will represent tlic space travelled 
over in tlic £rst secoDcl, since it containa n times tlic parallel»- 
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gram Ahdc, and ABDG will represent the space travelled over 
in t seconds. 

There will be no difficulty in tlie representation of a period 
of time by a line, or of a distance by an area, if the atudent 
bear iu mind that periods of time and lengths of lines, although 
existing absolutely, are only estimated by their ratios to certain 
standard periods, and standard lengths, and they are therefore 
determined whenever these ratios are given, either directly in 
numbers or by the comparison of any magnitudes whatever of 
the same kind. 

47. Cor. 1, 2. If bodies describe orbits under tlie action 
of certain forces, and small forces, extraneous to those under the 
action of which the orbits are described, be supposed to act upon 
the bodies, the orbits will be disturbed slightly, and the errors 
spoken of are the linear disturbances of the bodies, at any time, 
from the positions which they would have occupied at that time, 
if the extraneous forces had not acted. 

Thus, in calculating the motion of the Moon considered as 
moving under the attraction of the Sun and Earth, it is conve- 
nient to estimate the motion which she would have, if subjected 
to the atti-action of the Earth alone, and then to calculate what 
would be the disturbing effect of the Sun upon this orbit. 

48. If ^B be a portion of au orbit desci-ibed by a body in 
any time, ^(7 the portion of the orbit described when a disturb- 
ing force is introduced, BC is " quam proximo" the space which 
would have been described in the same time from rest by the 
action of the disturbing force alone. When the time is taken 
small] but not indefinitelij small, the expression in the statement 
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of tbe corollaries, "approximately," is necessary for two reasons; 
for, in the first place, the position of the body in space is not 
tbo same at tbe end of any Interval in the lapse of tbe time 
as if tbe body bad moved from rest under tbe action of tbe 
disturbing force alone, and therefore the magnitude of the forco 
is not generally the same either in direction or magnitude ; and, 
in the second place, since tbe force ia not generally uniform, the 
variation according to tbe duplicate ratio of tbe times ia not 
exact, except in tbe limit. 

But, when the times are taken very small, tbe variation of 
direction and magnitude of the force may be neglected, as an 
approximation to the true state of the case. 

49. Appltcaiion of the method of Lemma X to determine 
the space described in a finite time from rest by a particle under 
tJie action of a constant ^?'ce. 

Let f be tbe measure of the acceleration caused by tbe 
constant force, so that at tho time t the velocity V^fl, 

Since the velocity varies as the time, the curve A^ in the 
figure of the Lemma is a straight line, dB : AD being constant. 

Therefore the space which is described in the time (, re- 
presented by AK, is represented by the area of the triangle 
AKk or ^Kk.AK. The space described in time t from rest 
is therefore ^Vt = yi\ 

50, General geometrical representation of the space described 
hy a body when it moves with a variable velocity for a finite 
time. 

Prop. If a curve be found, such that tbe ordinate at each 
point represents tbe velocity corresponding to a time represented 
by the abscissa, then tbe space described by the body will be 
represented by the area bounded by the curve, tbe line of 
abscissae, and tbe ordinates corresponding to the commencement 
and end of tbe time of motion. 

Let OA, OB represent tho times at tbe commencement and 
end of tbe interval during which tbe motion of tbe body is to 
be examined. Let OM be any other time, and let AC, MP, BD, 
perpendicular to OAB, represent the velocities at tbe ends of 
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the times represented by OA^ OM, OB ; CPD the curve which 
passes through the extremities of all such ordiuates as J£P. 




Let AB be divided into any number of small portions, such 
as MN] and let NQ be the ordinate corresponding to ON. 
Complete the parallelograms PMNq^ QNMp^ and suppose cor- 
responding parallelograms to be constructed on all tlie bases 
corresponding to MN, 

The body during the time represented by MN moves with 
a velocity, which, if MN be taken small enough, will be inter- 
mediate in magnitude between the velocities represented by PM 
and QN^ and the space described during that time will be 
intermediate in magnitude between the spaces which would have 
been described with uniform velocity represented by PM and 
QN^ or between the spaces represented by the areas PN^ QM. 

Hence the whole space described in the interval of time 
represented by AB is greater than that represented by the 
inscribed series and less than that by the circumscribed series 
of parallelograms, and each of these is, by Lemma II., ulti- 
mately equal to the area A GDB^ when the number of portions 
into which AB is divided is indefinitely increased, and their 
magnitudes diminished ; therefore the proposition is proved. 

51. Cor. 1. Since the area PMNQ is ultimately equal to 
the rectangle PM,MNj it follows that the measure of the velocity 
at any time is ike limit of the quotient of the space described after 
that time by the time of describing it. 

52. Cor. 2. Let MR represent the unit of time, and com- 
plete the parallelogram PMRr ; then the area PMRr represents 
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tbe space which would he described in an nnit of time with i 
velocity represented hy PJf ; whence It foUows that the velocity 
of a body at any instant may he ..leasured by the space which it 
would describe if it moved with that velocity unchanged for an 
unit of time. 



Measures of Variable Force^ Kinetic Energy, Work of a Force. 

53. When a particle of mass m is moving in a straight line 
under the action of an uniform force F, if V, v he the velocities 
at the beginning and end of the interval of time (, and s be 
the space described in that time, the following equations will 
hold : m{o- V) = Ft and Jbj (u" - V) = Fa. 

These equations represent respectively that : 

(1) The increase of momentum In a given time is equal to the 
whole force which has acted during that time. 

(2) Half the increase of vis viea, or the increase of the kinetic 
energy in a given spaix is equal to the workoftlte force in that 
space. 

If i^ bo a variable force, and -F„ F^ he its least and greatest 
values during the time f, m[v — V) will be greater than F^t and 
Icsa than F^t, each of which will become .Pi ultimately when t 
is indefinitely diminished ; and similarly for ^m [v' - V). 

Hence we obtain two measures of variable force in the form 
of the two limits: 

(1) The qvotitnt of the increase of the momentum by the time, 
when the time is diminished indefinitely. 

(2) The quotient of the increase of the kinetic energy hy the 
space through which the force has acted^ when that apace is 
diminished indefinitely. 

54. In the velocity curve, Art. 50, the velocity Q2 is added 
in the time MN, the measure of the acceleration at the time OM 
Is therefore the limit of the ratio Qq : Pq, or the trigonometrical 
tangent of the angle which the tangent at P to the velocity curve 
makes with the Une of abacissie. 

55. Geometrical representation of the momentum gmeraied 
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hy a finite and variable force acting for a finite time upon a 
particle moving in the direction of the action of the force. 

In the Bgure of p. 72, let OA^ OB represent the times at 
the commencement and end of the interval during which the 
action of the force is considered. 

Let AB be divided into any number of small portions, such 
as MN^ and let Pilf, QN^ perpendiculars to AB^ represent the 
forces acting on the particle at the times Oil/, ON respectively, 
and let parallelograms be constructed and the curve drawn as 
in Art. 50. 

The momentum generated in the time MN^ if MN be taken 
small enough, will be intermediate between the momenta re- 
presented by the parallelograms FN and QM] therefore, by 
Lemma II., the whole increase of momentum is represented 
by the area A CDB bounded by the curve, the line of abscissae, 
and the ordinates at the commencement and end of the finite 
interval of time represented by AB. 

56. As in Arts. 51, 52, the measure of force given in (1) 
Art. 53 can be deduced ; also that the force at any instant may 
be measured by the momentum which would be generated if 
the force were to continue unchanged for an unit of time. 

67. Geometrical representation of the kinetic energy generated 
hy a force which acts upon a particle moving in the direction 
of the forceps action through a finite space. 

Let GAB be the line of motion of the particle, and when 
it arrives at M let PM perpendicular to GAB represent the 
force, and let the construction be made as before. 

The increase of kinetic energy in the passage from M to 
N is intermediate between the work done by the forces re- 
presented by FM and QNy i.e. it is represented by an area 
which is intermediate between FN and QM\ therefore, by 
Lemma II, the increase of kinetic energy or the work of the 
force during the motion from -4 to J? is represented by the 
B.\^^ACDB. 

58. The measure offeree given in (2), Art. 53, is deducible 
as before, since Pilf.i/^=area FMNq ultimately. 
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59. In rectilinear motion of a particle under the action of 
any variable force^ the sum of the kinetic and potential energies 
is constant 

If the motion of the particle be considered only within the 
limits Aj By the area PMBD represents the whole work which 
the force will be able to do as the particle moves from M 
to the end of its path ; this work is called the Potential Energy ^ 
and since the kinetic energy at M is represented by the area 
CAMPj it follows that throughout the motion the sum of 
the kinetic and potential energies is constant. 



Application to the determination of the motion of a particle 

under various circumstances, 

(1) To find the space travelled over in a given time hy a 
body moving with a velocity which varies as the square of the 
time from the beginning of the motion. 

Let AB represent the time, and let BC perpendicular to AB 
represent the velocity at the end of that time. 




Let AB be divided into any number of equal portions of 
which MN is one, and let i/P, NQ represent the velocities at 
the ends of the times represented by AM^ AN. 

Then, since MP : NQ : BG :: AAP : AN' : AB% a parabola 
can be described touching AB and passing through P, Qy G 
and the extremities of all ordinates by which velocities are 
represented. 

Hence the space described in the time represented by AB 
Is represented by the parabolic area ABG or ^AB.BG. 

And if^ be the velocity at end of 1", pi' will be that at 
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the end of f ; tberefoie ^p^.f = \ft will be the qntce desjcribed 
in the time U 

Note. The following method of representing the space 
serves to illustrate Art 46. 

Join AC^ and let pM^ qN be the ordinates, and suppose 
the 6gnre to revolve round AB*^ pM generates a cirde whose 
area ccpIPccAJIP' therefore thb cirde may be taken to 
represent the velocity at the time corresponding to AMj and 
the solid generated hjpqNM represents the space described in 
time MN. The whole space is therefore represented by the 
cone generated by ABC^ or ^AB.irBC^^ which g^ves the same 
result as before. 

(2) To find the space described from rest at any time by a 
particle under the action of a force whose acoderating effect 
varies as the m^ power of the time. 

This problem is more dmply solved by applying <tirectly 
the method of summatioUi anoe in order to find the area of 
the curve, constructed as in Lemma X.| we should eventually 
be obliged to have recourse to that method. 

Let the time t be divided into n equal intervals, and let the 
acceleration by the force at the time t be pt"* ; hence, at the com- 
mencement of the (r+1)**^ interval, the acceleration will be p f — j , 
and, if the force be continued uniform during this interval, the 

— J . - , and if the same arrange- 
ment be made during each interval, the whole velodty generated 

will be -j^r^ P^^i ^dce, when the number of 

intervals is increased indefinitely, it follows, by the reasoning 

of Lemma II., that the velocity at the time t=^^ — r* 

' -^ m + 1 

In the same manner, if the velocity at the commencement of 

each interval were continued uniform during the interval, the 

space described could be shewn to be 

1*^^-1- 2*^'+...+ (n-l)*^' pr« 



n 



'm + 1' 
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the particle will come to rest at the point A' on the opposite 
side of /S, where SA = SA^ and, the time of oscillation from 

rest to rest, being y — r , will be independent of the distance 

from which the motion commences. 

(5) Simple harmonic motion. 

Def. The motion of a particle oscillating under the action 
of a force tending to a fixed point, and varying as the distance 
from it, is called simple harmonic motion. 

From the preceding propositions the following construction 
for simple harmonic motion, which may also be taken as a 
definition, is obtained. 

When a point Q moves uniformly in a circle, and an ordinate 
QM is drawn from its position at any instant to any diameter 
AA\ the motion of 1/, the foot of the ordinate, is simple 
harmonic motion.^ 

Def. The amplitude of a simple harmonic motion is the 
range 8A or 8 A' on each side of the centre. 

The period is the time which elapses from any instant until 
the moving point again moves in the same direction through 
the same position. 

(6) A particle is subject to the action of a force^ whose accelc" 
rating effect varies as the distance from a fixed pointy in the 
direction of which it actSj the particle is projected from a given 
point in a direction perpendicular to the direction of the force at 
that pointy to find tJie path described by the particle. 

Let the force tend to C, and let A be the point of projection, 
P the position of the particle at any time. 

Let CBj perpendicular to CA^ be the distance in which a 
particle would be reduced to rest, if projected from C with the 
velocity of projection ; so that if V be the velocity of projec- 
tion, and /mCF be the accelerating effect of the force at P, 
V' = fiCB'hj[B). 



♦ Thomson's and Tail's Natural Philosophy^ Art, 53. 



LEMMA X. 



79 



Describe circles J?J, Aa having the common centre C, and 
draw CpP' cutting the circles in p and P', and draw^n perpen- 
dicular to CJBy And pm^ P'M to CA. 




Referring to (4) supra, it will be seen that two particles start- 
ing respectively one from rest at A and the other with the 
velocity of projection at (7, under the action of the same force, 
would arrive simultaneously at M and n, since the time in both 
cases is proportional to the angle P' CA, 

But the particle in the proposed problem is acted on at P by 
a force which is represented by PC, whose accelerating effect 
parallel Xo AG and CB is represented by MG and Pilf, there- 
fore the acceleration in -4 C is the same as that of tlie particle 
supposed to move in ^Cfrom rest, and the retardation parallel 
to BG the same as that of the particle in (7P, projected 
from C7, therefore P is in the intersection of up and MP\ and 
PM : P'Mi'.pm : P'M:: Gp : GP' ::GB:GA] therefore the re- 
quired path of the particle is an ellipse whose semi-axes are 
GA and GB. 

Cor. I. Area AGPcc area^CP'oc Z.AGP'cc time from A 
to P, hence the area swept out by the radius vector is propor- 
tional to the time. 

Cor. 2. The square of the velocity at P is the sum of the 

squares the velocities of the particles at if and n=fi.PM^-\-fA»pn* 
= y[A.CZ)', where GD is the semi-diameter conjugate to GP, 

(7) The space described by a body moving in a medium^ in 
which the resistance varies as the velocity^ when no other force 
acts on the body^ varies as the velocity destroyed. 



Let the time AK be divided into equal iDtervals AB, BC, 
CD, ... } and let Aa\ Bb', ... be the velocities at the beginning 
of the intervals, the space in time AK ib represented hj the 
area a'AKk'. 
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Suppose the force of resistance to be constant throughout the 
intervals of time AB, BC, ..., and equal to the amount at the 
commencement of each, and let Aa, Bb, ... be the measures of 
the retarding effect of those forces, then the velocity destroyed 
is represented by the limit of the sum of the parallelograms 
aBybC, ... or the area aAKk; hence the space described and 
the velocity destroyed vary respectively as the areas t^ASTe 
and aAKk ; and, since the resistance varies aa the velocity, the 
ratios Aa' : Aa, Bb' : Bb, &c,, are all equal j therefore, by 
Lemma IV., the areas a'AKk', aAKk are in a constant ratio; 
hence the space described varies as the velocity destroyed. 



1. If the square of the velocity of a body be proportional to 

the apace described from rest, prove that the accelerating foics is 
constant. 

2. At what point of the proof of Lemma X. is it assumed 
that the body starts &om rest? 

3. State the proposition by which Lemma X. is replaced, when 
the body, instead of starting &om rest, oonmiences its motion with 

a given velocity. 

4. If a body move from rest under the action of a fowe which 
varies as the square of the time from the beginning of the motion, 
shew that the velocity at any time will vary as the cube of the 
time, and the space described as the fourth power of the time. 



I 
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5. If the velocity after a time ( from reat be equal to a{2t + (*), 
vliat vill be the shape of the curve ia the figure, and the Bpacs 
described in any time ? 

6. If the square of the velodty of a moving point vary as the 
time, find the space which will be described in a given time ; and 
shew that the acceleration will vary inversely as the velocity. 

7. If the curve employed in the proof of the Lemma be an 
arc of a parabola, the axis of which is perpendicular to the straight 
line on which the time la measured, prove that the accelerating 
effect of the force will vary as the distance from the axis of tha 



XI. 

1. If in the velocity curve of Lemma X, there should occur 
a point where the two parts of the curve cut one another at a 
finite angle, what would be the interpretation of this singularity ? 
Explain also what a point of inflexion would imply. 

2, A particle ia placed in the line joining two centres of 
attracting force, the accelerating eifeet of each of which varies aa 
the dietance, find the time in which the particle oscillates. 

S. When a body moves from rest at A under the action of a force 
which varies aa the square of the distance from S{=^[t.SM' at M), 
the square of the velocity at Jf = ^fi {SA' - SM'). 

4. If a body be acted on from reat by a repulsive force which 
Tories as the distance from a fised point, find the velocity when the 
body arrives at any position. 

5. Two points move from reat in such a manner that the ratio 
of the times in which the same uniform acceleration would generate 
their respective velocities at those times is constant. Shew that 
their respective accelerations, at any time bearing that ratio, ate 
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6. Two forces reside at S, one attractive and who.se accelerating 
effect ou a particle varies as the distance from S, and the otiier 
constant and repulsive; prove that, if a particle be plained at S, 
it will move until it be brought to rest at a point which is double 
the diatance from S at which it would rest in equilibrium under the 
action of the forces. 

A particle moves from rest at A under the action of a force 
□g to 8, and varying as the distance from S, and in its path 
towards S it strikes another particle of equal mass at rest at B ; 
prove that, if the particles be perfectly elastic, they will meet again 
on the opposite side of S at a distance equal to 8B, and continue 
to impinge at B and £' for ever. 
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LEMMA XI. 

The vanishing subtenses of the angle of contact^ in all eicrves 
which have finite curvature at the point of contact^ are 
ultimately in the duplicate ratio of the chords of the con-- 
terminou^ arcs. 

Case 1. Let AB be the arc of a curve, AD its tangent at 
Ay BD the subtense of the angle of contact, BAD per- 
pendicular to the tangent, AB the chord of the arc. 

Draw AGy BG perpendicular to the tangent AD and 
the chord AB respectively^ meeting in G ; then let 




the points i?, jP, G move towards the points d^ h, g^ 
and let / be the point of ultimate intersection of the 
lines BGy AGy when the points B^ D move up to ^. 

It is evident that the distance GI may be made less 
than any assigned distance by diminishing AB. 

But, since the angles ABD and GAB are equal, and 
also the right angles BDA^ ABG^ the triangles ABD^ 
GAB are similar ; therefore BD : AB : : AB : A Gy 
or BD.AG = AB^j and, similarly, bd.Ag = Ab^] 

.\ AB' : AH' = BD.AG : bd.Ag ; 

therefore the ratio AB^ : AV is a ratio compounded 
of the ratios of BD : bd and A G : Ag. 
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But, since GI may be made less than any assigned 
length, the ratio AG'. Ag may be made to differ from 
a ratio of equality less than by any assigned dif- 
ference ; therefore the ratio AB' : Ali' may be made 
to differ from the ratio BD : bd less than by any 
assigned difference. 

Hence, by Lemma I., the ultimate ratio AB' : Ah^ ia the 
same as the ultimate ratio of BD : bd. q. e. d. 

Case 2. Let now the subtenses BD', bd' bo inclined at 
any given angle to the tangent; then, by similar 
triangles D'BD, d'bd', BD' :bd' :: BD-.bd, but ulti- 
mately BD : bd :: AB' : Ab'' ; therefore ultimately 
BD' : bd' : : AB' : Ab\ q.e.d. 

Case 3. And, although the angle D' be not a given 
angle, if BD converge to a given point, or be drawn 
according to any other [fixed] law [by which the 
angle D' remains finite, since BD' is a subtense], still 
the angles D', d', constructed by this law common 
to both, will continually approach to equality and 
become nearer than by any assigned difference, and 
will bo therefore ultimately equal, by Lemma I., 
and hence BD', bd' will be ultimately in the same 
ratio as before. Q. e. d. 

Cob. 1. Hence, since the tangents AD, Ad, the area 
^B, Ab and their sines BC, be become ultimately 
equal to the chords AB, Ab, their squares also will 
be ultimately as the subtenses BD, bd, 

CoK. 8. The squares of the same lines also will be 
ultimately as the sagitta; of the arcs, which bisect 
the chords, and converge to a given point; for those 
Bagittie are as the subtenses BD, bd. 

I Cob. 3. And therefore the sagittse will be ultimately 
in the duplicate ratio of the times in which a body 
describes the arcs with a given velocity. 
Cob. 4. Tlie rectilinear triangles ADB, Adb are ulti- 
mately in the triplicate ratio of the sides AD, Ad, 
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iinlicate ratio of the sides DB, dh ; 



and in tlie 

since theae triangfes are in the ratio compounded of 
AD ; Ad and BD : bd. So also the triangles ABC, 
Abe will be ultimately in the triplicate ratio of the 
sides BC, bo. The sesquiplicate ratio may be re- 
garded as the fiubduplicate of the triplicate, or aa 
compounded of the simple and the subduplicat». 
ratios. 
Cob. 5. And, since iJj?, db are ultimately parallel anc 
in the duplicate ratio of AD, Ad [tuerefore, this 
being a property of a parabola,] at every point at 
which a curve has finite curvature an arc of a parabola 
can be drawn which will ultimately coincide with the 
curve ; and the curvilinear areas ADB, Adb will be 
ultimately two-thirds of the rectilinear triangles 
ADB, Adb; and the segments AB, Ab the third 
parts of the same triangles. And hence these areas 
and theae segments will be in the triplicate ratio as 
well of the tangents ADy ^t^ as of the chords ani 
arcs AB, Ah. ] 
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But, in all these propositions, we suppose the angle of 
contact to be neither infinitely greater nor infinitely 
less than the angles of contact which circles have 
with their tangents ; that is, that the curvature at 
the point A is neither infinitely great nor infinitely 
small ; in other words, that the distance AJ ia of 
finite magnitude. 

For DB might bo taken proportional to AI/, in which 
case no circle could be drawn through the point A 
between the tangent AD and the curve AB, and the 
angle of contact would be infinitely less than that 
of any circle. 

And, similarly, if different curves be drawn in which 
DB varies successively as AD^, AD^,AD^, &c., a series 
of angles of contact will be presented which may be 
continued to an infinite number, of which each will 
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be Infinitely leas tlian the preceding. And if curves 
be drawn in which DB varies as AD'', AD^, AD , 
AD^, AD°, &c., another infinite series of angles of 
contact will be obtained, of which the first will be 
of the same kind as in tlie circle, the second infinitely 
greater, and each infinitely greater than the pre- 
ceding. But, moreover, between any two of these 
angles an infinite series of other angles of contact 
can be inserted, of which each may be infinitely 
greater or infinitely less than any preceding; for 
example, if between the limits AD' and AD^ there 
he inaeTted A D'^,ADV^ Am, ADi, ADi, ADi,AD'^, 
AD'^,AD'^\ &.C. And, again, between any two angles 
of this sei-iea there can be inserted a new series of 
intermediate angles difi'ering from one another by 
infinite intervals. Nor does the nature of the case 
admit any limit. 

The propositions which have been demonstrated con- 
cerning curved lines and the included areas are easily 
applied to curved surfaces and solid contents. 

These Lemmas have been premised for the sake of 
escaping from the tedious demonstrations by the 
method of reductio ad absurdum, employed by the old 
geometers. The demonstrations are certainly ren- 
dered more concise by the method of indivisibles j 
but, as there is a harshness in the hypothesis of indi- 
visibles, and on that account it is considered to be 
an imperfect geometrical method, it has been pre- 
ferred to make the demonsti-ations of the following 
propositions depend on the ultimate sums and ratios 
of vanishing quantities and on the prime sums and 
ratios of nascent quantities, i. e. on the limits of sums 
and ratios ; and therefore to premise demonstrations 
of those limits as concise as possible. By these 
demonstrations the same results are deducihlc as by 
the method of indivisibles ; and we may employ the 
principles which have been established with greater 
safety. Consequently, if, in what follows, quantities 




should be treated of as if tliey consisted of particles 
[indefinitely small parts], or stnall curve lines should 
be employed as straight lines, it would not be in- 
tended to convey the idea of indivisible, but of 
vanishin;^ divisible quantities, not that of sums andi 
ratios of determinate parts, but of thelimita of suma^ 
and ratios ; and it must be remembered that the forcQij 
of such detnonstrations rests on the method exbibitedj 
in the preceding Lemmas. 

An objection is made, that there can be no ultimata 
proportion of vanishing quantities ; inasmuch as 
before they have vanished the proportion is not 
ultimate, and when they have vanished it does not 
exist. But hy the same argument it could be main- 
tained tliat there could be no ultimate velocity of a 
body arriving at a certain position at which its 
motion ceases ; for that this velocity, before the body 
arrives at that position, is not the ultimate velocity; 
and that, when it arrives there, there is no velocity. 
And the answer is easy : that, by tho ultimate velo- 
city is to be understood that, when the body is 
moving, neither before it reaches the last position 
and the motion ceases nor after it has reached it, 
but at the instant at which it arrives; i.e. the very 
velocity wilh which it arrives at the last position and' 
with which the motion ceases. 

And, similarly, by the ultimate ratio of vanishini 
quantities is to be understood the ratio of the quan- 
tities, not before they vanish nor after, but with which 
they vanish. Likewise, also, the prime ratio of nas- 
cent quantities is the ratio with which they begin to 
exist. And a prime or ultimate sum is that with which 
it begins to be increased or ceases to be diminished. 

There is a limit which the velocity can attain at the 
end of the motion, but cannot surpass. Tiiis is the 
ultimate velocity. And the like can be stated of 
the limit of all quantities and proportions com- 
mencing or ceasing to exist. And, since this limit 
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is certain and definite, to determiiio it is stnctly a 
geometrical problem. And all geometrical propo- 
sitions may be legitimately employed in determining 
and demonstrating other propositions wliich are 
themselves geometrical. 

It may also be argued that, if the ultimate ratios of 
vaniBhing quantities be given, the ultimate magni- 
tudes will also be given, and thus every quantity 
will consist of indivisibles, contrary to what Euclid 
has demonstrated of incommenaurablo quantities, in 
Ilia tenth book of the Elements. 

But this objection rests on a false hypothesis. Those 
ultimate ratios with which quantities vanish are not 
actually ratios of ultimate quantities, but limits to 
which the ratios of quantities decreasing without 
limit are continually approaching ; and which they 
can approach nearer than by any given difference, 
but which they can never surpass, nor reach before 
the quantities are indefinitely diminished. 

The argument will be understood more clearly in the 
case of infinitely great quantities. If two quantities, 
of which the difference is given, be increased infi- 
nitely, their ultimate ratio will be given, namely, a 
ratio of equality, yet in this case the ultimate or 
greatest quantities of which that is the ratio will 
not be given. 

In what follows, therefore, if at any time, for the sake 
of facility of conception, the expressions iwhfm'ddy 
small, or vanishing, or ultimate be used concerning 
quantities, care must be taken not to understand 
thereby quantities determinate in magnitude, but to 
conceive them in all cases quantities to be diminished 
without limit. 



Curvature of Curves. 
60. The curvature of a cur\-e at any poiat is greater or leaa 
as the amount of deflection from the tangent at that point, in 
the immediate neighboai'hood of the point, is greater or less. 
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Two curves will have the same curvature at two points, take! 
one in eacb, if at equal distancca from the points of contact, in 
tlie immediate neighbourhood of the pointa, they have the same 
dcSectioD from the taDgeuts at those points. 

61. An exact geometrical test of equality of curvatare 
be obtained as follows : 

I£ AB, ah be two curves which have the same cnrvature 

A, a respectively, draw the tangents A C, ac and take A C= 
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Draw subtenses BC, he inclined at equal angles to the tangents. 

If BC and he were equal, for all equal values of A C, ac, the 
curves would be equal and similar. If BC : be be ultimately 
a ratio of equality, when AO, ac are taken indefinitely small, 
the curves will have the same deflection from the tangents in the 
immediate neighbourhood of A, a, or the curves will have th< 
same curvature at those points. 

If the chords AB, ah be drawn, it will be an immediate 
sequence that the ultimate ratio of the angles BAC, hac will 
a ratio of equality. These angles are culled the anghs of contact. 

Hence, curves will have the same curvature at two points, 
one in each, if, equal tangents being drawn at those points, 
and subtenses inclined at any equal angles to the tangents, the 
limiting ratio of the subtenses be a ratio of equality, or if the 
limiting ratio of the angles of contact be a ratio of equality. 

62. The curvature of one cnrve will be infinitely greater or 
infinitely less than that of anotlier if the limiting ratio of the 
subtense of the first to that of the second be infinitely 
or inlinitely small. 

63. The ratio of the curvature of one curve to that of' 
another at two points, or of the curvature of the same curve at 
two different points, is the limiting ratio of the subtenses drawn 
from the extremities of equal tangents and inclined at equal 
angles to the tangents. 
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61. The curvature of a curve la said to be Suite, at any 
poiDt, when the ratio of the carvatnre at that point to that of 
any circle whose radius is finite, is a finite ratio. 

65. The curvature of a circle is the same at everij point. 

Let Ay a be any two points on a circle, AG, ac equal tan- 
gents at A, a, Cb, cb subtenses perpendicular to the tangents, 
OD, Od perpendicular to tho Bubtenses produced ; therefore 
CD = cd, eacli being equal to the radius, and BD = hd; hence 
BC=bc always, and therefore ultimately, when the area are 
indefinitely diminished, SG ■.hc'isd. ratio of equality , therefore 



the drcle has the same carvatnre at any two points. 

66. In different drcies the curvatures vary inversely as the 
radii. 

In tlie last fignre, produce CB to the circomference In E. 
Then, AC*=CB.CE; also, if^'C be a tangent to another circle, 
and A'G' be taken equal to AG, and the same construction be 
made, A'G-* = C'B'.C'E'; therefore GB.CE=G'B:G-E', and 
CB:C'B' -.iG'E' iCE; and when AC, A'G' are indefinitely 
diminished, CE='2A0; therefore CB : C'B :: A'O' : AO,-a\t\- 
uately, or the curvatures are inversely proportional to the radii. 

Measure of Curvature. 

67. The cnrvature of a circle is the same at every point ; 
the curvatures of different circles vary inversely as the diameters 
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of the circles ; and a circle can be constructed of any degree of 
finite curvature by varying the magnitude of the diameter. 

Hence, a circle can always be found whose curvature at any 
point is equal to that of a curve at a fixed point. 

The curvature of a curve at any point is therefore completely 
determined when the diameter of the circle is found, which has 
the same curvature as the curve at the given point. 

The diameter of the circle, which has the same curvature as 
the curve at a given point, is called the diameter of curvature of 
the curve at that point. 

The chord of the circle, drawn In any direction, is called the 
chord of curvature in that direction. 

The circle itself is called the circle of curvature^ and is the 
circle which has the same tangent as the curve at any point, and 
also the same curvature. 

68. Any other curve might have been chosen to establish a 
standard measure of finite curvature; but, since no curve but 
the circle has the same curvature at every point, it would then 
have been necessary, after selecting the curve, to specify the 
point, the curvature at which might be made the measure of 
curvature. 

Thus, if the standard curve were a parabola, we must choose 
the curvature of the parabola at the vertex or at the extremity 
of the latus rectpim or at some determinate point, by which to 
obtain the measure. 

The inconvenience is obvious. 

General Properties of the Circle of Curvature. 

69. If a circle be drawn touching a curve at a given point, 
and cutting it at a second point, as the second point approaches 
indefinitely near the point of contact, the circle will assume a 
limiting magnitude, and will evidently satisfy the condition of 
having the same curvature as the curve at that point. 

70. Since a tangent at any point is the limiting position 
of a side, terminated in that point, of a polygon inscribed in 
the curve, when the number of sides is increased indefinitely, 
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BO the circle of curvature at any point is the limiting circle 
which passes through three consecutive angular points of the 
polygOD, one of which coincides with the point. 

71. No circle can be, drawn whose circumference lies hetween 
a curve and its circle of curvature, in t!ie neighbourhood of the 
point at which the circle of curvature is drawn. 

For, let AQ \>e the arc of the curve, Ati of the circle of 
curvature ; and let, if possible, another circle be drawn, of which 
the arc AS lies between the curve and circle, and having there- 
fore the same tangent AR at A \ and let RQ, the Bubtenso per- 
pendicular to the tangent, cut the circles In iS, q. 




Then SR : qR wilt be ultimately in the inverse ratio of the 
diametera of the circles; therefore SR wilt be ultimately unequal 
to qR; but, since qR and QR are ultimately in a ratio of 
equality, SR, which is intermediate in magnitude, will be ulti- 
mately equal to either, which is absurd; therefore no circle, &c. 

This proposition correaponda to Euclid in., Prop, svi. 

72. 2Sc circle of curvature generallj/ cuts the curve. 

For the curvature of the curve at different points taken along 
the curve continually increases or continually diminishes, until 
it arrives at a maximum or minimum value. 

If therefore the circle of curvature be di-awn at any point, 
on the side on which the curvature is increasing, as we proceed 
from the point, the curve will lie within the circle, and on the 
other side, on which the cui-vature is diminiabing, the curve will 
lie without the circle; which proves the proposition for the 
general position of the point. 

For the particular case, in which the point is at a position 
of maximum or minimum curvature, as at the extremities of the 
axes of an ellipse, if the curvature be a maximum the curvature 
at adjacent points on either side will be less than that of the 



circle of curvature at the point under conaiJeration ; ttiereforel 
the circle will lie entirelj within the curve on bolh sides neiivfl 
the point of maximum curvature; and, Bimilarly, it will li«j 
without the curve at points of minimum curvature. 

We can illustrate this by reference to the polygon iDacrihedfl 
in the curve ; see the figure in the following page. 

If, in the curve, equal chords AB, BC, CD, DE,... be placed 1 
in order, generally the angles ABC, BCD, CDE,... will increase 
or decrease, commencing from any point, which property of ths 
polygon will have in the curvilinear limit, when the chords are ■ 
dimiuisbed indefinitely, the corresponding property, that thtfa 
curvature decreases or increasea continually. 9 

Suppose the angles are increasing from B; make the angles 
CBA\ CDS' equal to the angle BCD, and BJ\ DE' equal to 
BC, CD. ..I then a circle through B, C, D will paaa also through 
A' and E', and these points will be on opposite sides of the 
perimeter of the polygon, whence, if we proceed to the limit, 
the circle of curvature at a point in the middle of inereaaiug 
curvature will cut the curve. 

If the angles ABC and DEF be each lesa than the angles 
BCD, CDE, supposed equal, the curvature will decrease and 
then increase, and the circle about BCD will pass through E^ 
and BA,EF-vi\\\ lie within the circle, and, proceeding to the 
limit, the circle of curvature will lie without the curve, near 
the point of minimum curvatnre. I 
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73. Dep. If the circles of curvature be drawn at every 
point of a curve, the centres of those circles will lie io a curve 
which is called the evolute of the proposed curve. 



Properties of the Evolute. 

74. The extremity of a string unwrapped from the evoltite ofM 
I curve traces out the curve. 

Let ABODE be any equilateral polygon, and let a'a, h'b, c 
■ ' he drawn perpendicular to the sides from the middle points.! 



a\ b', &c., tdeae intersect in the angular pointa abed... of another 
polygon. 

If a Btring were wrapped round a'ahcd... the extremity a' 
would as the string was unwrapped pass through the points 
a'b'c'd". 

Let now the number of sides of the polygon be increased and 
the magnitude diminished indefinitely. 

The points a'b'c... will be ultimately in the curve which is 
the limit of the polygon, and since a, h, c... are the centres 
of the circles described about ABC, BCDy.., a, ft, c,... will be 
ultimately the centres of the circles of curvature at a'b'c',., , and 




the curve, which is the limit of the polygon ahcd..., will be the 
evolute of the curve a'b'c',.. , and the property proved for the 
polygona will be true for the limits of the polygons, therefore 
the extremity of the string unwrapped from the evolute will 
trace the curve of which it is the evolute. This property gives 
me to the name of evolute. 

Dep. The curves formed by the unwrapping of a string 
from a curve are called involutes. 



75. The tangent to tlie evolute of a curve is a normal to the 
curve. 

Since b'h is ultimately the tangent to the evolute and is 
perpendicular to BG, which ia ultimately the tangent to the 
curve a'b'c'... , therefore the tangent to the evolute is a normal 
to the curve. 
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Projxmtiona on DiameUrs and Chords of Curvature. 

76. If a subtense he drawn from the extrnnity of on 
of Jtnile curvalurf., in any direction^ the chord of curvalura ] 
paralhl to that direction will be the limit of the third prO' \ 
portional to the «uhtense and the arc. 

Let PQ, Pq be arcs of a cnrve and its circle of cairatnre | 
at P, let PR be the cominoa taagent, and PQq the dlrectloo ' 
of a commoD aubtense, meeting the circle id U. 

DrawthecUordPrparailelto^*?. Then, since iJj.^i/^iiB', j 
RU n the tbirJ proportional to R.q and PR. 




But, ultimately, when P^ia indefinilcly diminished, 5 £7'=PF, 
s.TiAPR=PQ, by Lemma VII. also, 7?j = fl^ by the property | 
of the circle of curvature. 

Therefore PV is the limit of the third proportional to RQ ' 
and/*^. 

GOE. TJie diameter of curvature is the limit of the third pro- 
portional to the subtense perpendicular to the tangent and the arc. 

11. The two chords of curvature at any point of a parabola \ 
drawn through the focus, and in the direction of the diametery are ' 
each equal to four times the focal distance of that point. 

Let AP be a parabola, P any point, EQ a subtense parallel 
to the diameter PMx, QM the ordinate at Q, S the focua. 
Then, by a property of the parabola, QJlP^iSP.PMj there- 
fore iSP ifl a third proportional to PM and QM, i.e. to RQ 
and PR. 

Hence, 45^ is the limit of the third proportional to the 



subtense QS and tlie arc PQ, and is therefore equal to tlie 
chord of curvature at P in direction of the diameter. 




And, since PS, PM are equally inclined to tlie tangent at P, \ 
the chords in those directions are equal; therefore the chord of I 
curvature through 8 is four timea the focal distance 8P. 

78. One-fourth of the diameter of curvature at any point 
of a parabola %s a third proportional to the perpendicular from. 
the focus on the tangent at that point, and the focal distance of 
that point. 

For, draw 8Y, QE perpendicular to PE, and let PI be the 
diameter of curvature at P. 

Then PI. QR = PQ' = Pff ultimately, = /lSP. QR ; 
.-. PliiSP:: QR: QR' :: SP: S¥; 
Bince the triangles SYP, QR'R are Himilar; therefore ^PI la 
a third proportional to SJ and SP. 

79. The chord of curvature at any point of an ellipse drawn 
through the centre of the ellipse is a third proportional to the \ 
diameter through that point and the diameter conjugate la it. 

Let P be any point in an ellipse, PCG the diameter, DCD' 
conjugate to it, Q any point near P, QR a subtense parallel 
to CP, QM an ordinate parallel to DC, PV the chord of curva- 
ture drawn through C. 

Then PV. QE = PQ'= QM'' ultimately, 

and QM'' : PM. MG :: 00' \ CF'\ 

.: FV.QR: QR.MG:: Giy : CP' ultimately; 
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. PV:2CP:\CD':CP' ultimately; 

.*. PV.CP: CP'::2CD': CP*, 

and PV.CP=2CB'i 




or PV ia a third proportional to PG and DGD'. 

80. The chord of curvature at any point through the focus is 
a third proportional to the major axis, and the diameter parallel 
to ike tangent at tliat point. 

Draw the focal distance iSP cutting the diameter DGD' in E, 
let PV be the chord of curvature through 8, and draw the 
flubtenae QB' parallel to SP. 

Then PV -.PVw QR-.QR ultimately 

: : CP : PE by similar triangles ; 
.-. PY'.PE=PV.GP='iCD*; 
.'. PV is a third proportional to 2PE and DGU, 
and 2FE ia equal to the major axis. 
Similarly for the other focus H. 

81. The diameter of curvaiure at any point is a third pro- 
portional to twice the perpendicular from the point on the diameter 
parallel to the tangent and that diameter. 

Draw QR' perpendicular to the tangentj and FF perpen- 
dicular to DGD', and let PI be the diameter of cui"vature, 
PI:PV:: QR : QR' :: CP: PF; 
.: PI.PF=FV.GP=2GD'; 
.-. PI is a third proportional to 2FF&ai BCD'. 
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82. Since the chord of curvature in any direction varies 
inversely as the subtense QB drawn in that direction, it is easily 
seen that, if FL be the portion of the chord intercepted between 
P and DCD'j the chord of curvature at P in the direction FL 
will be the third proportional to 2FL and DGD', 

83. The propositions concerning the chords and diameter 
of curvature of an ellipse may be proved in the same words for 
the hyperbola, employing the following figure. 




84, The radius of curvature at any point of a conic section 
is to the normal in the duplicate ratio of the normal to the semi^ 
latus rectum. 

Let FK be the normal, FO the radius of curvature at P, 
L the semi'latus rectum. 

(i) For the parabola, 

F0i28P:: 8F: 8Y:: 8Y: 8A; 

.-. F0:28Y:: 8F: 8A :: 4.8F.8A : L'; 

but FK^28Y; .-. FK' = 4.8F.SA', .-. FO : FKiiFK" : L\ 

(ii) For the ellipse or hyperbola, 

FO.FF=CD' and FK.FF=:^BG'] 

.\ FOiFKiiCIJfiBG'MAC^iFF'] 

hnt FF.FK=^BG' = L. AC] .\ AG : FF:: FK: L-, 

.-. FO : FK :: FK' : L\ 

o 
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85. To find the chord common to a conio section and the 
circle of curvature at any point. 

If a circle intersect a conic section in four points, as PQUB^ 
and these points be joined in pairs by two llnes^ these lines will 




be equally inclined to the- axis of the conic section. Thus, in 
the conic section^ PQ^ EUslvq equally inclined to the axis. 

For, if VEy QP intersect in 0, OB. 011= OP.OQ^ hence 
the diameters of the ellipse parallel to KB, QP will be equal, 
and therefore equally inclined to the axis. 

Let Q and R move up to and ultimately coincide with P, 
then the intersecting circle becomes the circle of curvature at P, 
and PQ is in the direction PT of the tangent, ultimately, and 
RU assumes the position of the chord common to the conic 
section and the circle of curvature at P. Hence, if PV be 
drawn at an equal inclination with PT to the axis, PV will be 
the common chord required. 

And, if VI be drawn perpendicular to PF, meeting the 
normal at P in /, PI will be the diameter of curvature at P. 

86. To find the radius of curvature of a curve defined hy 
the relation between the radius vector and the perpendicular from 
the pole on the tangent. 

Let Py, PP Y' be the directions of consecutive sides of a 
polygon inscribed in a curve, SY^ 8Y' perpendiculars on these 
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Sides; draw PO, P'O perpendicular to the saoie sides, iuter- 




aecting m f>, and P'U perpendicular to SP, and kt SY, PY' 
intersect in W. 

A aemicirclo on SP as diameter passes through 3' and 3"; 

.-. L YPW=L YSY' = lPOP; and L fVYP^LOPP; 

therefore the triangles POP', WPY &re sireiilar; 

.-. PO : PF :: PW : YW, 

also PP': 8P::PU:PY', 

lij Blmilar triangles P'UP, SY'P, and PW=PY' ultimately; 

,-. PO : SPi: PU: YIV:: SP- SP : 8Y - BY' ultimately. 

Also, if PF be the chord of curvature through S, 

PV:2P0:: 8Y : SP; 

.'. PY: 2SY:: SP- SP" ; SYr. SY' ultimately. 

Observations on the Lemma. 

87. In the proof of Lemma XI., AI Is the limit of the 
third proportional to BD and AB, heuce it ia the diameter of 
curvature of the curve at A. 

88. For an example of a law according to which, in Case 3, 
tha directions of the subtenses may be detcnnined, wo may 
suppose that they always pass through a point given in position 
at a finite distance from ^, or that they always touch a given 
carve; but it must be observed that the ease iu which they 



touch a curve wlilcli bas tlie aamc tangent AD at A is exclude^ 
Bince in thin case tLe angles D', d' do not in tlie limit rcmaid 
finite, a property required in the name subtense. 

89. Dep, If a line be drawn from the middle point of an 
arc of a curve, making a finite angle with the chord, the part 
intercepted between the chord and the arc is called the sagitta 
of the arc. 

90. The sagiiia of an arc is ultlmatily one quarter of ih»m 
suhtense di-awn at the extremity of the arc parallel to the sagttta. 

Let the sagitta FE bisect the arc AB in E, and be pro- j 
duced to the tangent at A in G, and let BD be a subteuaeJ 
parallel to FE. 



Then EG : BD :: AE' : AB'' uUimately; .■. BD = iEGj 

also BD-.Fa-.-.AD: AG:: AB:AE u\t\mately; 
.-. BD = 2Fe=iEG; hence FE=EG = ^BD aUimalely. 

91. Cor. fi. The parabola mentioned in thia corollary is ftl 
paribola of curvature at that point; for, since DB ia taken ini 
any given directioOj the proportion BD : hd :: AD' : Ad"" provea 
that the curve is ultimately in the form of a parabola, and that, 
therefore, the line through A drawn in the given direction la the 
corresponding diameter of the parabola of curvature. 

Hence the axis of the parabola may be taken in any i 
Bigned direction. 

If the subtenses be perpendicular to the tangent, the parabola 
of curvature will be the parabola whose curvature at the vertex 
■will determine the curvature of the curve, since the axis will be 
perpendicular to the tangent, and if iA U, in the figure page 104, 
be the third proportional to the subtense and arc, the limiting | 
position of n will be the focus of the parabola, 

By means of this corollary the proposition alluded to undei 
Ijcmma IX., Art. I'll is established; viz. that the ratio of thu 
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ai-caa wbicli takes place of tbo ddplicnte ratio, obtained in that « 
Lemma, is tlie triplicate ratio of t!ie aanio-liyes, wlien the line, 
AE, instead of cutting the tangent at a fanite acgle, eoincideB 
with the taogent. 

92. Scholium. Let AB, AG be two curves, having a 
common tangent Aiy at A, and let Bul>teiiBe3 DB, DBG of the 




angles of contact be drawn from D at any point in the tangent 
in the same direction, and let BDxAD'^ CDccAD" in the 
curves AB^ AG respectively. Draw dbc a common ordinate 
from a fixed poiut d, parallel to DBO. Then 
AD^:Ad"::BD:hd, 
and AD"- : AdT :: CD:cd^ 
and if m he greater than tj, = « + r suppose, 

AD\AD' : Ad\Ad' :: BD : hd\ 
.: CB.Aiy: cd .Ad' :: BD -. hd 

-.-.BD .AD' -.Id. AD", 
.: GD : BD :: cd .Ad' :: Id .AD', 
and since S, c, d are fixed, and AD vanishes in t!ie limit, there- 
fore CD is indefinitely greater than BD; also, since the angles 
of contact BAD, CAD are ultimately proporlional to BD, CD, 
it follows that, if in two curves the subtenses vary according 
to difierent powers of the ares or tangents, the angle of contact 
of that curve in which the index of the power is the least will 
be infinitely greater than the angle of contact of the other, 

lUuftrations. 
(1) Two tangnits AT, BT arc drawn at the extremities of 
an arc AB, to prove that AT is ullimatelij ejusl to BT, wUn AS 
is indefinitely diminished. 
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Draw TGUV in any dircctiott.making a finite angle with the 
tangents, and meetingthe circles of curvatnre at A and B mUV. 




Then since the circle of curvature at A is the limit of the circle 
which passes through C and has the tangent AT 2X Aj and 
similarly for that at J?, we have ultimately 

TA' : TB' :: TG. TU: TO. TV, 

and TZ7= TF ultimately ; /. TA = TB ultimately. 

COE. If BD be any subtense of the arc AB, 

AT+TB=AB = AD ultimately ; 

therefore AD will be ultimately bisected by the tangent BT 

(2) If BT be a tangent at JB, AB, BG equal chords of a 
curve of finite curvature, drawn from B, and AB he produced 
to c, making Bc=-ABj and Gc be joined meeting BT in TycT 
will ultimately be equal to GT, when the arcs AB, GB are 
diminished indefinitely. 

Let AUhe drawn parallel to CT, meeting the tangent at B 
in U, and let two circles touch UBT at B and pass one through 




A and the other through (7, and let JBF, BV be chords of these 
circles drawn parallel to AU or GT, then AU.BV=^AB% and 
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CT.BV^BC^; hot 5r=i?7'QltimateIy, since tbe two circles 
aro tsach ultimately the circle of cuirature at B and AB = BC, 
therefore A U= CT ultimately. 

Through B draw RBR' parallel to AC, meeting AJJ \a W 
aad Cc in R, then R'U=RT, therefore 2fl2' is the difference 
between AU and CT, hence BT nltimately vaniabea compared 
with CT, and since CR = Rc, therefore CT= Tc ultimately. 

(3) If, from the point cf contact of a curve, leith its tangent^ 
equal distances he measured along the ctirve and tangent., the line 
joining their extremities will ultimately he parallel to- the normal 
at the point of contact. 

In the last figure, let, BC, BT be equal diatancea, measured 
along the arc and the tangent; join CT, let the tangent at G 
meet DT'm D, produce BT to J^' making I)F=BC, take BE= 
the chord BC, and join EC, TC, and FC. 

Since the arc BG is intermediate in magnilude between 
BD + DC and BC, therefore, fi2* being equal to arc BC, the 
point T lies always between E and F. But the triangles BCE, 
DCf being both iaoscelea, each of the angles BEC, BFC will 
ultimately be a right angle, therefore the angle BTC, which is 
less than BEC and greater than BFC, will also ultimately bo 
a right angle. 

Hence GT will ultimately be parallel to the normal at B. 

Note. In order to shew the danger of falling into an error 
by a careless employment of the propositions proved in the 
first section, the following fallacious proof may be noticed of 
the above proposition. 

In the figure page 102, join BC, then BT: CB will be 
ultimately a ratio of equality, by Lemma VII; therefore CBT 
being an isosceles triangle ultimately, CTwill be perpendicular 
to the line bisecting the angle CBT, and therefore to the 
tangent BT, since BT and BC will ultimately coincide with the 
bisecting line, 

The fact is that Lemma VIL only allows na to assert that 
Brand the chord BG differ by a quantity Tt, which vanishes 
compared with either of them, and therefore Tt may oc BC; 
but, by Lemma XI, CT x BC ; hence Ti : CT may possibly 
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be a finite ratio, or CTmny be uUitnately inclined at aay finite 
angle to BT, at least as far as the reasoning given So the abt 
proof ia concerned. 



(i) To cotistruct /or the focua of t, 
vihoie axis is in a given direction. 



1 parabola of curvatn 




Let AB be a curve of finite curvature, BD, id rabt 
parallel to AE the given direction. Draw A V perpendicular to 
AD^MiH. ^5 making angle UA8 = UAE; then since AEiaa. 
dlametei' of the parabola by Art. 91, A3 is in the direction of 
the focus. 

Alao, if 4^ 5 be taken a third proportional to BD and AD, 
the limiting position of 8 will be the focus of the parabola. 



(5) Tofnd the locus of ihefocus of the parabola of curvature, 
when its axis changes its direction. 

Let BC be perpendicular to -4D, and AUhc chosen so that 
44f7'.fl(7= ^(7", then the limiting position of f is the focus of 
the parabola whose curvature at the vertex is the same as that 
of the curve at A ; also, if S be the focus of the parabola whoso 
axia is parallel to DB, iAS.DB = AEf = AC, ultimately; 
therefore AU: AS :: BD : BO, and/ SAU=lDBC; hence 
if we join SV, the triangles SAV, CBD will be similar, and 
z ASU= L BCD = a right angle ; therefore the locus of 8 ia 
a circle on AU&& diameter. 

(6) ABG is an arc of finite curvature, and ia dimded so that 
AB : BG :: m : n, a constant ratio ; join AB, AG, BG, and 
»heu> that, ultimately, ^ABG : segment ABG:: bmn : [nt 4 n)'. 



For, by Cor. 5, Lemma XL 

seg AB : seg ABC:: AB* : ABC :: m' : (m + n)' 

Beg BC: Beg ABC:: n' : (m + n)'; 

.'. Beg AB + aog BC : seg ABO:: m' + n' : {rt + n)*, 

and A ABO = seg ABO -eegAB- seg BC; 

.*. A ABO : Beg ^BC i: 3 (m'n + mn') : [m + n)' 

■ ;; 3mn : (m + n)*. 

(7) To Jind the chord oj" curvature, at ani/ j)omt of the cardtoid, 
through the focus. 

It is easily seen from p. 56 (3), that 8Y being perpendicular 
to FT, the triangles PSY,pBm, and GSp are similar; 




.-. 8Y: 8P:i Sm : Bp::Bj): BO; 

.-. SY^:8F'::8P: BC, since Sm = SP, 

.-. SrBO = 81", and (Si" - SF") BO = SF* ~ SP""; 

.: 8P'8P: 8Y'8T :: 25r.BC: 3SP"nltimately; 

.'. by Art. 86, chord of curvature : 2SY:: 2SP: &SY; 

therefore the chord of curvature through 8 = ^8P. 



xa. 

1. Ftots that the focal distance of the point in the parabola at 
vhich the curvature is one-eighth of that at the vertex is equal to 
the latns rectum. 
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2. Prove that the diameter of curvature at the vertex of the 
major axis of an ellipse is equal to the latus rectum : and shew 
that the ratio of the curvature at the extremities of the axes is that 
of the cubes of the axes. 

3. Shew that at no point of an ellipse will the circle of 
curvature pass through the centre, if the eccentricity be less 
than Vi* 

4. Find for what point of an ellipse the circle of curvature 
passes through the other extremity of the diameter at that point, 
shew that the distance of this point from the centre is the side of 
the square of which AB is the diagonal. 

5. In a rectangular hyperbola, the diameter of curvature at any 
point, and the chords of curvature through the focus and centre are 
m geometrical progression. 

6. Prove that at a point P in an ellipse for which the minor 
axis is a mean proportional between the radius of curvature and 
the normal, FC - AC ~ BC. Shew that this is impossible unless 
AC^2BC. 

7. If the radius of curvature for an ellipse at F be twice the 
normal, prove that CF = 6'«S. 

If moreover AC=-2BC, prove that CF « 3Pif. 

8. If the circle of curvature at a point P of a parabola pass 
through the other extremity of the focal chord through P, and the 
tangent at F meet the axis in T, prove that the triangle FST will 
be equilateral. 

9. Prove that the distance of the centre of curvature, at any 
point of a parabola, from the directrix is three times that of the 
point. 

10. If the circle of curvature at a point on a parabola touch 
the directrix, the focal distance of the point will be A of the latus 
rectum. 

11. FQ is a normal at a point P of a rectangular hyperbola, 
meeting the curve again in Q, prove that FQ is equal to the 
diameter of curvature at F, 

12. Prove that the portion of the normal intercepted between 

the line joining the extremities of the two chords of curvature through 

2BC^ 
the foci of an ellipse, and the point of contact P, is —p^ . 
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13. A fixed hyporboU is touchod by a concentric elUpao. If 
the carvatures at tke point of uontaot be equal, the area of the 
ellipsd will be constant. 

14. Shew that the direotricBa of all paraholas touching a curve 
of finite curvature at any given [wint, and having the same curvature 
at that point as the curve, pass througli a fixed point. 



T. Prove that the chord of curvature thi-ough the vertex A 
of a parabola : IFY : : 2PT: AP, Y being the iuteraeution of the 
tangents at P and A. 

2. Apply the property that the radius of curvature at any point 
of an ellipse ia to the normal in the dupHcate ratio of the normal to 
the aemi-lalua rectum, to shew that the radiua of curvature at the 
extremity of the major axis is equal to the semi-latua- rectum. 

3. Assuming only that a curve li 
length, prove geometrically that its i 
the cube of its normal. 

4. If Pp be any chord of an oUipao, PT, pT tangents at P 
and p, shew that the curvatures at F aud p aro as the cubes of pT 
andiT. 

5. Shew that the sura of the chorda of curvature through a 
focus of an ellipse at the extremitipH of conjugate diameters ia 
constant. Also, if p, » be the radii of curvature at those points, 
prove that p' + a' is constant. 

6. Prove that the chords of curvature through any two pointa 
on an ellipse in the direction of tho line joining them are in the 
same ratio as the squares on the diameters parallel to the tangents 
at the points. 

7. Prove that the distances of the centre of curvature at any 

Soint of an ellipse and of that point fi'Om the minor axis are in the 
npUcate ratio of the distances of the point and the directrix from 
' the same axis. 

8. An hyperbola touches an ellipse, having a pair of conjugate 
diameters of the ellipse for its asyraptotoa. Prove that the curves 
have the same curvature at the point of contact. 



9. Shew that, if iJ be the diameter of an ellipse parallel to the 
tangent at a point P, whose eccentric angle is f . the length of tlie 
chord common to the eUipse aud circle of curvature at P will be 
D Bin2^. 



10. Detonmneaparabolaofcurvaturo in magmtude and position 
for any point in a circle, when the subtenses are inolined at 45° to 
the tangent. 

11. If *, y be the coordinates of a point i' of a ourve OP, 
passing through the origin 0, the diameter of curvature at will 

be — ; ultimately, a being the inclination of the tangent 

at to the line of abscieste. Honoe shew that, if the equation of 
a curve, referred to rectangular areas, be y' + 2sy-2iW"0, the 
radius of curvature at the origin will be 2 ^2 . a. 

12. A circle is a circle of curvature, at a fised point in the 
circumference, to an ellipse, one focus of which lies on the circle, 
shew that the locus of the other focus is also a circle. 

13. Prove that the chord of curvature at any point F of an 
ellipse in any direction PQ is half the harroonic mean between the 
two tangents drawn from P to the confocal conic that touches PQ, 
the tangents being reckoned i)08itive when drawn towards 
interior of the ellipse. 



XIV. 
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1. If AEB be the chord, AD the tangent, and BB the subtense, 
for an arc ACB of finite curvature a.tA, find the limit of the ratio 
axe&ACBE : area ACBD, a» B approaches A. 

2. An are of continuous curvature PQR is bisected in Q, PT is 
the tangent at P ; prove that, ultimately, as R approaches P, the 
angle ^Pria bisected by PQ. 

3. li AB be an arc of finite curvature bisected in C, and T be 
a point in the tangent nt A, at a finite distance from A, prove that 
the angle BTG will he iiltimately three times the angle CTA, when 
£ moves up to -J. 

4. Two curves touch one another, and both are on the same 
wde of the common tangent. If in the plane of the curves this 
tangent revolve about the point of contact, or if it move parallel to 
itself, the prime ratio of the nascent chords in the former case will 
be the duplicate of their prime ratio in the latter case. 

6. A CB is a small arc of finite curvature ; prove that the mean 
of the distances of every point of the arc fi-om the oliord AB ia 
equal to J of the distance of the middle point of the arc from the 
chord, and that the mean of the distances of every point of the arc 
fix>m the tangent at either extremity of the arc is equal to J of the 
diatauce of the middle point of the arc from the same tangent. 



6. When on an arc of continunua curvature there is no point 
where the curvature is a muximum or minimum, the circles of 
curvature at the extremitiea of the arc cannot interBect. 

?■ If S be any point ia the plane of a curve, P any point on 
the curve, Y the corresponding point on the pedal for which S is 
the pole, V the point whore PS cuta the circle of curvature at P, 
T' the corresponding point for the pedal, then ■iSP.SV'=- PV.YV. 

8. The radius of curvature in a curve inereasea uniformly with 
ita inclination to a fixed radius. Prove tliat the ai-ea hotweea the 
curve, its evolute, and the two radii of curvature of lengths a, h, 
which contaia an angle ^, is i {a^ + ai 4 ¥) it- 

9. A curve is such that the radius vector makes half the angle 
with the normal that it does with a fixed line ; fiud the chord of 
curvature through the pole. 

10. In a segment of an arc of finite curvature a pentagon is 
inacribed, one side of which is the chord of the arc, and the remaining 
aides are equal. Show that the limiting ratio of the areas of the 
pentagon aud segment, when the chord moves up towards the 
tangent at one extremity, ia 15 ; 16. 

11. APQ ia a curve of continued and finite curvature, P and Q 
are two points in it, whose ahscissre along the norma! at A are 
always in the ratio m : 1, and from £, C, two points in the normal, 
straight lines UPb, CPc, £Qb', CQe' are drawn to meet the tangent 
at A. Shew that, when F and Q move up to A, the areas of 
O16 triangles iPe, h'Qc' are ultimately in the ratio m* : 1. 

AB is an arc of finite curvature at A, and a point P ia 
taken such that A P : PB ia in the constant ratio of m ; n. Tangents 
at A and B intersect the tangent at ^ in 7* aud R, and AB ia 
joined. Prove that the ultimate ratio of the area ATRB to the 
aegment APB, as li moves up to A, is 3 (m' -i- win + »'} : 2 (m + m)'. 

13. The tangent to a curve at a point B meets the normal at 
1 point A la T, G is the centre of curvature at A, and a point 
aa. AC; prove that, in the limit, when B moves up to A, the 
eof O-^and 05 bears to .dT the ratio 00: OA. 



14. ia a point within a closed oval curve, P dny point on the 
curve, QPQ' a straight line drawn in a given direction, such that 
QP~PQ'-^PO; prove that, as P moves round the curve, Q, Q' 
trace out two closed loops, the sum of whose areas ia twice the area 
f the original curve. 



NOTE ON MAXIMA AND MINIMA. 

93. "When a variable magnitude clianges its value in coo- 
sequence of tlie change of some clement of its construction, 
the law of its variation can be graphically represented by tlie 
form of a curve in which the ordinate and abscissa of every 
point represent respectively the corresponding values of the 
variable magnitude and of the element on which it depends. 

Examples of this mode of representation have been given 
in Arts. 55 and 57, in which the time or space is the element 
upon which depends the velocity or kinetic energy, which are 
the variable magnitudes respectively considered. 

94. This graphic representation enables us to obtain a 
property of any maximum or minimum value of a variable 
magnitude which is applicable to the solution of a variety 
of problems. 

For, let Ox he the line of abscissje and B a point in the 
auxiliary curve at which the tangent RBS to the curve is 
parallel to Ox, and let the abscissa OA represent the corre- 
sponding value of the element, then the ordinate AB Is a 
maximum or minimum according as the portion of the curve 
PBQ in the neighbourhood of B Is concave or convex to 
the line Ox. 

Let a chord FQ be drawn parallel to the tangent BBS^ 
the two points P and Q one on each side of B have equal 
ordinates J/P, KQ, which, as PQ moves up to and continues 
parallel to the tangent, become nearer and nearer and are 
ultimately equal to the maximum or minimum value, while 
the difference between the corresponding abscissEe ultimately 
vanishes. 

Hence Is derived the following theorem : 

If a variaile magnitude have a maximum or minimum value 
there will he two values of the element of construction, one ffreater 
and the other less than the critical value, wliich will give equal 
values of the variable magnitude. 



LEMMA XI. til 

95. Stationary value of a magnittule. 

Let the equal ordiDatea JiP, NQ be produced to meet the 
tangent in It and S, then by Lemma XI., PR and QS vanish 
compared with AM at AN, and the ratio of the rates of 
increase of the ordinate to that of the abscissa, which is gene- 
rally finite, vanishes for the critit:al case of a maximum or 
minimum ; ou this account the magnitude is said to have a 
stationary value. 

One or two examples are sufficient to shew the application 
of this method. 

96. To find at what point on the bajtk of an oval pond a 
person must land in order to pass from a given point on the 
pond to a given point on the hank in the shortest possible time, 
having given ike ratio of his rates hy land and by water. 

Let A, S be the two given pomta, P the point at which he 
must land, and let «r, v be the velocities by water and along 
the bank. On opposite sides of P there are two points Q, B at 
which if he land the time to B will be the same, in Alt 
take AM= A Q, then MR in water and QS on land are 
described in the same time, therefore n . QE — MR, which is 
true, however near Q and R may be to P; therefore cos^ = ji, 
where ^ is the angle between AP and the tangent at P; whence, 
when the exact form of the oval is given, the position of P 
can be found. 

97. To find the chord of an oval, which, drawn through a 
given point, cuts off a maximum or minimum segment. 

Through tlie fixed point A it is possible to draw two chorda 
PA Q and pAq, one on each side of the required chord, for 
which the areas cut off are exactly equal ; take away the 
common pari, and the remainders PAp, QAq ai-e equal; there- 
fore, ultimately, when the angle between them vanishes, 
PA.pA = QA.qA, and the chord which cuts off a maximum 
or minimum area must be bisected by the fixed point. 

98. If a triangle of constant shape be described d>out a givnn 
triangle, prove that when the area is a maxitiiwm the norvuils to 
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the sides of the drcumscnbed triangle at the angular points of the 
given triangle will meet in a point 

Let ABC be the given triangle, a^Sy, a'/B^y two positions 
of the circumscribing triangle whose areas are equal, the 
triangle of maximum area being intermediate in position. 

Since the angles at a, a' are equal, the points a, a' lie in 
the same segment of a circle whose base in BCj and the angles 
aCa\ olBol are equal. Hence the triangles aCa', iSC^S*, fiAI3\ 
yAy'j &c., are ultimately proportional to Oa*, C18*, .... 

But the sum of the areas aCa\ fiAff^ yBy' are ultimately 
equal to the sum of ffCfi'j yAy\ aBa'j 

Let the normals at A and C meet in N^ 

.\ aC'-fiG' = aN' --ISN^ 
fiA'^yA'=l3N^^yN'i 
.'. aS«-7^ = aiV^»-7JV^» = aZ>»-72>», 
if ND be perpendicular to «7 ; 

.-. aB^yB=aD-yD] .-. BD=^0, 
which proves the proposition. 

XV. 

1. In an arc AB of continuous curvature n points P,, P„ . • 
are taken so that the polygon AP^P^, ,B has a maximum area; 
prove that, when the arc AB is indefinitely diminished, the arcs 

-4P„ PyP^, . . are all equal. 

• 

2. Find the greatest rectangle which can be insc^bed in a 
triangle, one side of which is on a side of the triangle. 

3. Prove that the diagonals of the greatest rectangle which can 
be inscribed in an ellipse, having its sides parallel to the axes, are 
the equi-conjugate diameters. 

4. Prove that the parallelograms of smallest area which can be 
described about a given ellipse are those which have their sides 
parallel to conjugate diameters. 

5. A point is taken on the major axis A A' of an ellipse 
produced, and a line is drawn through cutting the ellipse in the 
points P and P, Prove that when the area of the quadrilateral 
AFP A is a maximum the projection of PP upon AA! is equal to 
the semi-axis-major. 
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6. Prove that the quadrilateral of maximum area that can be 
farmed with four straight lines AB, BO, CD, DA, of given lengths 
is such that a circle can be described about it. Rence prove that 
the curve of given length which on a given chord encloses a 
maximum area is an arc of a circle. 



7- From a point Ton the exterior of two oval cur 
TP, TQ are drawn to the inner; shew that, when the ssa PQii 
minimum or maximum, the radii of curvature at P and Q are in 
the ratio TP sec a : rQ-8ecj3, where a, ^ are the angles which TP, 
TQ respectively make with the norm^ at T. 

8. Find the ultimate intersection of the chords common to an 
ellipse and two consecutive circles of curvature, and shew that when 
the common chord attains its maximum length for a given ellipse, 
it cuta the ellipse at anglea whose tangents are as 1 ; 3. 

9. A triangle inscribed in a closed oval curve moves so that two 
of ita aides cut off constant areas. Prove that when the area cut 
off by the third aide ia stationary the three lines formed by joining 
each angular point of the triangle to the intersection of tangents 
at the other two points are concurrent. 

10. Any two normal chords of an ellipse at right angles to each 
other cut off equal areas from the curve. Hence find the position 
of the normal chord which cuta off the minimum area. 

11. An endless string just reaches round the circumference of 
an oval, and when it is cut at any point it ia unwrapped until it 
becomes a tangent at the point o£ section ; shew that the involute 
BO formed will have a maximum or minimum length if the point 
of section be chosen so that the length of the oval shall be equal 
to the circumference of the cirole of curvature at that point. 



DIOBESSION 
ON THE PROPERTIES OF CERTAIN CURVES. 



THE CYCLOID. 

99. Def. If, in one plane, a circle roll along a Btralght 
line, any point on ita circumference will describe a curve called 
a Ct/cIouI. 

Let C, D be the points wLere the tracing point P meets the 
Btraight line, on wLlch it rolls ; A the point where it is furthest 
fi-om CD, AB being the corresponding diameter of the circle. 

The rolling circle is called the generating circle, AB ia called 
the axia^ A the vertex^ CD the fease, and C, D the cusps. 

100. Let B.PS be the generating circle in any position, then, 

since tbe points of the base and circle come successively in 
contact without slipping, C5 = arc PS, CB and BD are each 
half of tbe circumference of the circle, and BS— arc RP. 

101. To draw a tangent to a cycloid. 

Let the generating circle be in the position BP8, then, con- 
sidering a circle as the limit of a regular polygon of a large 
number of sides, it will roll by turning about the point of con- 
tact, which will be at rest for an instant, being an angular point 
of the polygon ; therefore for an instant P will move per- 
pendicular to (SP, or in the direction PR of tbe supplemental 
chord, which will therefore be the tangent to the cycloid at P. 

If A QB be the circle on AB as diameter, PQM an ordi- 
nate perjiendicular to AB, tbe tangent at P will be parallel to 
the chord QA. 

102. Tojind the length of ike arc of a cycloid. 

Let RPS be the position of the generating circle coiTe- 
sponJing to the point P in tbe cycloid, PR being tbe tangent 
at P. 
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When the circle has turned through any angle POp the 
centre O will have moved througli a distance equal to Pp^ 
and the motion of the generating point will he the resultant 




of Pp due to the rotation, and pP = Pp parallel to the base 
due to tlie translation of the centre of the circle; and FP' 
win ultimately coincide with PR. Draw pn perpendicular to 
Pfl, then, since Pp = P'pj Pf" = 2P« = 2 [flP- iJ;;) uUimatcly. 
Hence the arc of the cycloid measured from the vertex increases 
twice as fast as the chord of the generating circle, which is a 
tangent to the cycloid, and they vanish simultaneously, therefore 
the arc of the cycloid is double of the chord of the generating 
circle, or referring to the circle on the asls AB aa diameter, 
the arc AP is double of the corresponding chord A Q. 

103. To find the relation between the arc and abscissa. 
Let AM be the abscissa of the point P, then 

AMiAQ::AQ:AB; 
.-. AF' = ^Aqt = iAB.AM. 

104, To shew that the evolute of a ijii>en cifchid is an equal 
cydoid, and that tite radios of curvature of a ci/chid is twice tJte 
normal. 

Let AFC be half the given cycloid, AB the axis, A the 
vertex, and BC the base. Produce AB to C, making BC equal 
to AB, and complete ibe rectangle 5C'£' 6", and let the senii- 
cycloid C'P'O be generated by a circle, whose diameter is equal 
to that of the generating circle of tbo given cycloid, rolling on 
C'B' ; C being the vertex, CB' the axis of this cycloid. 

Let SPB, SFB' be two positions of the resjicctive gene- 
rating circles, having their diameters R8, SB' in the same 



straight line, P, P" being the corrCBponiliiig points of the 
cycloids; join SP, PJi and SP, PE. 




By the mode of generation, arc 5/"= 5C, and arc 8PR=BC; 
.: axcPB = BS=C'M'==&icFR; 
.: lPSR = lPSR; and PSF ia a straight line. 
Also, arcP'5=arcP5i .-. chd.i"S=chd.P5; ,^M 

.: P'8P^2F8=F0 the cycloidal arc; ;H 

also P'SP touches the cycloid CPCat P'; ^ 

therefore, a string fixed at C\ and wrapped over the arc of 
the Bemicycloid, will, when unwrapped, have Its extremity in 
the arc of the given cycloid ; hence, the evolute of a semi- 
cycloid is an eqnal semicyclold, and the radius of curvature at 
P is iPS or twice the normal. If another equal semicyclold be 
described by the circle rolling on B'C produced, the extremity 
of the string wrapped on this curve will trace out the remainder 
of the given cycloid, 

Thus a pendulum may be made to oscillate in a given 
cycloid. 

105. To^itd the area of the cycloid. 

Let P, P* be two points very near each other in a cycloid, 
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Qf Q correapondiog points in the f^enerat'mg circle, ^, p' in the 
evolute, R^ R the intersections of the base with normals Pp, 




rp', T, S the iotersectiona of B(^ and Fp with PQ. Then ' 
pR = FR = BQ, and £.p'PS=id.p'RR ultimately =4ASQr; 
therefore trapezium P^^'S=3i5§7' ultimately, and the same 
being true tor all the inscribed triangles and trapeziums, whose 
sums are ultimately the areas of the semicircle and semicycloidj 
therefore, by Cor., Lemma IV., the area of the cycloid is three 
times that of the generating circle. 

106. The following method of finding the area of a cycloid 
is independent of the properties of the evolute. 

In the figure of Art. J04 let P" he any point in the cycloid 
CFG\ F8 the chord of the generating circle which touches 
the cycloid, and let Q' be a point in the cycloid near P\ then 
the arc PQ' ultimately coincides with P'S. Let Q'N', Q'N 
be the complements of the parallelogram whose diagonal ifl 

IP'S, and sides parallel and perpendicular to the base, these are 
equal ultimately ; therefore, by Lemma IV., the cycloidal area 
OiVP' = circular segment SP'N'. 
The exterior portion CB'C is equal to the area of the 
semicircle, and the whole parallelogram BCB'C is the rectangle 
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under the diameter and Bcmi-circumfcrence of the generatinf ■ 
circle, and is equal to four times the area of the eemicirclefj 
therefore the cycloidal area CCB is three time» the area of tl 

ecmicircle. 

107. AR ojdoids are. similar. 
Let two cycloids APC, Ape be placed so that their vertioq 
are the same, and their axes coincident in directioD, and desc"^ 
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circles on the axes ABy Ah aa diamctera. Draw Aq^Q cutting 
the circles in ij', Q. Then, since the segments Aq^ AQ are 
similar, bi-c Aq : arc AQ :: Aq : A Q; and, if mqp, MQP be 
ordinates to the cycloids, area Aq, AQ^qp, QP respectively j 
therefore gp : QP :: Aq: AQ, and ApP la a straight line- 
Also ^i^ : ^P;: ^g : ^(3 :: ^& : ^S, a constant ratio ; hence 
the cycloids satisfy the condition of similarity, and in this 
position of the cycloids the point ^ is a centre of direct 
similitude. I 

108. To construct a cycloid toliich shall have its vertex ai a 
given point, its hase parallel to a given straight line, and vjhich 
shall pass through a given point. 

Let A be the given vertex, AB perpendicular to the given 
line, P the given point. In AB take any point b, and with 
the generating circle, whose diameter is Ab, describe a cycloid 
Ape, }oin j4P intersecting this cycloid in^. 

Take AB a fourth proportional to Ap, AP, and Ab^ then 
AB will be the diameter of the generating circle of the required 
cycloid ; for, since Ap : AP :: Ab : AB^ and all cycloids ar^ 
similar, P is a point in the cycloid whose axis is AB. 
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109. A particle slides down the smooth arc of a cycloid, 
whose axis is vertical, and vertex downwards, to find the time 
of an oscillation. 

Let AB be the vertical axis of tiie cycloidal arc APL, L the 
poiDt from which the particle begiDs to move, PQ a eraall arc of 



- 


Xf 




[\ 




/ \ 


y 


^ \ 


.'. 


\ 
4 ! 



its path, ii?j PM, QN perpendicular to AB; and take Al, Ap, 
Aq on the tangent at A respectively equal to AL, AP, AQ. 

Suppose a point to move from I io A m the same time as 
the particle moves ou the cycloid from L to A, their velocities 
being always equal at equal distances from A. 

Let V be the velocity at P or p^ and T the time of falling 
from B to A, so that v' = 2gRM and '■2AB=g'r; therefore 
v'T'=A.AB.RM=i:AB.AR-A.AB.AM=AU~ AP", An.im, 
= A^-Ap: 

Deacribe a circle with centre A and radius Al, and draw the 
ordinates pt, qu, then Al^ — Ap*=pi\ «aA pt = vT; and if t be 
the time from P to Q^ PQ =pq = vt ultimately, hence 

tu. '. Al :'. pq'. pt \: t \ T; 
therefore, if a point move in the circle from I with uniform 
velocity , the point moving in lA will always be in the 

foot of the ordinate and the motion in lA or BA will therefore 
be a simple harmonic motion, by (5) page 78. 

The time from i to ^d is the time of describing the quadrant 

1 \ irAl with velocity ^ , = ^ttT^ ^tt . / . 
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The length of tlie Btring which, by the contrivance of Art. I(M 
makes a particle oscillate in this cjcloid is 2AB=l suppose; 
therefore the time of the osciUation of a cycloidal pendulum 

of length ?from rest to rest =7r . /-. ^H 

nAB AP ■ 

ri.y ^ xcos ^^. a 

110. We can shew that the motion on the cycloid is a 

simple harmonic motion by the first definition, (5) page 78 ; for, 

referring to the figure, page 115, since the tangent at P ia 

parallel to AQ, the acceleration along the curve at P is 

AQ AP 

" — - which varies as AP^ and, by (4) page 77, the 



Note. The time from £ to P ia 



' AB~ 



'•iAB^ 



time of oscillation from rest to rest i 



time from X to ..4 ia obtained. I 

111. To find the time of a very small oscillation oj a aitnple 
pendulum suspended from a point. 

A simple pendulum is an imaginary pendulum consisting of 
a heavy particle called the bob, suspended from a. point by means 
of a rod or string without weight. 

In this case the pendulum describes the small arc of a circle 
which may be considered the same as a cycloidal arc, the axis 
of which is half the length I of the pendulum, therefore the 

t is IT /-. 

112. To wunt the number of oscillations made by a given 
penduluvt in any long time. 

In consequence of the liability to error in cotmting a very 
great number of oscillations, since in the case of a seconds pen- 
dulum there would be 3600 oscillations for each hour, it becomes 
necessary to adopt some contrivance for diminishing the labour. 
For this purpose the pendulum is made to oscillate nearly in the 
same time as that of a clock; it is then placed in front of 
that of the clock, so that when they are simultaneously near 
their lowest positions the bob of the pendulum and a cross 
marked on the pendulum of the clock may be in the field of 
view of a fixed i 
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. oscUlatio 



Suppose 
ley arc again in coiDcideoce close to the Bamc position ; it' 
there be m auch coincidences in the whole time of observation, 
the Dumber of oscillationa in that time will be 7nn; thus tlie 
only labour has been to count the n oscillations, and to estimate 
the number of the coincidences before the last one observed. 

»113. To J) 
}/ a pendulum 
Let g be the measure of this effect c 
jy the force of gravity in a second. 
Let I be the length of a simple pendulum which makes n 

oacIUatloDB In m hours, then — — = number of seconds in one 



the accelerating effect of g 

the velocity generated 



OBcillatioi 



= w . /- ; therefore a = 



T7n" 



1 whatever unit 



" (3600)' wt" 

r length I is estimated. 
This would be a very exact method of determining g, if we 
could form a simple pendulum ; but it Is impossible tu do this, 
and it Is only by calculations of a nature too difficult to he 
explained here that it can be shewn how to deduce the length of 

ttbe simple pendulum, which would oscillate In the same time as 
'% pendulum of a more complicated structure. 
114. The seconds pendulum at any place b the simple pen- 
dulum which at the mean level of the sea at that place would 
I oscillate In one second, 
If L be the length of the seconds pendulum, I the length 
^ a pendulum making n oscillations in m hours, 
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115. To determine the height of a mountain hy means of a 
seconds pendulum^ the force of gravity at any point being supposed 
to vary inversely as the square of the distance from, the centre of 
the earth. 

t X be the length of a seconds pendulum, x the height 
mountain above the mean level of the sen, a (he radius 



of the eartli, all 



expresseil m feet ; and let n be the number ^ 

24 hours by the pendulum at the top of the 



Beconds lost i 
mountain. 

If (^ be the measure of the accelerating effect of gravity at 

viWl he its value at 



the mean level of the sea, then ,— — ; 

(a 



.a + x 



1 + - = 



the top of the mountain, and the time of oscillation at the top 

•111 /f^/^+aiVI (t + x , . A" ' 

Will bo TT . / -^ — ( ^— U- 1 or — — seconds, since t . / ■ 
V (f/ V a yj ' a V ; 

hence, writing N for 24 x 

N _ n n' 

= 4000x1760x3 and Ar=24xG0xG0, therefore the height 
of the mountain will be 244'4n + 'OOaTn'; thus, if n = 10, the 
height will be 2444-7 feet. 

Note. The attraction of the mountain would make a sensible 
variation from the law of the inverse square, this law being true 
only if the eartli consisted of homogeneous spherical strata. 
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116. To fiwl the number of seconds lost in a 
sequence of a slight error in the length of the seconds penduh 
and conversely. 

Let N be the number of aeconds in a day, L the length 
the seconds pendulum, L-\-\ that of the incorrect pendulni 
N—n the number of its oscillationa in a day; 

,-.-,. /L-\-\ „ IL X 2h , 
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117. Dep. The curve traced out by a point on the cir- 
cumference of a circle, which rolls upon that of a fixed circle, 
is called an Epicycloid if the concavities of the two circles be 
in opposite directions, a Hypocycloid if the concavit 
the same direction. 
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118. To shew that the evolute of an epicycloid is a similar 
epicycloid. 

Let FA be the fixed circle, APE the rolling circle in any 
position, P the generating point, GAE a line drawn through 




the point of contact, meeting the rolling circle in -4, ^; and 
let GPF be the epicycloid, of which PA and PE will be a 
normal and tangent. 

Draw the chord EQ parallel to PA and join GQ meeting 
PA produced in 0. Since EQ is parallel to A 0, 

GO : GQ :: GA : GB; 

therefore and Q describe similar figures. But Q, being the 
other extremity of the diameter through P, will describe an 
epicycloid similar and equal to OPF^ being at its cusp when 
P is at <? the greatest distance from (7. 

Draw Oa parallel to QA and therefore perpendicular to PO^ 
meeting GA in a, then generates an epicycloid /F by the 
rolling of a circle AOa^ whose diameter is Aa^ on a fixed 
circle of radius Ga. 
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Also PO the normal to OF is perpendienlar io aO and is 
therefore a tangent to/F, hence /P' is the evolute of the g^ven 
epicycloid and is a similar epicycloid. 

Let a, b be the radii of the fixed and rolling drcles for the 
given epicycloid, then 

Aai CA:: OQ : CQ::AE: CE::2b : a-\'2bi 

therefore Aa : AE : : a : a + 25, and if a = ao , Aa » AE^ and 
AF^ af become straight lines, whence the evolute of a cycloid 
is an equal cycloid. 

119. Since AO \ PA\i AO i EQ i: CA: CEj therefore 
jPO : P4 ; ; 2 (a + 5) : a + 2 J, which gives PO the radius of 
curvature at P of the given epicycloid; this will be found 
independently of the evolute in Art. 121 below. 

120. To find the length of any arc of the epicyeloid* 

By the properties of the evolute, see the last figure, the 

arc OF of the evolute =0P=^ 2AP. ^^ , and the arc of the 

a + 26' 

epicycloid generated by Qj measured from Q to the highest 
point, = OF 55 2AP, ; therefore the arc OP from 

the highest point O of the epicycloid GPF= 2EP. ^^ . 

121. To find the radius of curvature at any point of an 
ejpicycloid. 
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Let J-B, BO be conaecutive sides of a fixed regular polygon 
of m aides, AB, Be sides of anotber regular polygon of n sides 
equal to those of the former, on the outside of which it rolls, 
in a position in which two sides are coincident. 

Let P be any angular point of the rolling polygon ; P will 
generate a figure composed of a series of circular area such 
as /"P', P' being the position of P when Be coiucidea with BC 
Produce PA, P'B to meet in 0. 



Then lAPB=-, and iPBP'^icBG. 



Stt 2ir 



/1 1\ IT /2 1> 

T(-+-)--=ir(- +-]; 



. FOiPB:: sin 2ir 
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When the number of sides ia indefinitely increased, the 
polygons ultimately become circles, the curve traced out by P 
becomes an epicycloid, and PO the radius of curvature at P. 

If a, b be the radii of the fixed and rolling circles m.AB= 2Tra 
and n.AB = 2Trb, ultimately; therefore m : k :: a: b. 



.-. P0:PA::2 






therefore the radius of curvature is ^PA . 



2 (a + 6} : < 



ha&' 



f25: 



where PA 



i the part of the normal intercepted between the generating 
point and the point of contact. 

If a = OD , or the fixed circle become a straight line, the 
epicycloid will become a cycloid, and the radius of curvature 
will be twice the normal, as In Art. lOJ. 



122. To find the area of an epicijcloid. 

In the last figure, area APP'B=6.PAB+6%ci(irPBP'; now 

TPBP' = iPB\2w{^ + ^A and AiM£ = iPJ?' sin^; 

.-. area.4Pi"B= iP^^sjl + ^^'"J""H ultimately; 

I hence, by Lemma IV". Cor,, the area of the segment of the 



epicycloid iacluiled betwecD two normals and tlto fixed circle 

is (3-1 j X tbe correspouditig segment of the rolliog circle. 

Compare Art. 105. 

123. The corresponding properties of the hypocycloid may 
lie proved in a similar manner; and the results obtained will 
be the same aa for the epicycloid, if in tbe latter tbe sign 
of b be changed. 

Thus, if tbe diameter of the fixed be double that of the rolling 
circle, the hypocycloid will become a straight line, which agrees 
with the result of Art. 121, since a + 25 = 0, and therefore the 
radius of curvature at every point will be infinite. ^_ 



THE EQUIANGULAR SPIBAL. ^ 

124. Dep. The equiangular spiral is a curve which cuts 
all- the radii drawn from a fixed point at a constant angle. 

125. If a aeries of radii BA^ SB, 8C, ... bo drawn inclined 
at equal angles, and AB, BG, CD, ... make equal angles SAB, 
SBC, ... with tbeae radii respectively, the curvilinear limit 
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of the polygon ABCD ,.., when the equal angles A8B, 
S8C, ... are indefinitely diminished, will be an equiangular 
apiraL 

126. To find the length of an arc of an -equiangitlar spiral 
contained between two radii, 

I*t a be the constant angle SAB, and let SL be the ?;"" 
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radius from 8A ; then, since the triangles ASB^ B8C^ ... are 
similar, 8A : SB :: 8B : 8C ... . 

Let 8B^\.8Ay then BG=\.AB, CD^\*.AB...FL^\*-\AB; 

.-. AB+BC-\-...-\-FL:AB:: l + X+..,+ X*-': 1 :: 1-X*: l-X 

:: 8A--\\8A : 8A^8B:: 8A--8Lx 8A-8B, 

but ABcosa=^8A" 8B COS A8B=SA-8B ultimately, and 
AB-\'BG+... is ultimately the arc of the spiral; therefore 
arc^Zr = {8 A — 8L) sec a. 

127. To find the area of an equiangular spiral hounded hy 
two radii. 

Employing the same construction as above, 

lASB^- £,B8C-\- a(7/SZ>+... : aA8B:: 1 +x«,..+ X'"*-* : 1 

:: l-X'^ : 1-X« :: i&^»-fii» : S4'- )ff5*, 

hut 8B^=8A''-28A.ABcosa-]'AB'2Lni t^A8B==l8A.ABsma] 

.\ fi^'* - iSB* = 4 A ^iSB X cot a, ultimately ; 

/. area ^fl!L = i (fi^*- 8L*) tana, 

128, To find the radius and chord of curvature through the 
pole at any point of an equiangular spiral. 

Let )SP, 8Q be radii drawn to two points P and Qj near to 




one another, let PB, QB^ tangents to the spiral at P and Q, 
intersect in if, and let the normals PO, QO intersect in 0; 
join OB^ SB. 
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Tlien, since anglca 8QB, SPR are equal to two riglit angled 
and each of the angles OQR, OPR is a riglit angle, the circle 
which pasBea through P, R, and Q will also pass through 8 
and 0, and OB will be it3 diameter ; therefore L OSR is a 
right angle. Hence, proceeding to the limit, ia the centre 
of the circle of curvature at P, and OSP ia a right angle. 
Therefore if a be the angle of the apiral, 0P= SP coaeca will 
be the radius of curvature, and 2SP the chord of curvatun;^ 
through the pole. 

129, The following ia an illustration of Art. 86. 
KPKbe the chord of curvature through S, 

SY'-SY: SP'-SP::2SY:PV; 
but in the equiangular spiral 51': 8Y' :: SP: 8P'; 

.-. 8Y'- 8Y :SP'-SP::8Y: SP; whence PV= 2SP. 



THE CATENARY. 

130. DeF. The CaU'nary Is the cnrve in which a nniform" 
and perfectly flexible string, of which the extremities are sus- 
pended at two points, would hang under the action of gravitj, 
supposed to be a constant force acting in parallel lines. 

The directrix is a horizontal straight line whoao depth below 
the lowest point is equal to the length of string whose weight ia 
equal to the tension at the lowest point. 

The axis ia the vertical through the lowest point. I 

131. The tension at any jioint of ihe catenari/ is equal to the 
weight of the string which, if suspended from that pointy wovM 
extend to the directrix. 

Let A be the lowest point of a uniform and perfectly flexible 
siring hanging from two points under the action of gravity, 
P any other point, A the length of string whose weight is 
equal to the tension of the string at A. Take a point 5 in OA^ 
and let OM, BO drawn horizontally meet a vertical PM h 
M and O. 

If a string paaa round smooth pegs at APGB, it ia evideiri 
that there will he a position of equilibrium whatever be thd 




Also, since BDG will hang symmetrically, the tensions of 
the string at B and Cwill be equal, and BBGmnj be removed 
and replaced by equal lengths BO, CM of the string, without 
disturbing the equilibrium of AP, therefore the tension of the 
catenary at P is equal to the weight of a string of length PM, 

132. The proposition of the preceding article may be proved 
by considering the catenary as the limit of the polygon formed 
by a series of equal rods of the same substance jointed freely 
at the extremities and sospended from two fixed points, when 
the length of the rods is indefinitely diminished. 




The equilibrium will be undisturbed if each rod be replaced 
by two weights at the extremities, each equal to half that of 
the rod, connected by a rod without weight, 

liCt ABf BC be two consecutive positions of the rods, 
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tvciglitfl equitl (0 tlioBc of the rods boing placed at A, B, C; lei 
AM bo vertical and B^f Iiorizontnl, and produce CB to i 
AM in D; draw />jV perpendicular to AB. 

Tbc forces which keep B in equilibrium act in the directions 
of the sides of tbe triangle ABD, and are proportional to them. 

Therefore the difference of the tensions of AB and BC ia 
to the weight of the rod AB as AB- BD : AD, that ia, ulti- 
mately, a» AN: AD or AM: AB; hence the diflference of tT 
tensions is the weight of a rod of length AM. 

Therefore, proceeding to the limit, the difference of tensions 
at any two points of the catenary Is equal to the weight of 
string, which is equal in length to the vertical depth of t 
point below the other, whence the truth of the proposition. 

133. P ia a point in a catenary^ PM perpendicular fe 
directrix, FT a tangent at P, MU perpendicular to FT; 
sheic that PU 13 equal to the arc measured from the lojoeat poinS 
and that MU is cmstant. 

Let PT, fig. for Art. 131, meet the direction OM'm T, anJ 
let ^0 be tbe axis, then since the arc AP Bupposed to become 
rigid is in equilibrium under tbe action of the tensions at 
A and P and the weight, and these forces are in the dlrectionqj 
of the sides of the triangle TPM, 

.-. AP:A0:PM::PM:j11T: TP :: PU : MU : PM, 
by similar triangles TPM, MPU; 

.: Pn=AP and MU^AO. 

134. To draw a tangent to a catenary at any point. 
With centre M and radius equal io AO describe a circle, ant 

draw PU touching this circle in U; then, since MU^ which i 
perpendicular to PU, is equal to A 0, PU will be tbe tangent I 
at P. 

135. If a rectangular hyperbola he described, having c 
and aemi-Cransverse axia OA^ the ordinate of the hyperbc 
Kill be equal to the arc of the catenary. 

For, let AB be the hyperbola, therefore 
IiN' = ON'-OA'=PM'-UM' = PU': .-. RN^PU^AP.] 
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136. To find the radius and vertical chord of curvature of 
a catenary. 

Let PQ be a small arc of a catenary, RSPT^ QS tangents at 
Pand Q, PM^ QJV ordinates, TOMiha directrix. 




Since QR8 is a triangle of the forces acting upon PQ^ 

tension at P : weight of PQ : : R8 : QR^ 

.-. PM\ PQ::R8: QRi: ^PQ : QR^ ultimately ; 

therefore 2PM is the vertical chord of curvature, and PQ^ the 
part of the normal intercepted between the point P and the 
directrix is equal to the radius of curvature at P. 

Also PG : PM : : PT: TM: : tension at P : tension at A 
:: PM: AOj therefore the radius of curvature is a third pro- 
portional to AO and PM. 



THE LEMNISCATE. 

137. T)ef. The Letnniscate is the locus of the feet of the 
perpendiculars drawn from the centre of a rectangular hyperbola 
upon the tangent. 

138. To find the inclination to the tangent at any point of 
the radius from the centre of the lemniscate. 

Let CF be perpendicular on PT the tangent at the point P 
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in the hyperbola, then CY. CP^ PF. CD^AG*^ since AC^BC 
and CP= CD in the rectangular hyperbola. 




KS 



Draw the ordinate PM, then CT.CM^AC^GY.CP] 

.\ CYiGTiiCMiGP] 

and GMP^ GYTs^re right angles; therefore lPGM^L TGY. 

Draw CZ perpendicular on the tangent at Tto the lemniscate ; 
then ZGY and YCP are similar triangles, see page 55 ; 

/. Z ZYG= I GPY^ complement of twice L YGA. 

139. To find the perpendicular on the tangent at any point 
of the lemniscate. 

GZ.GP^GY^, and GY.GP^AG"-, 

/. GZiGYixGY^iAG"] 

.-. GZ.AG'^GY\ 

140. To find the chord of curvature through the centre^ and the 
radius of curvature at any point of the lemniscate. 

Let YV be the chord of curvature ; 

/• YV:2GZii GY-- GY' : GZ^GZ\ ultimately, Art. 86, 
and {GZ^GZ') AG^^GY^'-GY'^, 

.\ GY-^GY' : GZ-'GZ' :: AC I BGY' :: GYiSGZ; 

.*. YV=^GY^ or the chord of curvature through the centre 
is two-thirds of the radius vector. 
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Also, tbe radius of curvature : ^YV 

i-.OY: CZi; AC : CY'iiCP: CY, 
hence tbe radins of curvature is ^CP, or ^ of the radius at 
the correBpondlng point of the hyperbola. 

141. Poles of the lemniacate. 

Let S, H be the foci of tbe hyperbola, s, A tbe middle pointfl 
of C8 and CH; «, h are called tbe poles of the lemniscate. 




Draw 8Y', BZ perpendicular to the tangent to the hyper- 
bola at i*, and let SY' meet tbe auxiliaiy circle again in Z', 
and join 8Y\ sZ\ sY, hY, and JiZ. 

Since Cs = «S, tbe perpendicular from s on YY' bisects it ; 
therefore 8Y' = aY, similarly k Y= hZ= sZ'. 

Now SO.Ss^\SC' = AC = SY\SZ'; 
therefore a circle can be drawn circnmscribing CaY'Z'; there- 
fore i.Y'sZ' = LY'CZ'; also a F'sZ'^iA F'CZ', since the 
altitude of T'C^'' is double of that of Y'sZ'; 

.: sy:sZ''=\gy:cz-=^ga^; 

therefore b3'. AF=iC-4*, which is the property of the poles of 
the lemniscate. 

For this proof I am indebted to Prof. Tait. 

XVI. 

1. If a line move parallel to the baso of a cycloid, find the 
limit of tbe ratio of tbe segment of the cycloid to the corresponding 
segment of tbe generating circle, when the line becomes indefinitely 
near to tbe tangent at the vertex. 
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2. A balloon was found to be sailing steadily before the \ 
at an invariable elevation above the earth. A seconds penduliu 
Bnspended to the car was observed to make 2997 oscillations in 
SO miautes ; shew that the height of the balloon was 4 miles and 
7 yards nearly, the radius of the earth being 4000 miles. 

3, If a particle bo made to oscillate in a cycloid on a smooth 
inclined plane, whose inclination to tho horizon ia 30°, and the 
base of the cyoloiil be horizontal, find the radius of the generating 
circle in order that the particle may perform a complete oscillatii 
in n seconds. 
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4. If P be a point in a cycloid, and the corresponding positii 
of the centre of the generating circle, show that PO will touch 
another cycloid of half the dimensions. 

5. Shew that the limit of the whole length of an epicycloid 
or hypocycloid, corresponding to a complete revolution of the 
generating round the fixed circle, ia eight times the radius of 
the latter, when that of the former is indefinitely diminished. 

Prove that the epicycloid of one cusp Js the pedal of a cirol^l 
' ' , point in itfi circumference. H 

7. Shew that the evolute of an Bquiangular spiral ia a similar 
spiral, and that the extremities of the diameters of curvature lie 
in a similar spiral. 

8. An equiangular spiral roUa along a straight line, shew 
its pole describes a straight line. 

9. Prove that, if a catenary roll < 
directrix will always pass through a fix 

10. If SFbe drawn perpendicular to the tangent to a lemniacate 
at a point P, and SA be the greatest value of SP, provi "^ " 
SP' = 5^'. SY; S being the centre. 



1 a fixed straight line, 
1 point. 
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1. Prom the consideration that the diameter of curvature is tho 
limit of the third proportional to the aubtenae perpendicular to the 
tangent and the arc, prove that the radius of curvature of a cycloid 
at any point is twice the normal cut off by the base. 

2. _ On the normal to a cycloid a constant length is measured. 
both inwards and outwards; find the area included between t 
loci of the points so obtained. 
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3. P, Q are consecutive points on an epicycloid of two cusps ; 
&om Pf q, the corresponding points of contact of the rolling with 
the fixed circle, pm, qii are drawn perpendicular to the cusp-line ; 
prove that the elementary area PQpq is twice the elementary area 
pmnq. Hence find the area of the epicycloid and of its evolute. 

4. Prove that the diameter through tho point of a rolling circle 
which generates an epicycloid always touches another epicycloid 
generated by a circle of half the dimensions. 

5. A hypocycloid of n cusps has at any point a tangent drawn, 
prove that the length of the tangent, intercepted between tUe gene- 
rating circle and the point of contact, is to the arc meaHured from 
the point to the verte^t of the branch in which the point is taken, 
aeji: 2(«-l). 

6. A bead slides on a hypocycloid being acted on by a force 
which varies as the distance from the centre of the hypocycloid and 
tending to it ; prove that tho time of oscillation will be independent 
of the arc of oscillation. 

7. TS, along the several normals to an epicycloid, a system of 
particles move from the curve under the action of a force, tending 
to the centre of the fixed circle, and varying aa the distance, prove 
that they will all arrive at the fixed circle at the same instant. 

8. A plane curve rolls along' a straight line, shew that the 
radius of curvature of the path of any point, fixed with respect to 

the curve, is -. — , r being tho distance of the fixed point from 

the point of contact, <p the angle between this line and the fixed 
line, and p the radius of curvature of the carve at the point of 



9. In an equiangular spiral, which ia its own evolute, the area 
included between the curve and PQ, the radius of curvature at P 
touching the evolute in Q, is \PQ^ tann, whore a is the angle of 
the spiral, and PQ ia supposed not to cut the curve between P 
and Q. 

10. Prove, by the method of Lemma LV., that the area included 
between a catenary, the axis, the directrix, and the ordinate at any 
point P is twice the area of the triangle formed by tlie axis, the 
tangent at the vertex, and the straight Hne drawn perpendicular to 
the tangent at P from the point of intersection of the axis and 
directrix. 



SECTION 11. 
CENTRIPETAL FORCES. 



PROP. I. THEOREM I. 

When a hody revolves in an orbit, suhfect to ike action of 
forces tending to a fixed point, the areas which it de- 
scribes by radii drawn to ih: fixed centre of force, are in 
one fixed plane, and are proportional to the times of 
describing them. 

Let the time be divided into equal parts, and in the 
first interval let the body describe the straight line 




AB with uniform velocity, being acted on by i _ 
force. In the second interval it would, if no force 
acted, proceed to c in AB produced, describing Sc 
equal to AB-, so that the equal areas ASB, BSc de- 
scribed by radii AS, BS, cS drawn to the centre 8, 
would be completed in equal intervals. 

But, when the body arrives at B, let a centripel 
force tending to S act upon it by a single instanti 
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lieous impulse, and cause the body to deviate from 
the direction Bcy and to proceed in the direction BO, 
Let cCbe drawn parallel to -S^*, meeting ^Cin C, then, 
at the end of the second interval, the body will be 
found at C, in the same plane with the triangle 
ASB, in which Be and cO are drawn. Join SC; 
and the triangle iSBC, between parallels SB, Ce, 
will be equal to the triangle SBo, and therefore 
also to the triangle SAB. 
In like manner, if the centripetal force act upon the 
body successively at C, D, E, &c., causing the body 
to describe in the successive intervals of time the 
straight lines CD, DE, EF, &c., these will all lie 
in the same plane ; and the triangle SCD will bo 
equal to the triangle SBC, and SDE to SCD, and 
SEE to SDE. 
Therefore equal areas are described in the same fixed 
plane in equal intervals ; and, componendo, the 
L sums of any number of areas SADS, SAFS, are to 
I each other as the times of describing them. 
' Let now the number of these triangles be increased, 
and their breadth diminished indefinitely ; then their 
perimeter ADF wiW be ultimately a curved line ; and 
the instantaneous forces will become ultimately a 
centripetal force, by the action of which the body is 
continually deflected from the tangent to this curve, 
and which will act continuously ; and the areas 
SADS, SAFS, being always proportional to tlie timea 
of describing them, will be so in this case, q.e.d. 
CoE. 1. The velocity of a body attracted towards a 
fixed centre in a non-resisting medium is recipro- 
cally proportional to the perpendicular dropped 
from that centre upon the tangent to the orbit. 
For the velocitiea at the points A, B, C, D, E are as 
the bases AB, BG, CD, DE, EF of equal triangles, 
and, since the triangles are equal, these bases are 
reciprocally proportional to the perpendiculars from 
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iS' let fall upon thcra. [And the same is true in the 
limit, in wliich case tlie bases are in tlie direction 
of tiingents to the curvilinear limit, therefore the 
velocity, &c.] 

CoE. 2. If on chords AB, DC of two arcs deserihed in 
equal successive times in a non-reaisting medium by 
the same body the parallelogram ABOV be com- 
pleted, and the diagonal BV oi this parallelogram 
be produced in both directions in that position which 
it assumes ultimately when those area are diminished 
indefinitely, it will pass through the centre of force. 

Cor. 3. If, on AB, BC and on DE, EF chorda of area 
described in a non-resisting medium in equal times, 
the parallelograms ABCV, DEFZ be completed, 
the forces at B and E will be to one another in the 
ultimate ratio of the diagonals BV^ EZ, when the 
arcs are inde6nitcly diminished. 

For the velocities of the body represented by BC, EF 
in the polygon are compounded of the velocities 
represented by Be, BV and Ef, EZ; and those re- 
presented by BV, EZ, which are equal to cC,fF, in 
the demonstration of the proposition were generated 
hy the impulses of the centripetal force at B and E, 
and are thus proportional to those impulses. [And 
the same is true in the limit, in which case the ulti- 
mate ratio of the impulses at any two points is the 
ratio of the continuous forces at those points]. 

CoE. 4. The forces by which any bodies moving in 
non-resisting media are deflected from rectilinear 
motion into curved orbits, are to one another as 
those sagittfe of arcs described in equal times, which 
converge to the centre of force and bisect the chords, 
when those arcs are indefinitely diminished. 

For the diagonals of tlie parallelograms ABCV, DEFZ 
bisect each other, and these sagittEe are halves of the 
diagonals BV, EZ when the arcs are indefinitely 
diminished. [And the same will be true whether 
^£Cand DEFhe parts of the same or of different 
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orbits described by bodies of equal mass, if the arcs 
be described in equal times]. 

CoK. 5. And therefore the accelerating effects of the 
same forces are to that of the force of gravity as 
those sagittEB are to vertical aagittte of tlie parabolic 
arcs which projectiles describe in the same time. 

Cob. 6. All the same conclusions are true by the 
Second Law of Motion, when the planes, in which 
the bodies move together with the centres of force 
which are situated in those planes, are not at rest, 
but are moving uniformly and parallel to themselves. 

The statement of the proposition in the original Latin is, 
" Areas, quas corpora in gyros acta radiis ad immobile 
centrum vlrium ductis describunt, et in planls immo- 
bilibus conslstere, et esse temporlbus proportionales." 

Observations on the Proposition. 

142. In all caaes of motion of bodies it is of great importance 
for the student to diatingoish between the forces themselves 
under the action of which the bodies may be moving, and the 
effects which these forces produce. 

It is only by an examination of the motion of a body that 
■we are able to infer that it is, or is not, acted on by any force; 
if we find that the body is moving with uniform velocity in a 
straight line, we infer that it is, during such motion, acted upon 
by no force, or that the forces which are acting upon it are in 
equilibrium j if we find that there is any change of direction or 
velocity, gradual or abrupt, we infer that the body is moving 
under the action of some force or forces; if the change be 
gradual, we infer that such forces are finite, by whicli we mean 
that the forces require a finite time to produce a finite change 
whether of direction or velocity ; if, on the contrary, the change 
be abrupt, we infer that the forces are what are called impulsive, 
that is, such as produce a finite change In an instant. 

Since then, in order to make any inference with respect to 
the forces supposed to act, a clear conception of the motion of 
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ft body must be first attained, it becomes necessary for ttis 
student to be able to describe the motion of a particle of matter 
as be would that of a point, iodopendently of tbe causes of such 
motion. 

In doing tbia he must give a geometrical description of the 
line traced by the point either in a plane or in space, and then 
he must describe the rate, uniform or variable, with wliicb tbia 
line is traversed. 

He may then proceed to attribute any change of db-ection or 
Telocity to the action of forces upon tbe particle whose motion 
he has been examining. 

143. In accordance with this method of separating the geo- 
metry of the motion from the cauaea of the deviations, the first 
proposition would bo stated in such a manner as the following : 

" When a point moves in a curve, in aach a manner that the 
accelerations at every point are in the direction of a fixed point, 
the areas, which it deacribes by radii drawn to the fixed point to 
which tbe accelerations tend, are in one fixed plane, and are 
proportional to tbe times of describing them." 

And, generally, if the words forca and hody, employed by 
Newton, be replaced by acceleration and point, tbe resulting 
statements will be in accordance with this geometrical method 
of description. It will then be easy to use such terms in the 
proofs as will not imply, in the manner of expression, tbe action 
of force ; thus, instead of saying " let a centripetal force tending 
to iS act upon tbe body by a single instantaneous impulse," 
we may use the woi'ds " let a finite velocity be communicated 
to the point in the direction of S." 

144. It should bo carefully observed that, before proceeding 
to the limit, it is proved that ani/ polygonal areas SAD8, 
8AFS, are proportional to the times of description of their 
perimeters; so that ultimately those areas become _/in lie curvi- 
linear areas, described in Jinite times. 

145. In proceeding to the ultimate state of tbe hypothesis, 
it ia concluded readily from Lemmas II. and III. that tbe 
curvilinear areas are the limits of the polygons ; but a greater 
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diiBcuhy arises in the traoaition from the discontinuous motion 
under the action of ioatantaneouB impulsivo forces to the con- 
tinuous motion under the action of a continuous force tending 
to S. For, in the curvilinear path of the body which is the 
hmit of the perimeter of the polygon, the direction of the motion 
at the angular points of the polygon ia different, and alao the 
deflection from the direction of motion ia twice as great in the 
polygon aa it is in the curve. 

Now, although we may assume that the curvilinear limit of 
the perimeter of the polygon may be deacribed under the action 
of some force, ia that force the same which is the limit of the 
series of impulses? 

The centripetal force supposed to act with a simple in- 
stantaneous impulse, " impulsn unico et magno," is supposed 
to generate a finite velocity at once, which effect a finite force 
cannot produce. 

If, instead of this imaginary impulse, we suppose a force 
finite, but very great, and acting for a very short time, the 
effect upon the figure would be to round off the angular points 
of the polygon. 

The transition from the impulses to the continuous force, in 
the ultimate form of the hypotheaia, muat be conaiderod aa 
axiomatic, like the ultimate equality of the ratio of the finite 
arc to the perimeter of the inscribed polygon. 

146. We can, however, shew that if the curvilinear limit of 
the polygon be described under the action of some continuous 
force tending to S, the effect of this force, estimated by the 
quantity of motion generated in the interval between the im- 
pulses, will be ultimately the same as that generated by the 
impulse. 

Consider first the geometrical properties of the limit of the 
polygonal perimeter. Let BT^ CU be tangents at B, G to the 

I curvilinear limit, and let Cc intersect BT in T, fig. page 136. 
Now, since Vc ultimately vanishes compared with Bcj BG 
and Be or AB and BG are ultimately in a ratio of equality, 
and Cc is ultimately bisected by Bl\ by (2) page 103; also, 
CU=BU= UT ultimately, by (I) page 102, 
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CoDaidor next tlie effects prodiicod by the different kinda c 
force which act in the two cases. 

In the polygonal path, the Impulsive force at B generates 
a velocity witli which the body describes Ca in the time ( in 
which AB or BC is described, tlie measure of the effect of the 

impulse is therefure the velocity - . 

lu the curvilinear path, the deflection from the direction BT 
at B, in the same time l, is TG, by meaus of the continuous 
action of finite forces, and if we suppose the force ultimately 
uniform in magnitude and direction, the measure of the ac- 

. , and the velocity 
generated in that time v'" ^~ "^'^ '- 



celerating effect of the force will be 
2TG ^ 



wiUbe-^ 

Hence the effects of the finite and impulsive forces, measured 
by the qaantity of motion produced, are the same. 

147. We can also shew that a continuous force, which gene^ 
rates the same quantity of motion as the impnlse at B in the 
time from B to 0, would cause the body on arriving at to 
move in the direction of the tangent to the curvilinear limit of 
the perimeter. 

For the velocity due to the action of the finite force at 

2TG 
end of time t being ultimately — - — in the direction TG, and 






BT •2TV 



therefore TG, UT 



that in the direction BT being - 

represent the velocities in those directions ; therefore UG is the 
direction of motion at C, that is, the body moves in the direction 
of the tangent at G. 

148. Cor. l. The corollary may be proved directly from 
the proposition, for the proporiiouality of the areas to the times 
of describing them will be true if the force suddenly cease to act, 
ia which case the body will proceed in the direction of the tangent. 

Let V be the velocity at the point A, ASB the curvilinear 
area described in any time 2", AT=V.T the space described -] 
if the force cease to act. Join ST and draw SY perpcudiculua 
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to AT, then area ^S5 = triangle 8AT=^V.Tx8Y, also 
oreaASB-xiT; therefore FvarioB inversely aa SZ. 

AgaiD, if & be twice the area described ia the unit of time 




employed in estimating the accelerating effect of the force tend- 
ing to S and the velocity of the body, 

I2.areaS^B = A2'; .-. h = r.SY. 
By the use of this area the proportions employed in subae- 
qnent propositions by Newtoo may bo converted into equations, 
§0T the convenience of calculation. 
If bodies move in curves for which the areas, described In 
Ihe Bame time, are not equal, Fa -^-^, 



Pfae 



149, Cob. i. The statement in this corollary reqnires modi- 
fication, for, unless the forces be considered only with reference 
to their accelerating effects, or unless the bodies be supposed of 
equal mass, the forces will not be proportional to the sagittte. 

150. Cob. 5. The object of this corollary is to determine 
4ie numerical measure of the central force which governs the 
motion of a body, when the circumstances of ibe motion are 
known ; for it supplies ua with the ratio of this force to the force 
of gravity on the same body at any place, the measure of which 

I can be determined by experiment. 
)fnnt 



Applications of the Proposi/ion. 
161. Prop. When the forcf, instead of temling to a fixed 
nut, acts in parallel lines, the property of the motion enunciated 
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IJI the proposition mar/ be replaced by the property that tJie 
resolved pari of the space deacrihed perpendicular to the dirtt 
tion of the force is proportional to the times. 

This is immediately deducible from the second law of motion,^ ' 
since there 13 no force in the direction pcrpendicnlar to that of 
he forces, and the velocity in that direction is uniform. 

That thifl is the result of the propertiea in the proposition 
may be sheTni by removing the centre of force to an infinite 
distance. 





jet She the centre offeree, AMN perpendicnlar ti 
area ABCS \» proportional to the time of deaeribiog A C, and 
the areas AMN8 and ABCS are ultimately equal when S is 
removed to an infinite distance in BAIS, hence the triangle A SI^ 
is proportional to the time, and therefore the base AN, whicli 
Taries as the triangle ASN, is also proportional to the time, 
and therefore, since CiV is ultimately perpendicular to ANj 
the proposition is proved. 

152. Prop. If a body deacril?e a curvilinear orbit about a 
force tending constantly to a fixed point, the area described in a 
given time will he unaltered, if the force be suddenly increased 
ar diminished, of if the body he acted on at any moment by an 
impulsive force lending to that point. 

For, if in the polygon the Impulse at any point B be in- 
creased or diminished by any force tending to or from 8, the 
only effect will be to remove the vertex C of the triangle SBO to 
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some other point in the line cG parallel to J5/8, hence the area 
will be unaltered, and the argument which establishes the 
equality of polygonal areas in a given time will proceed as 
before. Hence in the limit the curvilinear areas described in 
a given time will be unaltered. 

If the new force introduced at B be impulsive, the angle 
ABC will remain less than two right angles when we proceed 
to the limit, and the two parts of the curve will cut one another 
at a finite angle. 

Hence, in any calculation made upon supposition of such 
changes of force, the value of A, Art* 148, will be the same 
before and after the change of the force. 

' Apses* 

153. 1)e1f. In any orbit described under the action of a 
force tending to a fixed centre, a point at which the direction 
of the motion is perpendicular to the central distance is called 
an apse^ the distance from the centre is called an apsidal 
distance^ and the angle between consecutive apsidal distances 
is called an apsidal angle. 

Thus, in the ellipse about the centre, the four extremities of 
the axes are apses; there are two different apsidal distances, 
and every apsidal angle is a right angle. 

In the ellipse about a focus, the apses are at the greatest and 
least distances, and the apsidal angle is two right angles. 

154. In a central orbit described under the action of forces 
tending to a fixed pointy each apsidal distance will divide the orbit 
symmetrically^ if the forces be always equal at equal distances. 

It is easily shewn that, in any orbit described by a body 
under the action of forces tending to a fixed point, the forces 
depending only upon the distance, if a second body be projected 
at any point with the velocity of the first in the opposite direc- 
tion, it will proceed to describe the same orbit in the reverse 
direction", under the action of the same forces. 

For, let ABC be a portion of the polygon whose limit is 
the curvilinear path of the body, and produce -45 to c, and 
CB to a, making Be = AB^ and Ba = GB. 

u 



146 NEWTON. 

The Impulse at B is measured hy cG when the body de- 
scribes ABC^ and if the motion be reversed, the same impulse 
at B would cause the body to move in BA^ with the velocity 
which it had in ^^, ^nce aA = cG. And the same is true 




throughout the polygonal path, hence the assertion is true for 
the whole path, described under the action of impulses which 
are always the same at the same points, and therefore, proceed- 
ing to the limit, the statement made for any orbit is proved* 

Hence, since the forces are equal at equal distances on 
both sides of the apse, the path of the body from an apse 
being similar and equal to the path which would be described 
if the velocity were reversed at the apse, is similar to the path 
described in approaching the apse; whence the proposition is 
estabFished. 

155. There are only two dijffx^ent apsidal distancesy and 
all apsidal angles are equal. 

For, after passing a second apse, the curve being symme- 
trical on both sides, a third apse will be in such a position that 
the apsidal distance is the same as for the first apse, and all the 
apsidal angles are shewn similarly to be equal. 

156. Cob. Hence a central orbit can never re-enter itself 
unless the ratio of the apsidal angle to a right angle be com- 
mensurable, and if it be so, the curve will always re-enter» 

m 

Illustrations. 

(1) If a body describe an ellipse under the action of a force 
tending to one of the foci) the square of the velocity wiries inversely 
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tzs the distance from that focus^ and directly as the distance from 
the other. 

For BG^x SY* :: HZ: 8Y :: HP: 5P; 
.*. ^vei.j QC ^Y* ^ op • 

(2) The velocity is greatest when the body is at the extremity 
of the major axis which, is nearer to the focus to which the force 
tendsj and least at the other extremity. 

For 8Y is the least in the finit and greatest in the second 
position. 

(3) The velocity at an extremity of the minor axis is a 
geometric mean between the greatest and least velocities. 

For at this point HZ^BG^ and at the extremities of the 
major axis the values of HZ are 8a and 8A^ and BG^ == 8A.Sa. 

(4) In the equiangular spiral described under the action of a 
force tending to thefocus^ the velocity oc -^p. 

For, flToc 8R 

(5) If the force tend to the centre of the elliptic orbit described 
by a bodyy the time between the extremities of conjugate diameters 
will be constant. 

For the area PGJD is constant. 

(6) TTie velocity at any point of an ellipse about a force fend* 
ing to a focus is compounded of two uniform velocities^ one 
perpendicular to the radius vector^ and the other perpendicular to the 
major axis. 

Let 8 be the centre, of force, 8Y^ HZ perpendiculars on the 
tangent at P, join 8P^ GZ. Then HZ^ ZG parallel to P/S, and 
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CII are perpendicular to the three directions; therefore the 
velocity represented by HZ in magnitude is the resultant of 
the two represented by CZ and ZfC; but the velocity perpen- 

dicular to ' HZ = oy = r« •-H2'; therefore the velocities perpen- 

dicular to HC and CZ ryq p. ae and 7= a, 

o 



XVIII. 

1. If different bodies be projected with the same velocity from 
a given point, all being attracted by forces tending to one fixed 
point, shew that the areas described by the lines drawn from the 
fixed point to the bodies will be proportional to the sines of the 
angles of projection. 

2. "When a body describes a curvilinear orbit under the action 
of a force tending to a fixed point, will the direction of motion or 
the curvature of the orbit at any point be changed, if the force at 
the pointreceive a^finite^change ?j 

3. A body moves in a parabola about a centre of force in the 
vertex, shew that the time of moving from any point to the vertex 
varies as the cube of the distance of the point from the axis of the 
parabola. 

4. In a parabolic orbit described round a force tending to the 
focus, shew that the velocity varies inversely as the normal at any 
point. Shew also that the sum of the squares of the velocities at 
the extremities of a focal chord is constant. 

5. If the velocity at any point of an ellipse described about 
the centre can be equal to the difference of the greatest and least 
velocities, the major axis cannot be less than double of the minor. 

6. If an ellipse be described under the action of a force tending 
to the centre, shew that the velocity will vary directly as the 
diameter conjugate to that which passes through the body; also 
that the sum of the squares of the velocities at the extremities of 
conjugate diameters wHl be constant. 

7. In an ellipse described round a force tending to the focus, 
compare the intervals of time between the extremities of the same 
latus rectum, when AC =2 CS, 

8. In the ellipse described about the focus 8y ASH A' being the 
major axis, time in AB : time in BA' : : tt - 2^ : tt + 2^. 
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9. If the velocities at three points in an ellipse described by 
a particle, the acceleration of which tends to either of the foci, be 
in arithmetical progression, prove that the velocities at the opposite 
extremities of the diameters passing through these points will be 
in harmonical progression. 

10. If t?!, «72 be the velocities at the extremities of a diameter 
of an ellipse described about the focus, and u the velocity at either 
of those Jpoints when it is described about the centre, prove that 
u {v^ + v^) will be constant. 

11. In a central orbit, the velocity of the foot of the perpen- 
dicular from the centre of force on the tangent varies inversely as 
the length of the chord of curvature through the centre of force. 

12. A particle is describing a parabola about its focus iS^; if P 
and Q be two points of its path, shew that its velocity at Q will 
be compounded of the velocity at F and a velocity which will be 
constant if the angle FSQ be constant. 



XIX. 

1 . A body describes a parabola about a centre of force in the 
focus; shew that its velocity at any point may be resolved into 
two equal constant velocities, respectively perpendicular to the axis 
and to the focal distance of the point. 

2. A l)ody describes an ellipse under the action of a central 
force tending to one of the foci ; shew that the sum of the velocities 
at the extremities of any chord parallel to the major axis varies 
inversely as the diameter parallel to the direction of motion at 
those points. 

3. A body moves in an ellipse under the action of a force 
tending to the centre ; shew that the component of the velocity at 
any point perpendicular to either focal distance is constant ; and 
that the sum of the squares of the velocities, at the extremities 
of any pair of semi-conjugate diameters, resolved in any given 
direction is constant. 

4. In an ellipse described about a focus, the time of moving 
from the greatest focal distance to the extremity of the minor axis 
is m times that from the extremity of the minor axis to the least 
focal distance; find the eccentricity, and shew that, if there be 
a small error in m, the corresponding error in the eccentricity will 
vary inversely as (1 + my. 

5. If the velocity of a body in a given elliptic orbit be the same 
at a certain point, whether it describe the orbit in a time t about 
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one focus, or in a time t' about the other, prove that, 2« being the 
major axis, the focal distances will be z — ;; and ■: — ji • 

6. A body describes a parabola about the focus ; if the seg- 
ments P8^ Sp of the focal chord FSp be in the ratio n : 1, prove 
that the time in pA : time in AP : : «5» + 1 : n' (» + 3). 

7. If iS^Fbe perpendicular to the tangent to a curve at P, an4 
P and Y both move as if under the action of a central force tending 
to S, prove that the radius of curvature at P will vary aa 8Y. 

8. If P, Q be any two points in an ellipse described by a 
particle under the action of a force tending to the centre, prove 
that the velocity acquired in passing from P to Q will be in the 
direction QP', where P' is the other extremity of the diameter 
through P. 

9. Two points P, P' are moving in the same ellipse, in the 
same directions, with accelerations tending to the centre C; shew 
that the relative velocity of one with regard to the other is parallel 
and proportional to CT, where T is the point of intersection of the 
tangents at P and P'. If the points move in opposite directions, 
what will be their relative velocity ? 

10. Two particles revolve in the same direction in an oval 
orbit round a centre of force Sy which divides the axis unequally, 
starting simultaneously &om the extremities of a chord FQ, drawn 
through S, Prove that, when they first arrive in positions P, T 
respectively, such that the angle ItST is a minimum, the time from 
P to the next apse will be an arithmetic mean between the times 
from P to the next apse and to Q from the last apse. 

11. Two equal particles are attached to the extremities of a 
string of length 2/, and lie in a smooth horizontal plane with the 
string stretched; if the middle point of the string be drawn with 
uniform velocity t? in a direction perpendicular to the initial direc- 
tion of the string, shew that the path of each particle will be a 

cycloid, and that the particles will meet after a time ^r • 

12. If the velocity in a central orbit can be resolved into two 
constant components, one perpendicular to the radius vector, and 
the other to a fixed straight line, shew that the curve must be 
a conic. 

13. The velocity in a cardioid described about a force tending 
to the pole varies in the inverse sesquiplicate ratio of the distance. 

14. The velocity in the lemniscate varies inversely as the cube 
of the central distance, when a particle moves in the curve round 
a force tending to the centre. 
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Every hody^ which moves in any curve line described in a 
plane, and describes areas proportional to the times of 
describing them about a point either fixed or moving 
uniformly in a straight line, by radii drawn to that 
pointy is acted on by a centripetal foree tending to the 
same point. 

Case 1. Let the time be divided into equal intervals, 
and in the first interval let the body describe AB 
^th uniform velocity, being acted on by no force ; 
in the second interval it would, if no force acted, pro- 
ceed to c in AB produced, describing Be equal to AB\ 
and the triangles ASB, BSc would be equal. But, 




when the body arrives at B, let a force, acting upon 
it by a single impulse, cause the body to describe 
BC in the second interval of time, so that the tri- 
angle BSC is equal to the triangle ^^S'^, and there- 
fore also to the triangle BSc ; therefore BSC and 
BSc are between the same parallels, hence BS is 
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parallel to c (7, and therefore ^>S^ was the direction of 
the impulse at B. 

Similarly, if at C^ Z>, ... the body be acted on by im- 
pulses causing it to move in the sides CZ>, DE^ ... of 
a polygon, in the successive intervals, making the 
triangles G8D, DSE, ... equal to ASB and BSC, the 
impulses can be shewn to have been in the directions 
CS^ BSj .... Hence, if any polygonal areas be de- 
scribed proportional to the times of describing them, 
the impulses at the angular points will all tend to JS. 

The same will be true if the number of intervals be 
increased and their length diminished indefinitely, 
in which case the series of iihpulses will approximate 
to a continuous force tending to S, and the polygons 
to curvilinear areas, as their limits. Hence the pro- 
position is true for a fixed centre. 

Case 2. The proposition will also be true if aS^ be a 
point which moves uniformly in a straight line, for, 
by the second law of motion, the relative motion will 
be the same, whether we suppose the plane to be at 
rest, or that it moves together with the body which 
revolves and the point S^ uniformly in one direction. 

Cor. 1. In non-resisting media, if the areas be not 
proportional to the times, the forces will not tend 
to the point to which the radii are drawn, but will 
deviate in consequential i.e. in that directiofl towards 
which the motion takes place, if the description of 
areas be accelerated ; but if it be retarded, the devi- 
ation will be in antecedentid. 

CoR. 2. And also in resisting media, if the description 
of areas be accelerated, the directions of the forces 
will deviate from the point to which the radii are 
drawn in that direction towards which, the motion 
takes place. 

SCHOLIUM. 

A body may be acted on by a centripetal force com- 
pounded of several forces. In this case, the meaning 
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of the proposition is, that that force, which is the 
resultant of all, tends to S. Moreover, if any force 
act continually in a line perpendicular to the plane 
of the areas described, this force will cause the body 
to deviate from the plane of Its motion, but will 
neither increase nor diminish the amount of area 
described, and therefore must be neglected in the 
composition of the forces. 



Observations on ihe Proposition. 

157. The descriptioD of an area round a point in motion 
may be explained by the following construction for the relative 
orbit, In the case of motion about a point whiuh is itself moving 
uniformly in a straight line. 

Let S8' be the line in which 5" moves uniformly, and let the 
body move from A to Bin the same time that S moves from S 
to /S'j and let P, a be simultaneous positions of the body and of S. 




'^ ^' S' 



If PP' be drawn equal and parallel to aS, and the same 
construction be made for every point in the path of the body, 
the curve AP'B\ which is the locus of P', will be the orbit which 
the body would appear to describe to an observer at S, who 
referred all the motion to the body ; for SP' will be equal and 
parallel to <tP^ and therefore Ihe distance of the body, and the 
direction in which it is seen, will be the saraD in the two case 

If Qy Q' be corresponding points near P and P', and the force 
at <j be supposed to act impulsively, the relative motion round o 
will be unaltered if wc apply to both P and a velocities equal to 
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that of a and in a contraiy direction, but in tbia case <r will 
bo reduced to rest and the velocity oi' P will be the velocity 
relative to a. Take PQ and aa\ which are described in the 
same time, to rcprcaent tiie velocities of P and o-, and let Qq be 
equal and parallel to tr'a, then Pq represents the velocity of P 
relative to a; and, since Q'^ — Sa— a'tr — P'P^ P'Q' is equal 
and parallel to Pq, and therefore the velocity in the oi-bit A^ , 
about S at rest is equal to the relative velocity about ' 
notion. 

158. CoE. 1, Reverting to the polygonal area, if the 

vl C' 




■ngle SBC be greater than the triangle SAB, the iinpnlse «t ff 
will not be in the direction BS, but BU, parallel to cC", that is, 
if the areas be not proportional to the times but be in a» 
increasing ratio, the direction of the force will deviate toward» 
the direction in which the dcseription of areas is accelerated j 
and Dice versa, when the description is retarded. 

159, Cub. 2. The effect of a resisting medium is to retarjl 
the motiMi, or, supposing it the linait of a series of impulaea, we-" 
must conceive an impulae at B, in the case of the polygon, m the- 
direction BA ; if therefore the description of areas be Jiccelcratcdr 
the impulse applied at B in the direction BU' moat act still 
further in consequentid than that in BU, in order that, with the- 
impidae con-eaponding to the resistance of the medium, it may 
produce a resultant impulse in the dicection of BU. The effect 
of the resistance alone is to retard the description of i 

If the force act in comn'qiKniidj the resultant of tbia foi 



1 
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and tbc resistance of the medium may act in the direction BS, 
aud the proportionality of the areas to the times be preeerved. 

160. Prop. Let ABCDE be ang plane ciime, S any point 
in the plane, to sheio ihat, generally, the curve van be described 
under tlie action of a force tending to or from S, teitk finite velo- 
city^ the velocity at any given point being any given velocity. 

For arcs AB, BC, ... can be measured from any point A, 
along the curve, such that the areas SAB, SBC,... are all equal, 




and of any magiiilutie. Also a body can be made, by some force 
to move along the curve with finite velocity, so as to describe the 
arcs AB, BC, ... in equal times, unless the tangent to one of 
the arcs, as BE, pass through S, in which case, if the arcs be 
indefinitely diminished, DE, AB will not be finite ultimately. 

Hence by Prop. II. a body can move with finite velodty 
under the action of some force tending to or from S, generally. 

IGl. Note 1. Since in making the motion of the body such 
that it shall describe equal areas in equal times we are only con- 
cerned with the ratio of the velocities, the velocity at any point 
A may be any given velocity. 

162. Note 2. Or if we please we may suppose the force at 
any point any given force ; for, in the case of the polygon, the 
velocity generated by the impulse at B is to the velocity in AB 
as cG to Be, hence the impulse at B may be of any magnitude 
if we choose the velocity in AB properly. 

163. Note 3. The ratio of the velocities will be the same 
at two given points, for alt forces tending to a given centre, 
uudtT the actios of which the curve can be described. 
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164, Note 4. Hence a body can move tbroughout any " 
ellipse under tbe action of a centripetal force teudiug to the 
centre or focus, the force depending only on the distance, since 
in these cases the curve is synimelrical on opposite fiidcs of any 
apse ; or about any point within the ellipse, if the forces do not J 
depend only on the distance, since no point within an ellipse MeiM 
on any tangent. 

165. Note 5. In the case of ao oral, S being an external'! 
point, a body can move with finite velocity under the action <Jl 
a force tendiiig to the point 8, m tbe portion which is concave to T 
S, and from S, in that which is convex to S, but not from one . 
portion to the other. 



XX. 

1. If an ellipse be described so that the sum of the areas * 

swept out by radii drawn to the vertices is proportional to th9 
times of describing them, prove that the resultant acceleration 
will tend to the centre. 

2. A body is moving in a parabola, and the time from the 
vortex to Einy point varies as the cube of the ordinate ; shew that 
this motion could be caused by the action of a central force. 

3. A body was moving in a circle, and it was observed that the 
time of describing any arc from a fixed point varied as the sum of 
the are and the perpendicular distance from one extremity of the 
arc on the diameter through the other; shew that the body was. 
acted on by a central force. ] 

4. A heavy particle falls from the cusp to the vertex of a 
cjcloid, whose axis is vertical ; shew that a particle could describe 
the cycloid in the same manner under the action of a constant force 
directed to a certain moving point. 

5. From the oentro of a planet a perpendicular is let fall upon 
the plane of the eehptio ; prove that the foot of this perpendicular 
will move aa if it were a particle acted on by a force tending to the 
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Every body, which describes areas proportional to the times 
of describing them by radii drawn to the centre of another 
body which is moving in any manner whatever, is acted on 
by a force compounded of a centripetal force tending to 
that other body, andof the whole accelerating force which 
acts upon that other body. 

Let the first body be Z, the second T, T moves under 
the action of some force P, L under the action of 



another force F. At every instant apply to both 
bodies tho force P in the contrary direction to that 
in which it acts, as represented by the dotted arrows. 

L will continue to describe about T, as before, areas 
proportional to the times of describing them, and 
since there is now no force acting on T, T is at rest 
or moves uniformly in a straight line. 

Therefore, by Theorem II., the resultant of the force F 
and the force P applied to L tends to T. 

Hence J" is compounded of a centripetal force tending to 
T, and of a force equal to that which acts on T. q.E.D. 

Cor. 1. Hence, if a body L describe areas proportional 
to the times of describing them by radii drawn to 
another body T; and from the whole force which 
acts upon L, whether a single force or compounded of 
several forces, bo taken away tho whole accelerating 
force which acts upon tho other body T\ the whole 



remaming force, which acts upon Z, will tend to tlt&l 
other body 2* as a centre. 

Cor. 2. And if those areas be very nearly proportionals 
to the times of describing them, the remaining forca 
will tend to the other body very nearly. 

Cob. 3. And, conversely, if the remaining force tend! 
very nearly to the other body T, the areas will bol 
very nearly proportional to the times. 

Cor. 4. If the body L describe areas which are very- 
far from being proportional to the times of describing 
them, by radii drawn to another body 3*, and that 
other body T be at rest, or move uniformly in a 
straight line, then either there will be no centripetal 
force tending to that other body T, or such centri- 
petal force will be compounded with tlie action of 
other very powerful forces, and tlie whole force com- 
pounded of all the forces, if tliere be many, ma^ be 
directed towards some other centre fixed or moving. 

The same will hold, when the other body moves in any 
manner whatever, if the centripetal ibrce spoken of 
be understood to be that which remains after taking ^ 
away the whole force acting upon the other body f 



Since the equable description of areas ia a guide to the 
centre to whicii that force tends, by which a body is 
principally acted on, and by which it is deflected 
from rectilinear motion, and retained in its orbit, we 
may, in what follows, employ the equable description 
of areas as a guide to the centre, about which alia 
curvilinear motion in free space tidtes place. 

Ilhistraiion. 

166. Aa an illustration of the last propositions and their 
coroUaiues, we may state some of the observed facts in thdl 
motion of the Moon, Eartli, anil Sun, auj make the deduction» ^ 
corresponding to tlicm. 
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Suppose the Moon's orbit relative to the Earth to be nearly 
circular, and let ABCD be this orbit, £tbe Earth. 




(1) The areas described by the radii drawn from the Moon 
to the Earth are nearly proportional to the times of describing ; 
hence the resultant force on the Moon tends nearly to E. 

(2) If ES the line joining the centres of the Earth and Sun 
meet the Moon's relative orbit about the Earth in A, C, and 
DEB be perpendicalar to DS, the description of areas will be 
accelerated as the Moon moves from 1) to A and from B to C, 
and retarded from j1 to .B and from to D; hence the direction 
of the resultant force on the Moon in the positions M^, JH^, 
Jtf„ Jl^, will be in the directlonB of the arrows slightly inclined 
to the radii drawn to E, 

From these observed facts, we' see that when the force, under 
the action of which E moves, is applied to the Moon in the 
contrary direction, the remaining force tends in the directions 
of the arrows. 

By the supposition that the Earth and Moon are acted on 
by forces tending to the sun, whose distance compared with EM 
is very great, and that the diiFerences of the forces on these 
bodies are not very great, the accelerating effect of the force on 
the Moon in DAB being greater than that on the Earth, and in 
BCD less, the circumstances of the description of ai'eas in the 
motion of the-Hoon arc accounted for. 
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The centripetal forces on equal todies, which describe dtf'^ 
ferent circles with uniform velocity, tend to tJie centres of» 
the circles, and are to each other as the squares of are^ 
described in the same time, divided by the radii of fM 
circles. 

The bodies moyo uniformly, therefore the arcs described 
are proportional to the times of describing them ; and 
the sectors of circles are proportional to the arcs on 
■which they stand, therefore the areas described by 
radii drawn to the centres are proportional to the 
times of describing them ; hence, by Prop. II., the 
forces tend to the centres of the circles, 

Again, let AB, ab be small arcs described in equal timet 




AD, ad tangents at A, a; ACSG, acsg diametei 
through A, a. Join AB, ab, and draw BC, be pei 
pendicular to AG, ag. 
When the arcs AB, ab are indefinitely diminished, since 
AC, ac are sagittfe of the double of arcs AB, ah 
described in equal times, they are ultimately, by 
Prop. I,, Cor. 4, as the forces at A and a. 
But AC. AG = (chd^-B/ and ac.aef = (chdoA)*; 
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.'. force at A : force &t a :: AC : ac ultimately, 



.. (chd^g)" (chd abf (arc ABf ^ (arcab] 



AG 



ag 



AG 



, Lem.VII. 



Take AE, ae two ares described in any equal finite 
times, then AE: ae :: AB : ah, since tbe bodies move 
uniformly, and this is also true in the limit ; 



.*. force at A : force at a 



AE'' 

■ AS ■ 



Cor. 1, Since these arcs are proportional to the velo- 
cities of the bodies, the centripetal forces will be in 
the ratio compounded of the duplicate ratio of the 
velocities directly, and the simple ratio of the radii 
inversely. 

That is, if^ V, v be the velocities In the two circles. It, r 
the radii, _fj/the centripetal forces, AE:ae::V: v; 






And 8 



circles a 



1 since the circumferences o 
described in their periodic times, the velocities are in 
the ratio compounded of the ratio of tbe radii directly 
and the ratio of the periodic times Inversely ; hence 
the centripetal forces are in the ratio compounded 
of the ratio of tbe radii directly, and of the ratio of 
the squares of the periodic times inversely. 

If P, p be the periodic times in the two circles re- 



spectively. 



2trR 2vr R r 



F:/:: 



R 



Cor. 3. Hence, ifthe periodic times be equal, and there- 
fore the velocities proportional to the radii, tlie cen- 
tripetal forces will be aa the radii ; and conversely. 




liP = p, tlien V:v::R:r; 



Cor. 4. Also if the periodic times be in the subduplicafe 

ratio of tlie radii, the centripetal forces will be equal. 

That is, if P' : / : : -fi : r, then F=/, by Cor. 3. 

Cor. 5. If the poiiodic times be as the radii, andl 
therefore the velocities equal, the centripetal forces I 
■will be reciprocally as the radii; and conversely. 

CoR. 6. If the periodic times bo in the sesqui plicate J 
ratio of the radii, and therefore the velocities recipro- 1 
cally in the subduplicate ratio of the radii, the cen--l 
tripetal forces will be reciprocally as the squares ofl 
the radii; and conversely. 

Thatis, ifJP":/ ::ii':r', 

then F' : u : : ^, : -, : : 5 : - ; 

_ _ L-^ 
'E ''r" li'' ?' 






CoE. 7. And, fjenerally, if the periodic times vary aSl 
any power R" of the radius R, and, therefore, the velo-1 
city vary inversely as the power ff""', the centripetalj 
forco will vary inversely as i?^'; and conversely. 

Cor. 8. All the same propoi-tions can be proved con- 
cerning' the times, velocities, and forces, by which 
bodies describe similar parts of any figures wliatever, 
'which are similar and have centres of force similarly 
situated, if the demonstrations be applied in those 
cases, uniform description of areas being substituted for 
uniform velocity, and distances of the bodies from thttj 
centres offeree for radii of the circles. 

Let AH, ae be similar arcs of similar curves described^ 
by bodies about forces tending to similarly situated] 
points S, s; and let AB^ ab be small arcs described J 
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in equal times ; BD, bd subtenses parallel to 8 A, sa ; 
A V, av chords of curvature at A, a, so that 



AV: t 



:AS: 



Then, force at A : force at a 

AB^ _ 

'' AV ' av " SA 



: DB : dh, ultimately, 



aV AB* aV ... , , 
— '■ '• -dn- '■ — ) ultimately : 

/uj i\ As/1. •' 



and if F, v be the velocities at J, a since AB^ ah are 
described in equal times, AB : ab::V:v, ultimately ; 
V 



. force at A : force at a : : 



^.4 ' 



-, as Cor. 1. 



Again, i? AB, ab be small similar arcs described in times 
T, if instead of being arcs described in equal timea, 
and B, p be the times of describing similar finite 
arcs AE, ae, 

T: P :: Rvea-ASB : area^*S'i7:: areaoaJ : areaase ::i\p; 
therefore, when AB, ab are indefinitely diminished, 



T:t 


■.:P:p. 


FTenc 


„ . V «' AB' ab' ... . , 




SA sa SA sa „ „ 
::_..^. ::_: a3Cor.2. 





I 



CoK. 9. It follows also from the same proposition, that 
the arc which a body, moving with uniform velocity 
ina circle under the action of a given centripetal force, 
describes in any time, is a mean proportional be- 
tween the diameter of the circle, and the space 
through which the body would fall from rest under 
the action of the same force and in the same time. 



For, let ^Z be the space described from rest in theaanie 
time a8 the arc AE, then since, if HD be perpeudt- 
cular to the tangent at A, BD will be ultimately the 
space described by the body, under the action of the 
force at A, in the time in which the body describes 
the arc AB, and the times are proportional to the arcs ; 
.-. AL: BD:: AE' : AB' ; 
.: AL.AG : BD.AG :: AE' : AB'; 
and BD. AG = (chd ABy = (arc AB)', ultimately; 
therefore AL.AG = AE'', ot Al : AE :: AE : AG. 

Q.E.D. 

SCHOLIUM. 

The case of the sistli Corollary holds for the heavenly 
bodies, and on that account tlie motion of bodies acted 
upon by a centripetal force, which decreases in the 
duplicate ratio of the distance from the centre of force, 
is treated of more fully in the following section. 

Moreover, by the aid of the preceding proposition and 
its corollaries, the proportion of a centripetal force 
to any known force, such as gravity, can be obtained. 
For, if a body revolve in a circle concentric with 
the earth by the action of its own gravity, this 
gravity is its centripetal force. 

But, from tlie falling of heavy bodies, by Cor. 9, both 
the time of one revolution and the arcs described, in 
any given time are determined. 

And by propositions of this kind Huygeng, in his ex^ 
celleut tract, De Ilorohgio Oscillaiorio, compared the 
force of gravity with the centrifugal force of re- 
volving bodies. 

The preceding results may be pfoved in this manner. 
In any circle let a regular polygon be supposed to 
be described of any number of sides. And if a body 
moving with a given velocity along the sides of the 
polygon be reflected by the circle at each of its 
angular points, the force with which it impinges on 



I 

its f 
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the circle at each of the reflections will be propor- 
tional to the velocity •, and therefore the sum of the 
forces, in a given time, will vary as the velocity and 
the number of the reflections conjointly. But if the 
number of sides of the polygon be given, the velo- 
city will vary as the space described in a given 
time, and the number of reflections in a given time 
will vary, in different circles, inversely as the radii of 
the circles, and, in the same circle, directly as the 
velocity. Hence, the sum of the forces exerted in a 
given time varies as the space described in that time 
increased or diminished in the ratio of that space to 
the radius of the circle ; that is, as the square of 
that space divided by the radius, and therefore, if 
the number of sides be diminished indefinitely so 
that the polygon coincides with the circle, the sum 
of the forces varies as the square of the arc described 
in the given time divided by the radius. 
This is the centrifugal farce by which the body presses 
against the circle, and to this the opposite force is 
equal, by which the circle continually repels the 
body towards the centre. 

Symbolical representation of Areas, Lines, <&c. 

1G7. In the statement of the pi'oposition the words " arcuum 
ijnadrata appllcata ad radios," in the text of Newton, is rendered 
the squares of arcs divided by the radii. Such expressioas as 

^■^■^ may be regarded aa representations of lines [e.g. this 

[prcBsion denotes A 0) whose lengths are determined by sach 
GODBtructione as tbe following : 

To A apply a rectangle whose area is that of the square on 
jJB, and let ^f7 be the side adjacent Xa AQ\ ^C is thus 
iobtained hy applying the square on AB to AQ. The propriety 
AB' 

rom algebra, is obvious, since the number of units of area iu 
the square on AB and in the rectangle whose sides are AQ^ 



A C are tbe same ; hence, if t, 
length in these linca, i«* = « x j 



, n, r bo the number of nntts g 
and r = — . 



168. If symbols of this kind, viz. -j-5 , be used in the same 

manner as a fraction, we may either treat them numerically, 
conBidering AB" to represent the number of units of area con- 
tained in the square on AB, and AG as the number of units of 
length in A Q, and thus apply the rules of Arithmetical Algebra ; 
or we may look upon AB* as the absolute representation of an 

area, and AG as that of a line, In which case 



would have 

no meaning except by interpretation. In this interpretation we 
are guided by the principles upon which Symbolical Algebra is 
applied to any science, the laws of operation by symbols being 
the same in Arithmetical and Symbolical Algebra, and the 
symbols being interpreted so that these laws are not contra- 
dicted. Thus if, in the application to Geometry, the symbol A 
be supposed to denote au area equal to that of a rectangle whose 
sides are represented by a and b, the assumption that A = ab 
or ha will imply that ab = ha, hence the laws remain the same 

as in Arithmetical Algebra, and — = 6; ao that the interpretation 

is legitimate, that, if a rectangle be applied to a, whose area is -^. 

— will denote the other side of the rectangle. ^^| 

Observations on (he Proposition. 

169. In the statement of the proposition the word * equal ' 
has been inserted before 'bodies' in order to make the theorem 
cori'ect, whether we suppose the centripetal force to be estimated 
with reference to the momentum or the velocity generated. 

It would, perhaps, be better to state the proposition as 
follows ; " Tbe resultant of the forces, under the action of which 
bodies describe different circles with uniform velocity, are centri- 
petal and tend to the centres of the circles, and their accelerating 
effect are to each other, &c.," for it la not known, prior to tlu 
proof, that tbe forces are centripetal. 
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170. CoRS. 1 and 9. The first corollary aaaerta that the 
intripetal forces on bodies moving in different circles vary as 

!^ , bat the ninth shews that the accelerating eflfects of the 

. . . F' 

centripetal forces are in each circle equal to -^ . 

For, if y bo the velocity, F the accelerating effect of the 
force in any circle, T the time of describing any arc, VT will be 
the length of the arc, ^FT^ will be the apace through which 
the body would move under the action of the same force con- 
Inaed constant, in the same time in which the arc ia described, 



.-. \FT'\ VT:: VT:2E; . 



= FIi. 



171. Scholium. In uniform circular motion the centripetal 

irce ia employed in counteracting the tendency of the body to 

lOve in a straight line, which it would do, according to the first 

,w of motion, with the uniform velocity which it has at any 

jtoint of the circle, if the centripetal force were suddenly to cease 

to act. This tendency to recede ia called a centrifugal force 

; im properly ; for the effect of a force being to accelerate or 

retard the motion of a body, or to alter Its direction, if the 

tendency could properly be termed a force and the centripetal 

iforce which counteracts it were removed. It would accelerate or 

retard the motion of the body, or alter its direction, which it 

docs not. 

The only sense in which the term centrifugal force can be 
used with propriety as a force may be obtained by the con- 
deration of relative equilibrium, in which case, if the same 
intripetal force acted on the body, the centrifugal force would 
aep it in equilibrium, supposing the body were at rest as 
it would appear to be to an observer moving with it. 

Thus, if a body be supported on tiie surface of the earth, 

SDce the body describes a circle about the axis of the earth 

with uniform velocity, the pressure of the support and the 

attraction of the earth muat have a resultant, whose direction 

ill pass through the centre of this circle, and whose magnitude 

iU be Buch aa would cause the body to describe it; this re- 

iltaiit and the centrifugal force will be in statical equilibrium. 
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172. In this case of circular motion the force is excrti 
not Id accelerating or retarding the motion, but in changing its 
direction. 

ThuB, referring to the 6giire of Prop. I., if the direction of 
the impulse at B bisect the angle ABC, the triangle CBc will 
be isosceles, and BC= Bc = AB\ therefore the velocities in BG 
and AB will be equal, and the effect of the impulse has been to 
change the direction without altering the velocity of the body. 

Hence, the regular polygon inscribed in a circle, centre S, can 
be described with uniform velocity under the action of impolses 
tending to the centre ; and, by similar triangles SBC, CBc, 

Gc i BC :: BC : BS. 

And if K be the unifonn velodty in the polygon, T th) 

time in a side BC, BC= V. T; therefore Cc= -^p- . 

If now the nnmber of sides be indefinitely increased, Cc wil 
be ultimately twice the apace throngb which the body will 
drawn from the tangent by the continooua force, see Art. 146; 

?ill be the measure of the accelerating effect 



' BS 



of the centripetal force tending to the centre of the circle. 

JUusirations of Circular Motion. 

(1) A smalt body is attached by an inelastic siring to 
point on a smooth horizontal table, to determine the tension of 
string when the body describes a circle. 

If the body be set in motion by a blow perpendicular to 
string, the string will remain constantly stretched, and the o 
force which acts on the body in the horizontal plane being in the 
direction of the fixed point, the areas described round this point 
will he proportional to the time, and the body will move In a 
circle with uniform velocity. 

Let V be the velocity of projection, and I the length of the 
string, then the accelerating effect of the tension of the string 

is J ; that is, y ia the velocity which would be generated 



ect 

J 
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unit of time from rest by the action of this tension continued 
constant, therefore the tension of the string : the weight of the 

body :: -y : g^ 

Ex. If a velocity of two feet a second be communicated 
perpendicular to a string whose length is a yard, 

t?': 7^ ::4 : 3x32 :: 1 : 24, 

hence th^ tension is -^th of the weight, and the time of 

24 o ' 

revolution is evidently — seconds = — - = 9*4", nearly. 

(2) If a particle he attciched hy a string of given length to a 
point in a rough horizontal plane^ and a given velocity he communis 
cated to it^ perpendicular to the string supposed tightj find the 
tension of the string at any time^ the time in which it will he 
reduced to restj and the whole arc described. 

Let Fbe the velocity of projection, I the length of the string 
in feet, v the velocity at any time t. Since the particle describes 
a small arc ultimately with uniform velocity the accelerating 

e£fect of the tension at the time ^ is -y . Again, if yx be the 

coefficient of friction, the retarding effect of friction is fig^ which 
IS constant, hence the velocity destroyed in the time t since 
friction is the only force acting in the direction of the tangent 

is figty and v — V— figt, 

V 
Therefore the particle comes to rest in — seconds after 

. . V ^^ 

describinff the arc - — feet. 

The tension of the string at the time ti the weight of the 

particle : : -j : ^ : : j • 9 J therefore the tension oc ( 1\ 

QC the square of the time which will elapse before the particle 
comes to rest. 

(3) Supposing that the Moon describes a circle with uniform 
velocity about the centre of the Earth as its centre^ to find the ratio 
of the centripetal acceleration of the Moon^s motion to gravity at 
the EartKs surface, 

z 
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Let n= number of seconds in the Moon's periodic time, 
B = the radius of the Moon's orbit in feet ; therefore the velocity 

of the Moon is and ^=5 . ( ) is the measure of the acce- 

n E \ n J 

lerating e£fect of the force exerted on the Moon, and the measure 

of the same for gravity at the Earth's surface «= 32.2 ; hence, 

the ratio required is 47r*-B : 32.2n'. 

(4) A body is suspended by a string from a fixed pointy and 
being drawn out of the vertical is projected horizontally so as to 
describe a horizontal circle with uniform velocity. Find the 
velocity and the tension of the string. 

Let A be the point of suspension, BC the radius of the circle 

described; therefore, the circle being described uniformly, the 

resultant force on the body tends to the centre Bj and the 

F" 
measure of the accelerating effect of this resultant force is -5-^ 

in the direction CB. Let T, TFbe the tension of the string and 
the weight of the body, acting in CA and parallel to AB 
respectively, therefore T: Wi: CAiAB] 




also, ^:g::CB: AB, Art. 171, .-. F^ = -^^^, 

and, if CD be perpendicular to AC^ BC^^AB.BD; and the 
velocity will be that due to falling through the space JSZ>. 

XXI. 

1. If the cube of the velocity, in circles uniformly described, be 
inversely proportional to the periodic time, shew that the law of 
force wiU vary inversely as the square of the radii. 
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Compare the areas described in the eamo time by the 
its, Buppoaed to move in circular orbits about the Sun in the 
centre exertiog a force which variea iuveraely as the square of the 
dietance, 

3. If the forces by which particles describe circles with «niform 
velocity vary as tlie distance, shew that the times of revolution will 
be the same for all. 

4. If the velocity of the Earth's motion were so altered that 
bodies would have no weight at the equator, find approximately the 
alteration in the length of a day, assuming that, before the altera- 
tion, the centrifugal force on a body at the equator was to ita 
weight : : 1 : 288. 

5. A particle moves uniformly on a smooth horizontal table, being 
attached to a fixed point by a string, one yard long, and it makea 
three revolutions in a second. Compare the tension of the string 
with the weight of the particle. 



I 



:ii lue weigui 01 ine particle. 

6. A body moves in a circular groove under the action of a 
ce to the centre, and the pressure on the groove is double the 
■en force on the body to the centre, find the velocity of the body. 



7. If a locomotive be passing a curve at the rate of twenty-four 
miles an hour, and the radius of the curve be [i of a mile, prove 
that the resultant of the forces which retain it on the line, viz. of 
the action of the rails on the flanges of the wheels, and the horizontal 
part of the forces which act perpendicular to the inclined road-way, 
will be Too of the weight of the locomotive, nearly. 

8. If a body be attached by an extensible string to a fised 
point in a smooth horizontal table, find the velocity with which the 
body must move in order to keep the string constantly stretched 
to double its length. 

If IT be the weight of the body, and »JFbe the weight which if 
suspended at the extremity of the string would just double its length, 
" I the length of the string, shew that the square of the required 
I velocity = 2nlg. 

' 9. A man stands at the North Pole and whirls 24 lbs. troy 
weight on a smooth horizontal plane by a string a yard long at the 
rate of 100 turns a minute; ha finds that the difference of the 
forces which he has to exert according as be whirls it one way or 
the opposite is roughly 39 grains ; find the period of tho rotation of 
the earth. 

10. Two equal bodies lie on a rough horizontal table, and are 
connected by a string which pasaes through a small ring on the 
table ; if the string be stretched, find the greatest velocity with 
which one of the bodies can be projected in a direction perpendicular 
to its portion of the string without moving the other body. 



L 
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PROP. V. PROBLEM I, 

Having given the velocity with which a body is moving at 
any three points of a given orbit^ described by it under 
the action of forces tending to a common cen^e^ to find 
that centre. 

Let the three straight lines PT, TQV, VMj touch the 
given orbit in the points P, Qy R respectively, and 
let them meet in T and V. 




Draw PAy QB^ JSC^ perpendicular to the tangents, and 
inversely proportional to the velocities of the body 
at the points P, $, B. Through A^ P, C^draw ADj 
DBE, C^ at right angles toP^, QP, PC^ meeting in 
D and E. Join TD, VE\ TD and reproduced, if 
necessary, shall meet in /S^ the required centre offeree. 

for, the perpendiculars SXy SYy let fall from S on the 
tangents PT^ TQ F", are inversely proportional to the 
velocities at P, Q (Prop. i. Cor. 1), and are therefore 
(iirectly as the perpendiculars -4P, PQ, or as the 



I 
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perpendiculars DM-, DNon the tangents. Join XY., 
MN, then, since-SX : >S'F:: DM:DN&nA the angles 
XSY, MDN are equal, therefore the triangles SXY, 
MDN are similar; therefore SX:D3I:: XY: MN 
•.\XT:MT, and the angles SXT, DMT are right 
angles ; therefore, S., D, T are in the same straiglit 
line. Similarly S, E, V are in the same straight 
line, and therefore the centre S is the point of 
intersection of TD, VE. q. e. d. 



xxn. 

1. If AB, BC, CB, the three sides of a rectangle, be the 
directionB of the motion of a body at three points of a central orbit, 
and the velocities be proportional to these sides respectively, prove 
that the centre of force will be in the intersection of the diagonals 
of the rectangle. 

2. If the velocities at three points of a central orbit be respec- 
tively proportional to the opposite sides of the triangle formed 
by joining the points, and have their directions parallel to the same 
eides, prove that the centre of force will be the centre of gravity of 
the trial) gle. 

3. Three tangents are drawn to a given orbit, described by a 
particle under the action of a central force, one of them being parallel 
to the external bisector of the angle between the other two. If the 
velocity at the point of contact of this tangent be a mean propor- 
tional between those at the points of contact of the other two, prove 
that the centre of tbe force will lie on the circumference of a 
certain circle. 

4. If the velocities be inversely proportional to the sides of the 
I triangle formed by the tangents at the three points, the centre of 
I force will be the point of concourse of the straight lines joining each 
I an angular point of this triangle to the intersection of the tangents 
■ to its circumscribing circle at the ends of the opposite aide. 

If the velocity of a particle describing an ellipse under the 
taction of a centre of force vary as the diameter parallel to the 
r direction of its motion directly, and as its dislance from one of 
Viihe axes inversely, prove that the centre of force will be at an 
tinfinite distance. 
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PROP. VI. THEOREM V. 

'If a hody revolve about a fixed centre of force^ in any orbit 
whatever^ in a non-resisting medium^ and if at the ex- 
tremity of a very small arCj commencing from any point 
in the orbit^ a subtense of the angle of contact at that point 
be drawn parallel to the radius from that point to the 
centre offorcCy then the force at that point tending to the 
centre will be ultimately as the subtense directly and the 
square of the time of describing the arc inversely. 

Let PQ be the small arc, PS the radius drawn from P 
to Sj the centre of force. EQ the subtense of the 




angle of contact at P, parallel to PS. T the time of 
describing PQ. F the accelerating effect of the 
force at P. 
Then, when the body leaves P, it would, if not acted on 
by the central force, move in the direction PJS, and if 
the force F continued constant in magnitude and 
direction throughout the time 7, QR would be the 
space through which it would have been drawn by F 

in that time ; therefore ultimately, P= —mir^'mi • 
CoE. 1 . Draw C^P^rp^DLdicular to /SP, and let h = twice 
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the area described in an unit of time. Then area 
FSQ = ^ht, Prop. I., also, since triangle PSQ 
= ^SP. QT, and area PSQ = triangle PSQ, ultimately, 
Lemma VIII., therefore hT = SP.QT, ultimately ; 

ft hence, ultimately, ^=2 ^ = ||..-g:.. 

^■CoB. 2. Draw iST" perpendicular on P^. Then,, 

■ =aPSE = JiSF.PR; 

I .'. hT=Sr.PIt = SY.PQ,u\t{ma.te\y; 

H hence, ultimately, F=2 ^ = ^-^ . -^ . 

^*CoR. 3. If the orbit have finite curvature at P, i 

he the chord of the circle of curvature whose direction 
passes through *S', PV,QE = PQ', ultimately; 



iPSQ 



niPV 



PQ 



and 



' sr:pv 

|CoR. 4. If Vbe the velocity at P, then V^-^ 

„ ZQS 2QB /PSs- ,^. ^ , 
P= y. =3i^- [-fl . nltiniately; 

that is, the velocity at any point of a central orbit 
at which the curvature is finite is tJiat which would 
be acquired by a body moving from rest under the 
action of the central force at that point continued 
constant, after passing through a space equal to a 
quarter of the chord of curvature at that point drawn 
in the direction of the centre offeree. 
|GoB. 5. Hence, if the form of any curve be given, and 
the position of any point S, towards which a centri- 
petal force is continually directed, the law of the 
centripetal force can be found, by which a body will 
be deflected from its direction of motion, so as to 
remain in the curve. Examples of this investiga- 
tion will be given in the following problems. 
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Observations on tJie Proposition. 

173. In Newton's enunciation of the proposition, the sagitta 
of the arc, which bisects the chord and Is drawn in the direction 
of the centre of force, is employed instead of the subtense used 
in the text, but these are ultimately proportional by Art. 90. 

The variatiotis by which Newton expresses the results of the 
first three corollaries are replaced by equations, in order to 
facilitate the comparison of the motion of bodies in different 
orbits and the forces acting upon them. 

174. The figure employed in proof of the proposition is 
drawn upon supposition that the force is attractive, the orbit 
being concave to the centre of force ; the same proof will apply 
also to the case of a repulsive force, if the curve be drawn In 
the direction of the dotted line PQ' and the same construction 
be made. 

The exception, however, should be made, that the method fails 
In the particular positions in which the body Is at the points of 
contact of tangents drawn from the centre of force to the curve ; 
in such cases QR does not ultimately meet the tangent at a finite 
angle or Is not a subtense ; the result of the proposition Is there- 
fore not demonstrated for these particular positions. A further 
discussion of the case Is given on the next proposition. 

175. In the proof it Is assumed that the body moves ulti- 
mately in the same manner as if the force P remained constant 
In magnitude and direction. In which case the body would 
describe a parabola, whose axis is parallel to P/S, and which Is 
evidently the parabola which has at P the same curvature as 
the curve. By this consideration the proposition contained In 
Cor. 4 can be readily proved. For, since the body moves In 
a parabola under the action of a constant force in parallel lines, 
the velocity at P is that acquired by falling from the directrix 
under the action of the force at P, continued constant, i.e. 
through a space equal to the distance of the focus of the 
parabola, which is equal to a quarter of the chord of curvature 
at P, drawn through S. 
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176. The BuppOBition that the force at Pcontlnued constant 
in magnitude and direction, causes the body to move in a curve 
■which is ultimately coincident with the path of the body, may be 
justified by considering that if PQ' be the arc of the parabola 
described on this supposition in the same time as the arc PQ 
actually described, the error Q' Q is due to the change in the 
magnitude of the forces and the direction of their action in tho 
two cases ; now, the greatest difference of magnitude varies as the 
difference of SP and 8Q ultimately, and the ratio of the error 
from this cause to QR vauiahea ultimalely ; ako, since L PSQ 
vanishes ultimately, the ratio of the en'or, arising from the change 
of direction, to QR vaniahes ; therefore, Q' Q : Q'R ^ 
.the curves may be considered ultimately coincident. 



177. It ia evident that the results of the Proposition and of 
Rthe fourth corollary are true of the resultant of any forces, under 
the action of which any plane orbit is described, for this resultant 
may beauppoaed ultimately constant iu direction and magnitude, 
in which case the curve described is a parabola. Hence, as in 
Art. 175, if i'' be the accelerating effect of tho resultant of the 
forces, QR the subtense parallel to the direction of the resultaut, 

■ 17 

■ioroll: 



V = 2F.- 



and F=2 limit - 



Homogeneity. 

178. CoH. 1,2. In the expressions for F obtained in these 

rollariea, it is of great importance to observe the dimensions 

"of the symbols. Thus liT represents an area and h is of two 

dimensions in linear space and of - 1 in time ; therefore A*. QR 

JB of five in space, and of -2 in time, and SP'.Q'I^ of four 

^HfimenBions in space; hence, a ' ■ j - ^ is of one dimension in 

^Bn>Kce and of — 2 in time, and represents either twice the space 
through which a force would draw a body in an unit of time, or 
the velocity generated by the force in an unit of time, either of 
which may be taken as the measure of the accelerating effect of 

moreover, this unit is the same by which the magni- 

1 deterniinei^ 



Hence, if the actual areas, linca, &c., be repreHcnteJ by tiiS 
Bjmbolit, aud not the number of unit», as mentioned In Art. 1(>8, 
everj" term of an equation or of a sum or difference must be 
homogeneous, or of tbe same number of dimensions, botb in 
and time; for example, P§ + F. 7" representing a line, V 
be of — I dimensions in time. 



Tangential and Normal Forces. 

179. To _find the accelerating effect of the components of 
forces, under the action of which a body degcnhea any plane curve, 
taken in the directions of the normal and tangent at any paint. 

Let PQ be a small arc of the curve described under the 
action of any forces, T, N the measures of the accelerating effect 
of these forces, in the direction of the tangent and perpendicular 
to it. Then, if V be the velocity at P, ( the time of describing 
PQ, the forces may be supposed ultimately to remain constant ; 
therefore, if QR be perpendicular to PR, we shall have 
Hitimately QR = ^N.t', and PR = V.t + ^T.t'^V.t since the 
ratio of 2'. (" : Vt vanishes ultimately ; hence, if p be the radius 



1 



of curvature at P, 2/> = -y^ = —^^ ultimately ; therefore 



V^ 



ill 



QR N 

be the measure of the normal acceleration estimated towards 
the centre of curvature. 

Again, if V be the velocity at Q, V will be ultimately the 
component of the velocity in the direction PR ; therefore, by 
Art. 53, we obtain two measures of the tangential acceleration, 



the limits of 



7-_F« 



2PQ 



and 



V-V 



180. To find the velocity at any point of an orbit discribed 
under the action of any forces in one plane. 

Let AB be any arc of an orbit, F, v the velocities at A and 
B, and suppose the arc AB divided into a large number of smaU 
portions, of which PQ is one, ti,, u,^, velocities at P and Q, T the 
accelerating effect of the tangential component of the forces at P, 

t\„''-Vr'= 2T.PQ ultimately, 
and v' - F" is obtained by taking the limit of the sum of the 
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magnitudes 2 r.PQ. corresponding to the different arcs when 
[ their nunil^er is iudefiDitelj increased. 

Tbat this is rigidly correct may be shewn by considering that 
,," — r^'^ ^T.PQ'is ultimately a ratio of equality ; therefore, by 
Cor., Lemma lY., or Art. 22, the limiting ratio of the sums is 
also a ratio of equality. 

In the case of a central force, whose accelerating effect ia F, 
T=F COS SP8; 

.: v\^-v;=2F.PQcosEPS=2F{SP-SQ) ultimately, 
whence v' — V, if F depeud only on the distance. 

Sadlal and Tramversal Forces. 

181, To find the accelerating effect of the components of 
Jbrce^ under the action of which a body describes any plane curve, 
tafeen in the direction of a radius vector drawn from a fixed 
I point, and perpendicular to it. 

Let PQ be a small arc deacribed in the time 7'; QSU, 
I PI/ parallel and perpendicular to SP; P, Q the measures of the 
I ftcceleratiug effects of the components in P8 and PU; PB a 




tangent at P. If V be the velocity at P, make PT=V.T, 
I draw 7"^ perpendicular to SP, and let Qq be the arc of a 
\ circle, centre 5, 

Since the forces may be considered ultimately constant in 

I magnitude and direction, ^P.'P = Nn = Nq+ ^;;-^ ultimately. 
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Let h be twice tbo area which would be described in t 
unit of time by radii from jS, if the transyersc force Q cea« 

to act, Xhaa Qn.SP=TN.SP=li.T-, therefore ^ = -^, 

ultimately ; and If P' be the measure of the accelerating effect 
of a force, under the action of which the body would move 
in PS, so that its distance from S would he always equal to 
that of the body in PQ at the same time, ^P'. T' = Nq ultii I 

mately; therefore P=P'+ -^rpi. 

Again, if at Q h' correepond to S, h' — h, the increase of A^l 
will be due to the increase of velocity in direction PU, wfaidij 
b equal to Q.T ultimately; therefore [K - h)T= Q.TA^ 

nitiraately; hence Q= -^7;-— ultimately. 



Angular Velocity. 

182. Def. j4n^u?or t)e/oci(y of a point moving about a fixed 
point is the rate at which angles are described by radii drawn 
to tbo fixed point. 

Uniform angular velocity ta measured by the angle described 
in an unit of time. 

Variable angular velocity is measured by the angle which 
would he described by a radius in an unit of time, if moving with 
uniform angular velocity equal to the angular velocity at the 
time under consideration ; this is the limit of the angle, described 
in a time T, divided by T, when Th indefinitely dimiuiahed. 

183. To find the angular velocity in a central orbit. 

Let PQ be a small arc described in the time 2*, draw ^JI^ 
perpendicular to fiP, then A. 2'= twice the area P8Q= QN.8P 
ultimately; and, if the angles bo supposed estimated in circular 
QN_ QN 



I 



measure, i. PSQ = 
velocity, which i: 



SQ SP 



ultimately ; 
k 



therefore the angular 




184. To find the an/juhr velocity of the perpendicular on the 
iangentfrom the centre of force. 

Draw 8Y perpendicular on the tangent PF, and let PV be 
■the chord of curvature through 8. 

The angle deacribed by SY in the time T is equal to the 
angle between the tangents at P and Q, or to twice the angle 
PVQ; therefore angular Telocity of SI': angular velocity of 
8P::2lPVQ: lPSQ::2SQ:QV ultimately; hence the 

angular velocity of ^^'='~ pyg : p - 

Til uaf rations. 

(1) To find the tension of a string hy which a hody is attached 
fo the centre of a vertical circle in which it revolves. 

Let P be the position of the body at any time, CP, CA 
Tadii drawn to P aud the lowest point, and let v, u be the 
Tclocities at P and A. Draw PM perpendicular to CA. Then 

v*—^ = 2y,AM and yti '^ the accelerating effect of the forces 

in the direction PC, viz. the tension of the string and the com- 
ponent of the weight of the body. Let T be the tension of 
the string and m the mass of the body ; 

• GA^m'^'CP^^^ T-.vifff.v'-i'g.CM-.g.CA; 
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therefore the tension of the string : the weight of the body 
:: u' - 2g.CA + 3ff .CM : g.CA. 

Note I. In order tUat the complete circle may be described, . 
since the string must be stretched at the highest point where 
~CA must be written for C'.I/, u'= or >5y.C^, and if the 
circle be just dcBcnbed, the tension at the lowest point will be 
six times the weight. 

Note 2, If the body oscillate, the extent of the oscillation 
will be given by the consideration that at the extremity P' of 
the arc of oscillation there will be no Telocity, therefore 
v' = 2g,AM'f and AM' is leas than AC, otherwise the string 
would not be stretched, so that the tension at A : the weight 
::2AM- + AC:Aa 

(2) Find the force under the action of which a iody mat/ 
describe the equiangular spiral umformly. 

The velocity being constant, there is only a normal foroe^ 
F'sin 



measured by (vel,)' -i- radius of curvature = 



8P 



, Art. 128. 



(3) Find the force tending to the pole of the cardwid, 
^e action of which the curve is described. 

h\BG 



Since PV= iSP, and (vel.)' 



see page iOS^ 



Zh\BG 



therefore the accelerating effect of the force is -^p.- «= -n™ ■ 

(4) Two equal rings P, Q slide on a string which passes round 
two fxed pegs Ay B in a smooth horizontal plane / the rings are 
brought together, and then projected with equal velocities, so as to 
keep the string stretched symmetrically. Shew that the tetision of 
the string varies inversely as the distance AP. 
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The figure represents the poBition of the system at any time, 
iiet CR bisect AB and PQ, and let DE be drawn parallel to 
CE, so that EP=PA, then EPB^AP+PR is constant; 
[herefore DE is fixed, and P moves in a parabola whose focus 
8 A and directrix DE. 

Also, the tensions of the string in PA, PQ being equal and 
.«quatly inclined to the tangent to P'a path, the resultant of these 
tenaions, which are the only forces acting in the plane of the 
enrve, acts in the normal, hence the rings move with uniform 
Velocity equal to the velocity of projection F, and if T be the 
measure of the accelerating effect of the tension, PG the normal, 

V* 
the radius of curvature, 2TcmAPQ= — , and 2p coiAPO 
P 
e chord of curvature through A = iPA ; therefore 

4J'A PA- 

(5) A body revolves in a smooth circular tube under the action 

of a force tending to any pmnt in the circumference, and varying 

«u the distance from that point. Find the pressure on the tube, and 

iKe point where there is no preaaure^ the motion commencing fn m 

given point. 

Take A the centre of force, that of the circle ; let B be the 

iint of starting, PQ a. small arc, BD, PM, QN ordiuates to the 



1 

I 

I 




Biameter through the centre of force, Am^ Qn perpendicular on 
■C/'; let (I. PA be the measure of the accelerating effect of the 
force at P; therefore fi.niA, /i.Pm are those of the tangential 
1 normal forces, = ft.PM aui ^.jIjI/ respectively. 
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(vel.)" at Q-[ve\.y at P=2fi..PM.PQ = 2/i..CP.MN ultimately 
see Art. 179, whence, taking the limit of the summation for t 
the small arcs in BP, (vel.)' at P=2fi.CP.DM. 

Also, ^ — 'j^p — = n.AM^ the accelerating effect of the™ 

pressure of the tube, the upper or lower sign being taken 
according as the pressure is from or towards C; therefore tha 
pressure on the tube has for the measui'e of its accelerating effeo 

±M-iAM- 2i>JI/) =± (3AM- 2AD) ; 
hence the preaaure is outwards from B until AM= ^AD, at 
which point there is no pressure, and inwards from that point to 
the corresponding one on the opposite side, having its greatest 
value at A, and the outward pressure at B ia half the inward^ 
pressure at A. 

(G) Jf in a smooth elliptic tube a particle he placed at any ' 
point, and be acted on bt/ two forces which tend to the foci and 
vary inversely as the square of the distances from thoxe points, 
shew that the pressure at any point will vary as the curvature. 

Let be the point of starting, PQ a small arc described by I 
the body, QT, g C perpendiculars on SP, HP. 

Take -^ , -^^ , Jt, aa the measures of the accelaratii^l 

effects of the forces, and of the pressure of tube outwards. 

Then, employing the usual letters for the lines of the figure, 
the accelerating effect of the tangential component of force 
to 8 is 

/* PT^t^jSP -SQ) M M ,,. ,, 

SP'' FQ SP.SQ.PQ PQ.SQ Pt^.^P "'""""^V' 
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.•. (Tel.)"atP-(vcl.)"at < 



\MF MQJ \Sq SFJ' 



.(vel.ra,i.= ^^-^- 



ZC 



'HP HO SO Sf 






■^ AC.RP'^ AC.8P HP SP^ HO'^ SO 

^ BO'^ SO AG~ AC~ VJfO "^ 50 ) AG ' 
frhich IB constant ; therefore li varies as the curvature. 



1. A body is attached to a point by a thread, and is projected so 
^10 to deeeribe a vertical circle, prove that, if T,, T^ be the tensiona 
of the string at the extremities of any diameter, the arithmetic mean 
between T., T^ is independent of the position of the diameter, and 
that T,' 7, is six times the component of the weight in the direction 
.of the diameter. 



A string of given length I is capable of sustaining a weight W. 
le end is fixed, and a given weight P less than IT*, attached to the 
'■other end, oscillates in a vertical plane, find the greatest arc through 
■which the weight cau oscillate without breaking the atring. 

3. A ring slides on a string hanging over two pegs in the same 
horizontal line, find the tension of the string at the lowest point, if 
the ring begin to fall from the point in the horizontal line through 
the pegs, the string being stretched. 

4. AB is the vertical axis of a cycloid, A the highest point, 
AM, A N are the abciss» of points at which a body begins to slide 
down the arc of the cycloid, and at which it leaves the curve j prove 
that iV^ is the middle point of MB. 

'. If in a central orbit the direction of motion change uniformly, 
e that the normal force will vary as the radius of curvature. 
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6. Given the Sun's motion in longitude at apogee and perigee 
to be 57' 10" and 61' 10" ; find the eccentricity of the Earth*B orbit, 
supposed to be an ellipse about the Sun in one of the foci. 

7. Prove that the angular velocity of a projectile about the 
focus of its path varies inversely as its distance from the focus. 

8. A particle, constrained to move on an equiangular spiral, is 
attracted to the pole by a force proportional to the distance, prove 
that, at whatever point the particle be placed at rest, the times of 
describing a given angle about the centre of force will be the same. 

9. A body slides down a smooth cycloidal arc, whose axis is 
vertical and vertex downwards, find the pressure at any point of the 
cycloid, and shew that, if it fall from the highest point, the pressure 
at the lowest point will be twice the weight of the body. 

10. Find the law of force, tending to the centre, under the 
action of which a lemniscate can be described. 
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1. Two straight lines AB and BC are united at ^ ; ^^ revolves 
about Aj and BC about B with the same uniform angular velocity ; 
shew that the acceleration on C tends to A and varies as CA. 

2. A particle describes an ellipse, the centre of force being 
situated at any point within the figure. Shew that at the point 
where the trtM angular velocity is equal to the mean angular 
velocity, the radius vector is a mean proportional between the 
semiaxes. 

3. A particle begins to move from any point of a smooth 
parabolic tube, being attracted to the focus by a force which varies 
inversely as the square of the distance ; find the greatest pressure. 

4. If 5 F be the perpendicular on the tangent at a point P of 
an orbit, described about a centre of force S, prove that the 
acceleration at P will be equal to the product of the velocities of F 
and r divided by S7. 

5. A smooth cone is placed with its axis vertical and vertex 
upwards, shew that there is a certain portion of the surface upon 
which a particle can describe a circle, if properly projected and 
acted on by gravity and by a force tending to the vertex and 
varying as the distance. 
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6. Shew that the force required for the deBcription of an ellipss 
AP 
about the vortex A varies as . yii where PjV is the perpendicular 



7. If a particle describe an ellipse under the action o 
tending to any fixed point 0, the force will vary ar 



, where 



0P\ PF-' 

P is the position of the particle, PF' the chord through 0, and 
liD' the diameter parallel to this chord. 

8. Shew that ia the elliptic ortit described under the action of 
a force tending to a focus, the angular velocity round the other 
focus varies inversely as the square of the diameter pnrallel to the 
direction of motion. 

9. A particle moves in a circular tube, under the action of a 
force whieh tends to a point in the tube, and whose accelerating 
effect varies as the distance, shew that, if the particle begin to move 
from a point at a distance from the centre of force equal to the 
radius, there wiU be no pressure on the tube at an angular distance 
from the centre of force equal to cos"' J. 

10. A particle moves in a smooth elliptic groove, under the 
action of two forces tending to the foci and varying inversely as the 
squares of the distances, the forces being equal at equal distances. 
Prove that, if the velocity at the extremity of the axis major be to 
that at the extremity of the axis minor as ^C to BC, then the 
velocity at any point will vary inversely as the normal ; find the 
pressure on the tube. 

11. Determine the relation between ^ and X and the velocity of 
projection, in order that an ellipse may be described under the 

action of forces ppj , ^™ to the foci and^X CP to the centre, acting 

eim ult a&eously . 

12. A particle is attached to a point C by a string, and is 
attracted by a force which tends to a point 5, and varies inversely as 
the square of the distance from S. Find the least velocity with 
which the particle can be projected from a point in CS, or CS pro- 
duced, so SB to describe a complete circle. If CS be lees than the 
length of the string, prove that the tension will be a maximum at 
a point B, where Si) is perpendicular to CS, and that if CS be half 
the length of the string, the two minimum and the maximum 
tensions will be as 0, 4 and 3 /3. 
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PEOP. VII. PROBLEM II. 

A body moves in the circumference of a circle, to find the law 
of the centripetal force^ tending to any given point in the 
plane of the circle. 

Let AP Fbe the circumference of the circle, S\he given 
point to which the centripetal force tends, P V the 




chord of the circle drawn through 8 from P, the 
position of the body at any time, and VOA the 
diameter through V. Join PA, and draw SY 
perpendicular to PY, the tangent to the curve at P. 

By Prop. VI. Cor 3, if F be the measure of the accele- 

rating eflfect of the centripetal force, F = ^ , 

and, since the angles SPY, VAP are equal, and also 
the right angles PYS, APV, the triangles SPY, 
VAP are similar, and SY : SP::PV: VA) 

W. VA' 
'*• '^ Sr.PV'' 

therefore, since h and VA are given, F varies 
inversely as /S'P^P^^ 
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(CoE. 1. Hence, if the given point S to wbich the 
centripetal force tends, bo situated on the circum- 
ference of the circle, Kwill coincide with S, and F 
Tary inversely as SF^. 

CoE. 2. The force, under the action of which a body 
P revolves in a circle APTV, is to the force, under 
the action of which the same body P can revolve in 
the same circle in the same periodic time about any 
other centre of force E, as RP^.&'P to SG^, SG being 
a straight line drawn from the first centre S, parallel 
to the distance HP of the body from the second 
centre offeree E, to meet PG, a tangent to the circle. 

For, by the construction of this proposition, since the 
periodic times are the same, the areas described in 




i 



a given time are the same ; therefore, k is the same 
for both centres, hence, if PET be the chord through 
£, the force to S: the force to i? : : EP\PT' 
SP\PV% but, bv similar triangles TPV, GSP, 
PT:PV::SP:SG; therefore force to S : force to B 
: : MP\SP' : SP'-SG* : : RP'SP : SG'. 

Cor. 3. The force, under the action of which a body 
P revolves in any orbit about a centre of force S, is 
to the force, under the action of which the same 
body P can revolve in the same orbit in the same 
periodic time about any other centre of force E, as 
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JiP'.SPtoSG', S'C being the straight linedrawnfroffl.* 
the first centre of force S, parallel to JiP the distance 
of P from the second centre of force li, to meet PG 
the tangent to the orbit. 

For, in each case, the body may bo supposed for a 
short time to bo moving in the circle of curvature, 
and the forces are the aamo as those which would 
retain the body in the circular orbit; therefore, 
siuce the areas described in a ^ven time are equal, 
the ratio of the forces is RP\SP : SG'. 'M 



Observations on the Proposition, ^ 

185. In tlie figure employed in tbe proposition, the force is 
supposed to be attractive, but tbe inve a ligation of the law 
of force applies also to the case in wbicb the centre of force i 




S ia exterior to the circle, in which case the force is repulsivf 
through the arc BC, which is convex to tbe centre of force, and 
contained between the tangents drawn from S to the circle. 

It is iniportaut, however, to observe that this problem ia to 
find what would be the law of force tending to S, under the 
action of which a body would be moving, supposing that it 
could move in the circle, or any portion of the circle, under the 
action of such a force, but it docH not assert the possibil 
such a motion, which is considered in Ai't. 1G5. 
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In fact, the complete description of a circle ABC^ under the 

sole action of a central force tending to an external point 5, is 

impossible, because, as the body approaches the point B^ the 

component of the velocity perpendicular to SB remains finite 

however near the body approaches jS, and since there is no 

force to generate a velocity in the opposite direction, the body 

must proceed to describe an arc BU on the opposite side. SB 

"would be a tangent to both curves, because the velocity in 

direction jB)S becomes larger than any finite quantity, as the body 

approaches jB, and therefore the angle between BS and the 

direction of motion is indefinitely small at B. 

• That a finite velocity in the direction perpendicular to SB 
could remain up to Bj may be shewn by producing SB to T 
in the tangent FY at P; then the component of the velocity 

at P perpendicular to SB is -^-p, . ^^ = -^ = ^ , when the 

body arrives at a point very near to B. 

186. The force at a point indefinitely near to B cannot be 
properly determined by the method of Prop, vi., because the 
lines parallel to the direction of the force from which the mea- 




sures of the force are obtained are not subtenses, or sagittae, 
since they are in this case not inclined at a finite angle to the 
tangent. 
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But it can be seen Id anotlier maaoer from tbe polygon 
Prop. I, that ihe force U infinitely great, when the distance 
B becomes iD6nitely small. 

Thus, if CDEF bo a portion of the polygon whose 
touches the radius from S between D and E, the angle bctwei 
DE and DS or ES may be maUe as small as we please coinpai 
with tbe an^le between CJ) and DE, benue the velocil 
generated by the impulse in the directions DS and SE will 
become infinitely great compared with the velocities in Clf^' 
and ^F. In the figure, the impulses at D and E, whose 
directions are deooted by the arrows, have corresponding to them 
in the limit the forces on opposite sides of the tangent, which 
are attractive and repulsive respectively. 



187. Cor. I, For the reasons given above, a, limitati( 
Bhould be made, viz., when P\s at a finite distance from 8. 



= SP%niF=~,It 



)cing the radius of the. 

circle. 

We may also observe here that the possibility/ of a description 
of a circle is not asserted, but only the law of force required 
in case o/'descriptioQ of any portion of the circle. The complete 
description of the single circle is, in fact, impossible, for, under 
the action of the force obtained, tbe body would pass to the other 
side of the tangent on arriving at S, then proceed to describe 
another equal circle, and, on arriving again at S, return into the' 
original circle. 

188. Cor. 2. The orbit being tbe same, and also the 
periodic times about S and R being equal, the value of h, va 

the two cases, is tbe same; also, tbe force tending to 8 for 
the orbit being of the same magnitude at Pas that nnder the 
action of which the circle of curvature would be described, and 
8Y^ PV being the same in the orbit and the circle, A is also 
the same, Prop. vi. Cor. 3 ; and, similarly, h is the same in the 
circle and orbit described about R ; therefore it is the same in 
the circle described about 8 and B as centres of force, and hence' 
Cor. 2 applies. 



I 
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Absolute Force. 
If the force upon a body placed at any distance from 
the point S Tary inversely aa the nth power of that distance, 
the magnitude of the force, or its ratio to any given force, 
as that of gravity, will be determined when the distance 8P is 
given. The measure of the accelerating effect of the force is 

written ^^i , where /t the constant part of tbU measure is an 

algebraical aymbol of n + 1 dimensions in linear space. If the 

unit of space = o, -^ ia the measure of the accelerating effect of 

the force on a. body at an unit of distance, and /j. is called the 
Absolute Force, being the measure of the accelerating effect of 
the force at an unit of distance x the jith power of that unit. 
The absolute force is not the measure of the accelerating effect 
of any force, unless the symbols be treated numerically, in which 
case fi is twice the number of units of apace through which a 
constant force, equal to the force at an unit of distance, would 
draw a body from reat in an unit of time. 

Law of Force in a Circular Orbit. 
190, The law of force may be expressed in terms of the 
distance SP, for SD, Sd being the greatest and least distances 
of the body from S, SD.Sd^ SF.iSV; see figure, page 188. 

.■.SP.FV=SP-±8I>.8d, 
+ or— according as S is within or without the circle ; 
^ ^h\AV\SP 



■ [SP'tSD.Sd)'- 

If S be on the cn-cumference ^=0, therefore F-- 



" BP' ' 



If S be exterior to the circle, 8D. Sd = SB'^ and the lower 
sign must be taken ; therefore i* = . c p»3"cdhs - 

Velodtif in the Circular Orbit. 
191. To find the velocity i?i the circular orbit described 
under the action of a force tending to any point in the plane of 
the orbit. 
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The velocity at P= ^^^ -^. -^= ^p. -^cc gp^pp. 

Cor. If 8 be in the circumference of the circle, and -^^z^ 
be the accelerating effect of the force, fi = 2V8A* ; 

hence the velocity at P= * p, = f ^ j . -™^. 

Or, we may employ the result of Prop. VI., Cor. 4, 

Periodic Time. 

192. To jf?wrf <A« periodic time in a circular orbit described 
under the action of a force tending to a point in the circumference. 

, Let P be the periodic time, jB the radius of the circle, and 
let -^p5 be the measure of the accelerating effect of the force at 
P, then A.P= twice the area of the circle = 2w^, 

and/i = 2AM5» = 8A"i?: .-. P=t^^^?^. 

193. To compare the periodic times in the same circle when 
described under the action of a force tending to a point in the 
circumference^ and a force tending to the centre^ of the same 
magnitude as that of the first force at a distance equal to the radius 
of the circle. 

Let P' be the periodic time, and Fthe uniform velocity In 
the circle in the second case, F* = -— . jB : .*. V= ~j , 

and P- . F= 27rii : .-. P = H^ = -^ . 

' /i* -2^2 

f 

Illustrations. 

(1) When the force in a circular orbit tends to a point within 
the circle^ to find the point at which the true angular velocity is 
equal to the mean angular velocity. 
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The true ansrular velocity = 7=== , the mean = -= =2it . — -™ ; 

therefore at the reqnired point SP= E, or the perpendicular from 
the required point upon the line joining S to the centre of the 
circle biaects OS. 

(2) A hody describes a circle under the action of a force 
lending to a point within it, the measure of whose accelerating 
effect at the greatest and least distances SD and Sd are the radius 
and twice the diameter respectively, the unit of time being a second^ 
find the number of seconds in passing from D to a 
^. M'E' _ p 8A'if 

' Sd'.Bd^~ 

2S; .■.h = 2S.8d=iB'; 
_ 7r.fi' _ 3b- 
A " 4 ■ 



.-. SD = 2Sd,aui3Sd=Dd = 
and the number of secondB from Dto d = 



= 4iJ: 



XXV. 

1. If ^ be the ahsolute force in a circular orbit described under 
the action of a force tending to a point in the circumference, prove 
that the time in a quadrant commencing from the extremity of the 
diameter through the centre of force will he (ir-t 2) ii'(J^)"*. 

In what unit of time is the result expreeeed? 

2. A point desoriheB a circle, ■with an acceleration tending to any 
point within the circle. Prove that, if three pointa be taken 
which its velocities are in harmonica! progression, the velocities at 
the other extremities of the diameters, passing through those points, 
will also be in harmonical progression. 

3. In the case of a centre of force S within a circle, if twopoinfa 
J, M be taken, such that LS, MS make equal angles with the 
diameter through S, and on the same side of it, then the farces at 
L and M will be to each other in the inverse ratio of the squares on 
OL and OM. 

4. The sum of the reciprocals of the velocities at the extremities 
of any diameter is independent of the position of the centre of force, 
and varies as the periodic time. 

5. Prove that, when a circular orbit is described about an in- 
ternal point, the sura of the square roots of the accelerations at the 
extremities of any chord passing through that point varies inversely 
as the square root of tho length of the chord. 
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6. Prove that, if the law offeree tending to 5, a point without a 
circle, be the law of force under which part of the circle can be de- 
scribed, the body will move near ^ as if acted on by a force tending 
to B and yar3ring inversely as the cube of the distance from B. 

7. OE is a radius perpendicular to the diameter through iS^ in a 
circular orbit about a central force tending to a point 8 within the 
circle, SB an ordinate, perpendicular to 08^ shew that, if the force 
at B be an arithmetic mean between the forces at the greatest and 
least distances, OE'^^SB.SE^. 

8. Prove that, if a circle be described about a force tending to a 
point in the circumference, and PQ be a chord parallel to the dia- 
meter through that point, the times of describing equal small arcs 
near P and Q will differ by a quantity which varies as PQ, 

9. When a particle is describing a circle under the action of a 
central force, shew that at every instant the angulsur velocities 
about all points in the circumference are the same. 

10. The period in an orbit described under the action of a central 
force, whose accelerating effect is ixr^ is given to be Xa"* -i- /i*, a be- 
ing a line and X a number, find n. 

11. Apply the proposition contained in Oor. 3, to prove that if 
in an elliptic orbit described under the action of a force tending 
to the centre, the force vary as the distance from the centre, then 
the force tending to the focus will vary inversely as the square of 
the focal distance. 

12. Deduce, by Oor. 3, the law of force, when a parabola is 
described under the action of a force tending to the focus, from the 
constant force parallel to the axis, imder the action of which the 
same parabola may be described. 

13. Shew, by the method of projections, that the centripetal 

force at any point P tending to a fixed point in the axis major 

of an ellipse under which the ellipse can be described, varies as 

/OQ ' 

Vpoj • OP, POQ being the chord of the ellipse through 0. 



PEOP. Vm. PEOBLEM III. 

^ hody moves in a semicircle PQA under the action of a 
force tending to a point S so distant that the lines PS, QS 
drawn from the body to that point may be considered 
parallel ; to find the law of force. 

Let CA be a aemidiameter of the semicircle drawn from 
the centre perpendicular to the direction in which the 
force acts, cutting PS, QS in M and N, and join CP. 



I 




Let PJtZhe tbe tangent at P, ZQT perpendicular to 
PM.% meeting PMZ in Z, and let SMQ meet PSZ 
in B. 

Then the force at P = ^'^^. ultimately, if the arc 

PC he indefinitely diminished, and &'P may be con- 
Bidered constant ; also, by Euclid in. 36, 

Qll.{nN+QN)^IlP; 
and, since HQ is parallel to PT, and the triangles 
PZr, CPilf are similar, 

BP : QT:: ZP : ZT :: OP : PM; 
, Qr_QP,BP'_PM' 
■■ QR-BP- QB~ CP'-'^"-"^^ ' 

= „p, ultimately; 
hence force at P = gPTJr'^ PM' ' 



IH^ 



Aliter. 

In fig. page 190 draw OE a semidiameter perpen- 
dicular to ^S*^, and let the distance 8P cut the 
circle in V, and OE in il/, then, by the pre- 
ceding proposition, F= ,; - „. y,vr, , and, if S be 

very distant, the ratio PM : 8M or SO will vanish ; 
therefore, SP=SO ultimately, and PV is ulti- 
mately perpendicular to OE and equal to 2PM; 
h'R' 1 

~ !SO\PM''^ PM'' 



F=- 



SCHOLIUM. 



I 



A body moves in an ellipse, hyperbola or parabola, 
under the action of a force tending to a point so 
situated and so distant that the Hues drawn from 
the body to that point may be considered parallel, 
and perpendicular to the major axis of the ellipse, 
the axis of the parabola or the transverse axis of 
the hyperbola. To shew that the force varies 
inversely as the cube of the ordlnatea. 

Let AMG be the axis to wliich the direction of the 
forces may be considered perpendicular, PM, PG 




J 



the ordinate and normal, PO the diameter of 
curvature, and PV iho chord of curvature in direc- 
tion P8. 



Then F^ 
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SY\FV SF\FV' Pj\r 
FG' FG' 



SF 



FG 
FM' 



FM'.F V FAP.FO FM' 
since FOazFG', Art. 8i. 



Ohaervations on the Proposition. 
194. It has been shewn in Art. 151, that the equable de- 
scription of areas may, id the case of forces acting ia parallel 
linea, be replaced by the uuiformity of the resolved part of the 
Telocity In the direction perpendicular to that of the forces. lu 
the proof given in the text, when jS' is removed to an in6nite dis- 
tance, h and 8P are both infinite magnitudes, but the expression 

■jrp is finite, for area 8PQ described in the time T is ultimately 

equal to area SMN, whose base is equal to uT, u being the com- 
ponent of Ihe velocity perpendicular to tho direction of the 

forces; therefore ^2"= wr.iSP ultimately, and -npj=w") hence 

the acceleration due to the force, when a body describes the 

^ PM'' 



semicircle, i 



195. The accelerating effect of the force, acting in parallel 
lines, may be obtained directly from the proposition of Art. 151, 
as follows. 

Let w be the constant component of the velocity F", perpen- 
dicular to the direction of the force, and let F be the accelerating 
2F' V 



effect of tho force, therefore F= 



PV PM' 



also Viuf.CP-.PM: .: F= 



<x\GP' 
PM" ' 



Extension of Scholium. 
196. Wien a body describes any curve under the action of a 
force tending to a point 8, so distant that tho lines drawn from 8 
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to the body may he considered parallel ; to find the law of farce 
and the velocity at any point. 

Let AP be any curve, AMO the line to which the forces are 
perpendicolar, PMj PO the ordinate and normal at the point P, 
PFthe chord of curvature in the direction of the force, PO the 
diameter of curvature. 

Let F be the accelerating effect of the force at i^ ii the 
component of the velocity V in the direction AMO } 

.-. V:u::PG:PM^ 

also PViPOiiPMiPGi 

^ 2F' ^uyPG" PO _ 2u\PG^ 
••• ^^ pv" PM\PO ' PV" PO.PM^^ 

and the velocity =m. -pw- 

Illustrations* 

(1) A cycloid is described by a particle^ tmder the action of a 
force exiting in a direction parallel to the axis ; find the accelera^ 
tion and the velocity at any point. 

In the cycloid PO = WG, and PM.AB^PG^^ AB being 
the length of the axis ; 

2u\PG' PO _ u\AB 1 
•' PW ' PO" IPM^"^ PO"' 

and the velocity at P= w. -p^ = w. p-p^ Qc -p^ . 

(2) A particle moves in a catenary under the action of forces 
acting in vertical lines ; find the accelerating effect of the force 
and the velocity at any point. 

Let AM be the directrix, AB the ordinate at the lowest 
point. 

Then PO : PM:: PM : AB smd P0 = 2P(?; 

-^^pothp^-aw"^^^'^^^^ 

and the velocity at Ps^u. -pTf=^U' -td ^ ^-^' 
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XXVI. 

1. A body IB moying in a semicircle under the action of a force 
l:ending to a point, so distant that the lines drawn from the body 
'f;o that point may be considered parallel ; if the centre of force be 
t^TansfiMTed to the centre of the circle, when the direction of the 
iDody's motion is perpendicular to that of the force, its magnitude 
at tiiat point being unaltered, prove that the body will continue to 
xnove in the circle. 

2. If a cycloid be described under the action of forces in the 
direction of the base, the force at any point will vary inversely as 
^M, MQ ; AMj MQ being the abscissa and ordinate of the cor- 
xesponding point of the generating eircle. 

3. A catenary is described under the action of a horizontal 
force, prove that the force varies as the distance from the directrix 
directly, and the cube of the arc from the lowest point inversely. 

4. If the same parabola be described t^ particles when the 
force tends to the focus, and when it is parallel to the axis, the 
velocities will be equal at the points at which the forces are equal. 

5. A parabola having its vertex at A and its axis coincident 
with AJB the diameter of a semicircle, is described so as to cut the 
semicircle in P; prove that, if a body move in the semicircle under 
the action of a force perpendicular to AB, the time of moving from 
AtoF will vary as the difference between AB and the latus rectum. 
Prove also, that if a second body move from -4 to P in the parabola 
in the same time under the action of a force perpendicular to its 
axis, and the velocities in the two curves at P be equal, the latus 
rectum of the parabola will be ^AB. 



DD 
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PROP. IX. PROBLEM IV. 

If a body revolve in an equiangular spiral^ required the 
law of centripetal force tending to the pole of the spiral. 

Draw SY from 8^ the pole of the spiral, perpendicular 
to the tangent PY^ and let PK be the chord of 
curvature at P, whose direction passes through ^S^; 
then F\ the measure of the accelerating eflfect of 

the force tending to tlie pole, is yxr^ py ] hut, if 

a be the angle of the spiral, SY=^ SP sin a and 
PF=2/S'P, Art. 128; 



sin«a/S'P'""/S'P' ^P*" 

. 197. To find the velocity of a hody describing an equiangular 
spiral under the action of a force tending to the pole. 

If -^pa be the accelerating effect of the force tending to 8, 

198. To find the time of desanbing any arc of the equi- 
angular spiral. 

Let AL be any arc, SA^ 8L bounding radii, P the time of 
describing the arc. Then area 8AL=l [8A^^ SL^) tana. Art. 127 ; 

„ 2xarea5^i; 8A'' ^ 8L\ SA' ^ 8^ 

.\ P= 7 = ^, tana=— — -T . 

n 2n 2fjfi cos a 

199. In any orbit^ described under the action of a force tending 
to any point 8j when the angle between the tangent PY and the 
radius 8P is a maximum or minimum^ the velocity is equal to 
the velocity in a circle at the same distance about the same force 
in the centre. 

For, the curve, near this point, may be considered an equi- 
angular spiral ultimately, since the angle is constant for a short 
time; therefore the chord of curvature is =2/SP, and V^=F.8P 
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XXVII. 

1. In different equiangular spirals, described under the action 
f forces tending to the poles which are equal at equal distances, 

«hew that the angular velocity varies at any point as the force and 
i;he perpendicular on the tangent conjointly. 

2. The angular velocity of the perpendicular on the tangent is 
equal to that of the radius. 

3. The velocity of approach towards the focus, called the para- 
centric velocity, varies inversely as the distance. 

4. A body is describing a circle, whose radius is a, with uniform 
velocity, under the action of a force, whose accelerating effect at 

any distance r is p . Prove that, if the direction of its motion be 
deflected inwards through any angle /J without altering the velocity. 



a^ 



the body will arrive at the centre of force after a time ^^ , • /j • 

5. Deduce from the time in an equiangular spiral the time of 
passing from one point to another, when a body moves along a 
straight line with a velocity which varies inversely as the distance 
from a flxed point in that line. 

6. A body describes an equiangular spiral in a resisting 
medium with xmiform angular velocity under the action of a 
force tending to the pole ; prove that the force to the pole varies 
as the distance and the resistance as the velocity. 

7. Two particles of equal mass m, and at a distance 2« apart, 
are projected simultaneously with velocity V in the same direction 
perpendicular to the line joining them, the only force acting is a 
mutual force of attraction varying inversely as the cube of the 
distance between the particles, and equal at the distance 2« to mf. 

Prove that, if after a time 4/(7 • pr2 _ f ] one of the particles be 

stopped and kept at rest, the other wHl proceed to describe an 
equiangular spiral about it as pole. 

8. Three particles A^ By C start from rest and move with 
uniform velocities, A always directing its course towards B, 
B towards C7, and C towards A, Prove that if their velocities 
be proportional to ¥ey c^a^ a^hy where a, h, c are the initial distances 
of B from C7, C from -4, and A from B respectively, they will 
describe similar equiangular spirals with a common pole. 
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PEOP. X. PROBLEM V. 

If a lody he revolving in an ellipse^ to find the law of 
centripetal force tending to the centre of the ellipse. 

Let OA^ CB be the semiaxes of the ellipse, P the 
position of the body at any time, PCG, DCD 
conjugate diameters, Q a point near P, QT^ PF 
perpendiculars from Q and P on PG, DD' ; draw 
$Z7 an ordinate to PCG^ QE a subtense parallel 
to CP. 



■9<^ 


\. 


^^ 




^ 


■^C /K j 


«\^ 




^S^' 



Then F^ -^. -^, ultimately. 
But, by similar triangles QTU, PFC, 

QU' ~ CP* ' PU.UG~ CP"' 

QT* PF'.Cir AC\BC' 
•'* PU.UG~ CP" ^ CP* ' 

UG=2CP ultimately, and PU=QM; 

••• 2QR~ — CP — ^ti™ately; 
r, r -x r ^h\QB h\CP 

therefore the force is proportional to the distance 
from the centre. 



PEOP. S. PROBLEM V. 



A liter. 



Xet CY be perpendicular on tho tangent at P, and 
PV he the chord of curvature at P which passea 

through the centre = ^„ - , Art. 79. 



ThenJ'= 



2A* 



h\CP 
PF'.CD"' 



CY'.PV 
Cob. 1 . And conversely, 



r,.CP = ^.CP. 



AC\BC" 
if the force be aa the 
distance, a body will revolve in an ellipse having 
its centre in the centre of force, or in a circle, 
which is a particular kind of ellipse. 
Cob, 2. And the periodic times will be the same in 
all ellipses described by bodies about the same 
centre of force. 
For the periodic time in any ellipse 

_ 2 X area of cllipso _ 2-!rAC. BC 
~~ h ' h ' 

and the forces, at different distances in the same 
or different ellipses, vary as the distance ; therefore 

— — ^— j--- = /t is the same in different ellipses, 
AC .BC ^ 

therefore the periodic times in different ellipses 
is the same, and = ,-. 

SCHOLIUM. 
If the centre of an ellipse be supposed at an infinite 
distance, the ellipse will become a parabola, and 
the body will move in this parabola ; and tho force, 
now tending to a centre at an infinite distance, 
will be constant and act in parallel lines. This 
theorem is due to Galileo. And, if the parabola 
be changed into an hyperbola, by the change of 
inclination of the plane cutting the cone, the body 
will move in this hyperbola under the action of a 
repulsive force tending from the centre. 
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200. To find the velocity in the elliptic orbit under the action 
of a force tending to the centre^ the measure of whose accelerating 
effect is fix distance. 

The velocity at P= -A = ^^^ „ _^_^ = VA*.Ci). 

Aliter, 
(Vel.)" at P= ^. ^ = /i. CP. ^ ; .-. vel. at P= V/^. CD. 

201. If a hyperbolic orbit be described under the action of 
a repulsive force tending from the centre^ the force fvill vary as the 
distance^ and the velocity at any point as the diameter of the 
conjugate hyperbola parallel to the tangent at the point. 

This may be proved exactly as in the case of the ellipse, 
employing the proper figure. 

202. To find the time in any arc of an elliptic orbit about a 
force tending to the centre. 

If Pbe any point of the orbit, Q the corresponding point in the 

auxiliary circle, time in APcc area A GPcc SLvesiAGQ oc lA GQ ; 

therefore time in -4P : periodic time :: <^ : 27r, if (j> be the 

27r 
circular measure oflAGQ^ and periodic time=-y-; therefore 

time in AP=-^ . 

203. If J at a given pointy the velocity of a body be Tcnown^ 
and the direction of its motion ; to determine the curve which 
the body will describe under the action of a given centripetal 
force^ which varies as the distance from the point to which it 
tends. 

Let Pt be the direction of motion at P, V the velocity at P, 
/lA.CPthe measure of the accelerating effect of the force tending 
to G. On PG produced, if necessary, take PV equal to four 
times the space through which a body must move from rest, 
under the action of the force at P continued constant, in order 
to acquire the given velocity F; so that V^=^2fjLGP.\PV. 
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Draw CD parallel to JV, a mean proportional to CP and 
\PV^ and let an ellipse be constructed with CP, CD as semi- 
conjugate diameters, then PV is the chord of curvature at P 
through G. 




In this ellipse let a body revolve under the action of a 
force tending to (7, whose magnitude at P Is that of the given 
force, see Arts. 160, 162, then, when it arrives at the point P, 
it will be moving in the direction Pf, also the square of the 
velocity at P=fi.CD^=^fjL.CP.^PV=V% or the velocity at P, 
in the constructed ellipse, is F. Hence the body revolving 
in this ellipse is. under the same circumstances as the proposed 
body, in all respects which can influence the motion of a body ; 
therefore the proposed body will describe the ellipse constructed 
as above. 

A direct solution of the problem, which is solved syntheti- 
cally in this Article, is given in pages 78 and 79. 

204. Geometrical construction for the position and magnitude 
of the axes of the elliptic orhit^ described hy a hody about the centre^ 
when the velocity at a given point is known^ and also the direction 
of motion. 

Produce CP to jB, making Pi2-a third proportional to CP and 
CD] bisect CB in ?7, and draw UO perpendicular to Cfl, 
meeting the tangent at P in 0, and with centre describe a 
circle passing through C, iZ, and cutting the tangent in T and t ; 

.-. PT.Pt^CP.PR^CD']' 



• 
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Let TG intersect the ellipfle in A^ A\ and draw Pif parallel 
to the diameter conjngate to AC A'] 

then FT* : CD* :: TA. TA : Ol" 

::Cr*-(7^":ai"; 

A PT* : PT.Pt :: CT'^CT.CM: CT.CM-, 

.'. PT:Pt::MT:CM', 

hence CT is parallel to PMj and GT^ Ct are in the directions of 
conjugate diameters; but TCt is a right angle, therefore CT^ 
Ct being in the direction of perpendicular conjugate diameters, 
are the directions of the axes of the ellipse, and if PM^ Pm be 
perpendiculars from P upon these directions, the semiaxes are 
mean proportionals between CM^ GT^ and CWz, Gu q.e.f. 

205. Equations for determining the position and dimensions 
of the orbit 

Let /i.22 be the measure of the accelerating effect of the force 
at the distance (7P= iZ, V the velocity, a the angle between CP 
and the direction of motion at the given point P. Let a, h be 
the semiaxes of the ellipse, tsr the angle which CP makes with 
the major axis. 

Then V'^fi.GL^ and Ci>* + (7P' = a»+ J"; 

.-. a*-\-V^ — + i? (1). 

/A 

Also F.iZ sina = A = \/m»^; 

- V.R sin a ,^, 

••• "^^ -ijjr- (2)' 

and, by the properties of the ellipse, 

-^ cosV+ -T5- smV = l (3). 

The equations (1), (2), and (3) determine a, J, and «r, whence 
the magnitude and position of the ellipse is determined. 

We can obtain an equation for ^, immediately in terms of 
the data, as follows : 

{-^ - l) sinV = (l - -^) cosV, by (3), 
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-^ + p- = cosec'a (l + ^) » ^7 (0 ^^^ i^)i 

Ic • iijR , ,_» 

^. = coaeo'a.^ , by (2), 

cos*«r sin'«i sin^ cosw 



JJ' _'- cot a 

cos'-BT — sin'-BT 



cosec a ( 1 + ^ttt ) "" 2 
/. cot 2«T =- tan a ( cot*a — 1 + cosec*a. ^W) 

= cot2a + cosec2a.^p7 (4); 

'whence ^ is known immediately from the initial circumstances of 
the motion. 

206. If the force be repulsive, the equations for determining 
Oj hj tsr will be 

a*-J« = i?-— (1), 

, VB sin a f^. 

'^^-7F~ ^^' 

and —5 cosV — -rr- sin V = 1 (3). 

a 6 

The direction and magnitude of the axes of the hyperbola 
may be determined geometrically, by observing that the 
asymptotes are the diagonals of the parallelograms of which the 
conjugate semi-diameters are sides, and that the axes bisect the 
angles between the asymptotes. 

207. When a particle is acted on hy any number of forces^ 
which tend to different centres^ and vary as the distances from those 
centres^ to find the resultant attraction, 

EE 
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Let fi. B, fi. R be tlie magnttudes of two of the forcea at iBe 
distance li, A, Ji the cciitres to which they tend, P the position 
of a pai'ticle acted on by the forces. 




I 



Let Q he the centre of gravity of two particles at A and B 
whose maaaea are m t!ie ratio of /i to jit', join PA, PB, PQ. 

The componetita of the force fi.PA, in the directions PO, 
GA, are /j.. PO and /i. OA, and those of the force /i'.PS, intbe 
directions PO, GB, are f^'.PG, and /i'.GB, but fi..GA = n'. GB, 
therefore the resultant of the forces tending to A and B ia 
{/* + ft) PG, which is a single force of magnitude {/j. + //) B, at 
the distance B, tending to the centre of gravity of masses /t, /t' 
placed at A and B, 

Let /i"R be the magnitude of a force at the distance B, 
tending to C, the resultant attraction is thai of a force tending 
to the centre of gravity E of particles at C and G, whose masses 
are in the ratio ;*":/* + /t', which varies as the distance from H, 
and whose magnitude at the distance B is {/a + /*' 4- /i") B. 

And generally, the resultant of any nunaber of forces is a 
single force, tending to the centre of gravity of a system of 
particles, placed at the different centres, whose masses are 
proportional to the magnitudes of the forces at the unit distance, 
and whose magnitude at any distance is the sum of those of the 
forces at the same distance. 

208. COH. 1. If every particle of a solid of any form attract 
with a force which varies as the mass of the particle and the 
distance conjointly, the resultant attraction of the solid upon 
any body will be the same as that of the whole mass of the solid 
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■ collected into its centre of gravity and attracting according to tlie 
Bmne law. 

209. Cor. 2, If any of the forces be repulsive, aa that 

whose centre is S, G will lie in AB or BA produced, according 

SB ;*' is greater or less than ^, and the resultant of the forces, 

I tending to A and from B, will be [ji! - /t) PG from (?, or 

{/*-/*') FQ towards G. 



Illustrations. 

(l) A hofjy revolves in a circular orbit about a force which 

tries as the distance, and lends to the centre of the circle, and the 

T centre offeree is suddenly/ transfirred to a point in the radius 

I which at the moment of change passes through tJie body ; to find 

the subsequent motion of the body. 

Since the force varies as the distance, and is attractive, the 

orbit will be an ellipse. And, since the force is a finite force, 

I body will move in the same direction as before, at the 

I moment of the change. Also, the velocity will, for the same 

iason, be naaltcred at that moment. 

Let CA be the radius passing through the body at the 

I moment of change, CB perpendicular to CA^ fi.OA the force 

' at distance CA, Fthe velocity in the circle. 




Then V' = fj,.CA.CA = fj..CA''; and if 5, the new point to 
I which the force tends, be in CA, let AB' be the ellipse described, 
j SA will be one of the semi-axes of the] ellipse, aince ^ la an 
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aps6y and, SB being the other, if a body revolved In this ellipse 
round /8, /a. SB* would be the square of the velocity at -4, that 
is, /i. SB* = fi. CA\ and therefore SB=^GA= CB] hence the 
magnitude and position of the two semi-axes SA and SB are 
known, and the ellipse is completely determined. 

The ellipse lies without the circle at A^ because, the velocity 
being unaltered, the force has been diminished in the ratio of 
SA : CAj and therefore the curvature diminished in that ratio. 

If S had been in AG produced, as at S\ the force would 
have been increased, and the orbit AB' would be within the 
circle near A. 

The greatest distance from CA which the body reaches is in 
all cases the same for this law of force, because the component of 
the force perpendicular to CA is the same at the same distance 
from CA in whatever curve the body moves; therefore, in each 
orbit, the velocity being the same at -4, the velocity perpen- 
dicular to AC is destroyed by the force at the same distance 
from A G. 

(2) A hody is describing a circle about a force which varies as 
the distance and tends to the centre ; if the centre to which the 
force tends he suddenly transferred to a point in the circumference^ 
at an angular distance of 60** from the position of the particle at 
any timCj to determine the orbit described. 

The orbit is an ellipse, since the force is attractive. 




Let P be the position of the body at the instant the centre of 
force is transferred from C, the centre of the circle, to >S, where 
SCP is an equilateral triangle. 
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The velocity at P is iJfi.CP^'s/fM.SP; and, since it is un- 
altered by the change of the centre of force, the semi-diameter 
conjugate to 8P is equal to SP. 

Draw DSD' perpendicular to CP^ meeting it in Fj and take 
8D = SB' = SP. Construct an ellipse having /SP, SD as equal 
conjugate semi-diameters ; SAy iSP the semi-axes bisect the angles 
P/SP, PSiy. The ellipse so described will be the orbit required. 

Prove the following construction : 

On CP as diameter describe a circle cutting SD' in P', A'^ 
SA'y SB' are the lengths of the semi-axes. 

Explain why the orbit is exterior to the circle. 

(3) Two bodies whose masses are fw, m revolve in an ellipse^ 
under tike action of a force tending to the centre ; shew that, if 
they he at one time at the extremities of two conjugate diameters 
they will always he so^ and in this case find the locus of their 
centre of gravity. 

Let P, D be their positions at any time, CP, CD being 
semi-conjugate diameters. Let the ordlnates MP^ ND^ meet 
the auxiliary circle in Q and P. 

Since the angles ACQ, ACS are always proportional to the 
times, BCQ will always be a right angle; therefore the bodies 
will always be at the extremities of conjugate diameters. 




Let GH be the ordinate of their centre of gravity. 
Join BQ and produce EG to meet BQ'm K] 

.•. KB : GE=: QM : PM^ a constant ratio, 

also, BKiKQ^DG: GP^ ; 

hence CK is constant, or the locus of ^ is a circle, and the 
locus of G is an ellipse, whose axes are proportional to those 
of APD. 

Shew that the semi-major axis : CA :: (wi* + m"*)* : m-^-m'. 
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(4) A body is composed of matter which attracts 
Jhrce varying as the distance ; shew that, however a particle he 
projected^ unless it strike the body, it will describe its orbit in 
the same periodic time. 

This is obvious immediately from Art. 208, relating to the 
resultant of attracting forces. 

(5) A body moves in an ellipse under tlte action of a force 
varying as the distance ; if the velocity at any point be slightly 
increased in (he ratio l + n : 1, ^nd the consequent changes in the 
axes of the ellipse. 

If, when the change takes place, the body be at the end of one 
of the equal conjugate diameters, shew tliat the eccentricity will be 
unaltered, and that the apse line will regrede through a small angle, 

whose circular measure is -= — rs • 

When F is changed to (l+w) V, CD is changed to 
(1 + n) CD ; let the corresponding changes of a, b and -sr be 
aa, ^b and 7 ; a, 0, 7, and n being so small that we may neglert 
their squares. Then by the eqnations of Art. 205, 

(1 + tt)V + (1 + ^)'h'={l 4 nyCD" + Ii'=d'+V + 2nOn' ;| 

.-. aa' + 0b' = n.CD\ 

Again (1 4 a)a. (l + /3)6 = (1 + n) CI).BBlua = {l + n}ab', \ 

.-. 04/9 = 1, and a(a"-(7Z>')=^(C/)'-6'), 

a _ ff n_ 

■■ a'-R' i?-6» a'-b'- 
In the particular case 2^ = a' 4 J*, .". « = /3 = 4«, hence 
a and b being altered in the same proportion, the eccentricity 
ifill be unaltered. 



Als 



E' 



i"(''+7) + 



iJ" . 



■(cT47)=l+n 



,(f-f)K.n-,. 



+ 7)- 



J sin (2cr 4 7) sin 7 = 
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^.ni, since tbe axes bisect the angles between equal conjugate 
«liametera, ah = B^ sin2w, therefore 7, being expressed in circular 



(6) In any position of a particle deBCrihing an ellipse, under 
the action of a force tending to the centre, the centre of force is 
suddenly transferred to the focus. Find the axes of the new orbit 
and shew that its major-axis bisects the angle hetween the focal 
distance and the major-axis of the given ellipse. 

Employing the equations of Art. 205, if a, $ be tbe semi- 
axes of the new orbit, P the position of particle when the centre 
is transferred to 5, since the semi-diameter conjugate to SP in 
the new orbit will be equal to CD, 

^->^^=CD'-vSP' = SP.HP+SF' = 2a.SP, 

and Sy : BC :: SP: HP:: SP" : CD'; 

.: a^^CD.SY=h.SP; 

.: (a' - ^)' = 4 {a* - f) SF', and a" - ^* = 2aeSP, 

.: a* = a(l + e) 8P, and &^ = a {I - e) SP. 



. «('- 



SP 



i=(l- 



T + (1 + c}sin'i: 



therefore 2nr = iPS^, or the major-axia of the new orhit 
bisects the angle between PS and the major-axis of the 
original orbit. 

Note, By the construction of Art, 204, since PR is a third 
proportional to SP and CD, and therefore is equal to HP, the 
circle which determines rand ( passes through if, and the a 
BT, TR are equal, that is, ST bisects tbe angle PSA. 



1. Shew that the velocity in an ellipse about the centre is thi 
aame at the points whose coojugate diameters are ei^ual as that ii 
a circle at the same distance. 
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2. A boily la revolving in b circle under the action of a fi 
tending to tbe centre, the taw of force at different distances bein^ 
that the force varies as the distance ; find the orbits described when 
the oiicuniBtances are changed at anj point as follows i 

i. The force is increaeed in the ratio of 1 ; ». 
ii. The velocity is increased in the ratio 1 : «. 

, remaining of the same mag' 

IT. The direction is changed by an impulse in the direction of 
the centre, measuied by the velocity equal to that in the circle. 

3. If a body be projected from an apse, with a velocity double of 
that in a circle at the same distance, find the position and magnitude 
of the axes of its orbit. 

4. A particle is revolving in a circle acted on by a force which 
varies as the distance ; the centre of force is suddenly transferred 
to the opposite extremity of the diameter through the particle 
and becomes repulsive ; shew that the eccentricity of the hyperbolio 
orbit = ^5. 

5. A body is moving under the action of a force tending to a 
fixed centre, and varying aa the distance. The force suddenly 
ceases, and after an interval commences to act again. Prove that 
the radii of curvature of the orbit at the points where the body 
ceases and recommences to be attracted are equal. 

6. A body moves in an ellipse about a centre of force in the 
centre, and its velocity is observed when it arrives at ita greatest 
distance, and again after a lapse of one-third of ita periodic time. 
If these velocities be in the ratio of 2 : 3, prove that the eccentricity 
of the ellipse will be -i/i. 

7. The particles of which a rectangular parallelepiped is com- 
posed attract with a force which varies as the distance, and a body is 
projected so aa to describe a curve on one of the faces supposed 
smooth ; find the periodic time. 

8. An elastic ball, moving in an ellipse about the centre, on 
arriving at the extremity of the minor axis strikes directly another 
ball at rest ; find tbe orbits described by both bodies. 

9. A body is projected in a direction making an angle cos'' — 

with the distance from a point to which a force tends, varying as 
the distance from it, and the velocity = V3 '^ velocity in the circle at 
the same distance ; prove that one axis is double of the other and 
that the inclination of the major axis to the distance is i cos''}. 
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10. From pointa in aline CA between C and A particles are 
I)rcijected at right angles to C'A with velocities proportional to their 
«iistancea from A, C being a centre to which the force tends, and 
■the force varying as the distance ; find the ellipse of greatest area 
^wliick is described. 

11. Two particles are projected in parallel directions from two 
points in a straight line passing through a cenlro of force, the 
acceleration towards which varies aa the distance, witli velocities 
proportional to their distances from that centre. Prove that all 
tangents to the path of tlie inner cut off, from that of the outer, 
arcs described in eijual times. 

12. An hyperbola and its conjugate are described by particles 
round a force in the centre. They are at an apse at the same 
instant ; shew that they will always be at the extremities of con- 
jugate diameters. Also if «, o' be their velocities, o'-p'*t-^((i"- i'}. 

13. An ellipse and an hyperbola have the same centre and foci. 
They are described by particles, under the action of forces in the 
centre of equal intensity. If a, a' be their semi-tralisverae axes, 
the square of the velocity of each body at a point where the curves 
out will_be /t (<(' - o''). 

14. If any number of particles be moving in an ellipse about a 
* force in the centre, and the force suddenly cease to act, shew that, 

after the lapse of 5— of the period of a complete revolution, 
all the particles will be in a aimilar, concentric, and similarly 
situated ellipse. 

15, A particle is deBoribing an ellipse under the action of a 
force tending to the centre. Pi'ove that its angular velocity about 
a focus is inversely proportional to Its distance from that focus. 



xxvm. 

1. CX, Cr'are straight lines inclined at any angle, and a force 
tends to C, and varies as the distance from G. If from various 
points in CY different particles are projected parulle! to CX at the 
same moment, and with the same velocity, they will all arrive at 
CX at the same time and place; and they will also do so, if the 
force cease to act for any interval of time. 

2. A number of particles move in hyperbolas, under the action 
of the same repulsive force from their common centre. Sliew that, 
if tha transverse axes coincide, and the particles start from the 
vertex at the same instant, they will always lie in a straight lino 



^ 



perpendioular to the major-axis. If the hyperbolas have all i 
same naymptot^s, show that the particles wifl at every instaat be in 
a straight llae passing through the centre, if they be so at any given 



3. A body is revolving in an ellipse under the action of a force 
tending to the centre, and when it arrives at the extremity of the 
major-axis, ihe force ceases to act until the body has moved through 
a distance equal to the semi-minor axis, it then acts for a quarter 
of the periodic lime in lUe ellipse ; prove that, if it again cease to 
act for the some time as before, the body will have arrived at the 
other extremity of the major axis. 

4. A Email bead sHdea on a smooth wire in the form of an arc 
of a circle, under the action of a force tending to the other end of 
the diameter through its middle point and varying as the distance. 
If the bead be initially situated at the middle of the arc and just 
displaced, prove that, whatever be the length of the arc, the sum of 
the squares on the axes of the elliptic orbit, which the bead will 
describe aftev leaving the wire, will be equal to the square on the 
diameter of the circle. 

5. A point is moving in an equiangular spiral, its acceleration 
always tending to the pole S. when it arrives at a point P, the 
law of acceleration is changed to that of the direct distance, the 
actual acceleration being unaltered. Prove that the point will then 
move in an ellipse, whose axes make equal angles with SP and the 
tangent to the spiral at 7", and that the ratio of the axes is tan ia : 1, 
where u ia the angle of the spii'al. 

6. A particle is attached by an elastic string to a centre of 
attractive force of constant intensity, and of anch magnitude that 
it would exactly double the length of the elastic string. The string 
is now stretched and the particle projected at right angles to it. 
Show that the particle will begin to move in an ellipse ; but if the 
velocity of projection be less than the velocity in a circle at the 
same distance, the ellipse will be deserted after a certain interval of 
time. In the latter case find the velocity and direction of motion at 
the moment of leaving the ellipse. 

7. A particle is projected from a point P, in a given ellipse, 
perpendicular to the major-asis, and ia acted on by a force which 
tends to the centre C, and Tsries as the distance from it ; and the 
velocity is that in a circle whose radius ia CS ; prove that the major- 
axis of the orbit is equal to that of the given ellipse, and that 
CP* = the sum of the squares of the semi-minor axes of the orbit 
and of the given ellipse ; also that the tangents of the inclinations 
of CP to the major-nxes of the elliptic orbit and of the given 
ellipse are in the duplicate ratio of the minor-axes. 
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8. A body deeoribes an ellipse about a centre of force in the 
centre ; prove that if r, r' be two radii vectores and a the angle 
Ijetween tbem, the time of describing the intercepted ate 

What ia this time when rr' Hin_'a = ^ai, and tho periodic time in 
the ellipBois 12 days? 

9. If two particlea describe the same ellipso, in opposite 
rotatory directions with accelerations tending to the centre, prove 
that the line joining them will move parallel to itself with a velocity 
proportional to its length. 

10. A triangular plate is made of material, each particle o£ 
which attracts with a force which varies as its mass x distance. A 
particle is projected so as to pass through its angular points ; provo 
that its velocity at each of the angles ia proportional to the side 
opposite, the time between any two angles being the same ; also 
that the mean of the squares of these three velocities is also the 
mean of tho sqaaree of the greatest and least velocities in the 
orbit. 

11. Two ellipses are described by two particles about a common 
centre, the axes of the two are in the same directions, and the sum 
of the axes of one is equal to the difference of those of the other; 
prove that, if the particles be at corresponding extremities of the 
major-axes at the same moment, and be moving in opposite 
directions, the line joiniog them will be of constant length during 
the motion, and will revolve with uniform angular velocity. 

12. The angle A oi a triangle ABC is a centre of force which 
is /iR at any distance H. A particle is projected in any direction 
from j9 so as to pass through C, shew that the time of passage 
from .B to C is ft'O Bin-'(3jrm), where m is the ratio of the area of the 
triangle to that of the orbit. 

13. A number of bodies which describe ellipses about the centre 
of force as centre in the same periodic time, are projected from a 
given point with a given velocity in diiferent directions in a plane. 
Prove that their paths will all toach a fixed ellipso with the given 
point aa focus. 



SECTION III. 

ON THE MOTION OF BODIES IN CONIC SECTIONS, UNDER 
THE ACTION OF FORCES TENDING TO A FOCUS. 

PROP. XI. PROBLEM VI. 

A body is revolving in an ellipse, to find the law of force 
tending to a focus of the ellipse. 




Let S be the focus to which the force tends, P the 
position of the body at any time, PCG, DCK 
conjugate diameters, Q a_point near P, QT^ PF 
perpendiculars on iSP, DCK, from Q, P respectively, 
PR a tangent at P, QR parallel to SP, Qxv parallel 
to PR, meeting SP in x, and PC in w, and let SP, 
i?C^ intersect in E. 

Then P = -^^.-^_„ idtimately, when PQ is inde- 
finitely diminished. 
But, by similar triangles QTx, PFE, 
QT PF' _Pr _BC* 
q^~PI?~AG'~ CI/' 

Now, - p~ ^ = -f^ , by the properties of the ellipse, 
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. Pv Pv CP . . .. ^. , 
QR^Px"^ PE ^ ^ similar triangles ; 

Qv' CD' 



" QR.vG CP.AC 
and vG = 2CPj Qx^Qv, ultimately; 

• 1QR'^~AC ^ ' ultimately, 

if Z be the latus rectum of the ellipse ; 

rr 2A" 1 1 



Aliter. 

Since the force tending to the centre of an ellipse, 
under the action of which the ellipse can be 
described, varies directly as the distance CP from 
the centre C) let CE be drawn parallel to the 
tangent PQ to the ellipse ; then if S be any point 
within the ellipse, and SP^ CE intersect in E^ force 
tending to C: force tending to S 

:: GP.SP': PE' (Prop. vn. Cor. 3) ; 

PE' 1 
.*. force tending to Sec -opa^ ^p^' 

since PE is constant. 

PROP. XII. PROBLEM VII. 

A hodp is revolving in a hyperbola^ to find the law of force 
tending to afocm of the figure. 

The investigation is exactly the same as in the last 
- proposition, employing the subjoined figure. 

Also, repulsive force from C oc CPy and by Prop. vii. 
Cor. 3, force from C: force to S :: OP.SP' : P^, 

whence force to Sec -^^ , since PE is constant. 



In the same manner as in these propositions, it can be 
shewn that the repulsive force tending &om a focus, 




under the action of which the body describes the 
opposite branch of the hyperbola, varies inversely 
as the square of the distance. 



PROP XIII. PROBLEM VIU. ^H 

A body is moving in a jiarabola, to find the law of force 
tending to the focus. 

Let 8 be the focus of the parabola, P the position of 
the body at any time, Q a point near P, PRY o. 
tangent at P, QR parallel to SP, Qxv parallel to 
PR, meeting SP in x, and the diameter through 
P in V, QT, Sr perpendicular to SP, PT 
respectively. 

Then F=-^jpi,^^,, \iltuna,te\y, when QP is indefi- 
nitely diminished. 
Since SP, Pv make equal angles with the tangent, 
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Pzo is an isosceles triangle, therefore Pv = Pz = Qlij 
and by similar triangles 

QT'_Sr'_ AS.SP _AS 

Qx'~SP'~ .S'P" ~~SP' 

and Qv'=iSP.Pv = iSP. QR; 




,or^' = 4A,S= 



X, ultimately; 



also, Qx = Qv, ultimately, 
QT^ _AS 
■"• iHP.QR^SP' 

rr 2A' 1 1 

Z SF' iSP" 

CoE. 1. It follows from the last three propositions, 
that if any body move from the point P iu any 
direction Pli, with any velocity, and be at the 
same time acted on by a centripetal force, which is 
inversely proportional to the square of the distance, 
tlie body will move in some one of the conic 
sections, having a focus in the centre of force, and 
conversely. 

For when the focus, the point of contact, and the 
position of the tangent are given, a conic section 
can be described which will have a given curvature 
at that point. But when the force is given and the 
velocity of the body, the curvature is known ; and 
two orbits touching one another cannot be described 
witli the same centripetal force, and the same 
velocity at the point of contact. 

Cob. 2. If the velocity, with which a body leaves its 
position P, be such that the body would describe 
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the small space PR in some very small time, and in 
the same time the centripetal force were able to move 
the same body through the space jRQ, this body will 
move in some conic section whose latus rectum is the 

limit of -^TD when the lines P-ff, QR are indefinitely 

diminished. 

In these corollaries the circle is included as a particular 
case of an ellipse ; and the case is excluded in which 
the body moves in a straight line to the centre of 
force. 

Observations on the preceding Propositions, 

210. If /A be the absolute force, in any conic section, whose 

latus rectum is i/, described under the action of a force tending 

2A' . . . 

to the focus, /A = -y ; and /i is given, either when the force at 

any point Is given, or when the velocity at any point in a given 
conic section is given, for, in the latter case, L and F. 8Y or h 
are given. 

21 L If we assume the chord of curvature through the focus 

for any point In an ellipse or hyperbola, we may obtain the law of 

2A* 
force from the expression F = -^™— ^p. . 

For, PV. AG=^2CB' = 28P.HPi 

h\AG h\AG 

.-. ^ - SY\HP. SP^ BC SP" • 

Similarly for the parabola, 

since PF= 4.8P, and 8Y' = A8. 8P, 
2h' h' 



F = 



A8.8P.PV^2A8.8P'' 



COR. 1. It is assumed in this corollary that a conic section: 
can be described under the action of a force tending to the 
focus : see Art. 164. 



PROP. XIV. THEOREM VI. 
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Ij' any number of bodies revolve about a common centre, 
and the centripetal force vary inverseli/ as tlie square of 
the distance, the latera recta of the orbits described 
will be in the duplicate ratio of the areas, which the 
bodies will describe in the same time by radii drawn to 
the centre of force. 

For in each orbit the latus rectum is equal to the Hmit 
QT' 
of-TT^(by Cor. 2, Prop, kiil) when the arc PQ 

is made indefinitely small. 
But QR in a given time is ultimately in the different 
orbits as the centripetal force, that is, reciprocally 
as the square of the distance SP. 

Hence, ultimately, -^^t oc QT. SF, or the latua 

rectum is in the duplicate ratio of QT.SP or of 
twice the area PSQ described in the given small 
time, which, since the area in each orbit is pro- 
portional to the time, varies aa the area described 
in any given time. 

CoK. Hence the whole area of the ellipse, and the 
rectangle under the axes, which ia proportional to 
it, vary in a ratio compounded of the subduplicaie 
ratio of tiie latera recta and the ratio of the periodic 
times. 

For the whole area is as QTx iS*/* described in a given 
small time, multiplied by the periodic time. 

PROP. XV. THEOKEM VII. 

On the same supposition, the squares of the periodic times 
are proportional to the cubes of the major 



For, by Prop. irv. and the Corollary, since QT.SP, in 



each ellipse, described in a given small time varies 
as -jj^ , and the area </: AC. BC, the periodic time, 
which varies as the area divided by QT.SP, oc A C*. 
Coa. Hence the periodic times in ellipses are the same 
as in circles whoso diameters are equal to the major 
axes of the ellipses. 



Observations on the preceding Propositions. 



212. Prop. XIV. and Cor. may be also proved as follows. 

Let /i, h' be the double areas described io tbe unit of time in 
any two of tbe orbita, L, L' tbe latera recta ; then, since the 
absolute foi-ces ai'e ibe same in the different orbits, 

L ~ L 



I 



= —,.: L : L' :: h^ : h" . 



hence the latera recta are in the duplicate ratio of tbe areaav 
described in a given time. 

Cor. Let P, P' be tbe periodic times in any two of thofl 
orbits. Then the areas are aa hP : k'P' : L^.P: L'K P.' 



213, To find the periodic time in an ellipse 

the action of a given force tending to the focus. 

Let P be the periodic time, /i, the absolute force, 

then JA.P=the area of the ellipse =irAG.BC, 

, ACli" 

and/t=-^^; 

BO 



.: P=2irAC. 



= 2-irAC.{ 



Therefore, in different ellipses described about the s&mai 
centre of force, the squares of tbe periodic time vary aa tbe cubevf 
of the major axea, 

214. To find the time from an apse to any point of an ellipi 
orbit described under the action of a force tending to the focus. 
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Let ASa be the apadal line, A being the further apse, AQa 
the circle on the major axis as diameter, P any point in the orbit| 
Q the corresponding point in the circle. Join SF, 8Q, CQ. 






Time in AP: periodic time :: area ASP: irAC.BG 

:: atea A8Q : wAC^ 

aaA8tiMASQ = BectoTAOQ+^SGQ = ^AG.AQ + ^8C.QMi 

therefore, if u be the circular measure of lACQ, and e the 

eccentricity of the ellipse, area ASQ = i^ 0* {m + e «n w) 

and time in AP : - i — i; « 4 e smu : 2w, 



i.e. the time from the further apse to Pis — f- (M + csinw). 

Similarly, if u be the circular measure of aCQ^ the time from 

AG^ 
flie nearer apse will be — j- (m - € an w). 

215. Def. laCQ, from the nearer apse. Is called the 
eecentric anomaly, L aSPthe trwe, anomaly, and the mean anomaly 
is the angle which would be described in the same time as L aSP 
by a body moving with uniform angular velocity equal to the 
mean angular velocity in the ellipse. 

216. To find the relations bettoeen the mean, the true, and the 
tcoentric anomalies. 

Let m, V, and u be the three angles. 

Since the mean angular velocity in the ellipse is Stt divided 

by the periodic time, or -— j, wi = M-esinK, Art. 214 j 
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andy if a be the semi-major axisy 

/StPcosv ss a costi * oe ; 

(1 — e*)co8» e4-co8t> 
.-. C08u= V-; 4-6=--; ; 

1 — C08U 1— € 1— cos» 
1 + C08U 1 + c' 1+C08t;' 

II /1 — « ^ t; 

k*. tan - « . /-I tan - . 

2 Y 1+e 2 

Also /SP=u4(7+c. Oif = a (1 -e cos u). 

217. To find the time of describing any angle from the vertex^ 
in a parabolic orbit. 

Let T be the time of describing the angle A8P in a 
parabolic orbit, whose focus is 8 and vertex A ; draw PMj SY 
perpendicular to the axis ASM^ and the tangent PF, and let 
PK be the normal at P. 

Then PJf = MKXmPKM^ 2A8\9Xi\A8P ; 

therefore AM= 45tan"i^/aP; 

.-. Ar= 2 area J[/8P= I^Jf. ifP- iSif. JIfP 

= ifP(^fi'+ IAM)=:2A8^ (tani^/S^Pl i tan'i^fiPj, 

where, if yn be the absolute force, h^^fjL.2A8. 

Kepler* s Laws. 

218. The three laws discovered by Kepler are : 

I. That planets move in ellipses having the sun's centre in 
one focus. 

II. That the areas swept out by the radii drawn from the 
planet to the sun's centre are, in the same orbit, proportional to 
the time of describing them. 

III. That the squares of the periodic times are proportional 
to the cubes of the major axes. 

219. Kepler's laws, although not rigidly true, are sufficiently 
near to the truth to have led to the discovery of the law of 
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attraction of the bodies of the solar systora. The deviation 
&om complete accuracy is due to the facts, that the plaoets are 
not of inappreciable mass, that, in consequence, they disturb 
each other's orbits about the sun, and, by their action on the 
eun itself, cause the periodic time of each to be shorter than 
if the sun were a, fixed body, in the subduplicate ratio of the 
mass of the sun to the sum of the masses of the sun and planet ; 
these errors are appreciable but very small, since the mass 
of the largest of the planets, Jupiter, is less than j^i^tb of the 
sou's mass. 



deductions from Ke-pler'B Laws. 

220. From the law of tlie equable description of areas, 
stated as the second law, it is deduced, by Prop. U., that the 
forces acting on the planets are centripetal forces tending to the 
sun's centre. But this law gives no information regarding the 
nature or intensity of the forces. 

From the elliptic motion of the planets, as asserted in the 
Jtrst law it is deduced, by Prop. SI., that the force which acta 
upon each planet varies inversely as the square of the distance 
from the centre of the sun. 

From the relation between the periodic times and lengths of 
the major axes, stated in the third law, it is inferred, by Prop. XV., 
that the planets are acted on by the same centripetal force ; and 
that the attraction, being the same for all bodies, independently 
of their form and substance, is not of the nature of the elective 
action of chemical or magnetic forces. 

221. The same laws hold for the motion of the satellites of 
Jnpiter, Saturn, and Uranus, and the first two for our moon, 
the'tr respective primaries taking the place of the sun in ' 
statement of the laws. Hence it ia inferred that forces tend to 
the centre of the planets, varying according to the same law aa 
the forces tending to the sun. 

222. By such deductions the law of gravitation is rendered 
probable, that ever^ particle attracts every other particle with a 



foTC^ which acta in the line joining the particles, and varia 
inversely as the square of the distance. 

The law thus suggested is assumed to be untversally trnflil 
and calculations are made of the effects of the action of the 
bodies of the solar sjatem upon one another in disturbiag their 
elliptic motion ; and also of the disturbances of the motion of the 
satellites due to a want of exact sphericity in the primaries ; and 
these calculations have been found to agree with the results' 
of most miuute aBtronomical ohservatious. ' 

Predictions of the return of comets have been fulfillecl, 
founded on the supposition of the truth of the law, and the 
existence and position of a planet have been recognized, before 
its discovery by actual observation, from its assumed action 
according to this law upon another planet. 

Thus the law of gravitation has satisfied every test whidsj 
has hitherto been applied to it, and it is so far proved to be true 
where our system ia concerned. 



V: r ■.:-^: ^: 
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On the same supposition, the velocities of the bodies are in 
the ratio compounded of the inverse ratio of the per- 
pendiculars from the focus on the tangent and the 
suhduplicaie ratio of the latera recta. 

For, in any two orbits, 

Jl JL IL ^ 

'ST' ST'' sr'sT" 

Cor. 1. The latera recta of the orbits are In th^ 

ratio compounded of the duplicate ratio of th^ 

perpendiculars and the duplicate ratio of thtf 
Telocities. 

For £ ; i' : : A' : A" : : F, *Sr : V\ SY'". 

CoK. 2. The velocities of the bodies, at their greatest 
and least distances from their common focus, are 'laM 
the ratio compounded of the ratio of the distances;! 







I 
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inversely, and the subduplicate ratio of the latera 
recta directly. 
For the perpendiculars on the tangents are these very 
distances. 

CoE. 3. And therefore the velocity in a conic section, 
at the greatest or least distance from the focus, is to 
the velocity in a circle at the same distance from the 
centre in the subduplicate ratio of the latus rectum 
to twice that distance. 

For the latus rectum of a circle is the diameter, 
therefore if >S'^ be the greatest or least distance, 
velocity in the conic section : velocity in the circle 

■■ SA- SA --^ -i^^A). 

CoE. 4. The velocities of bodies revolving in ellipses 
are, at their mean distances from tlie common 
focus, the same as the velocities of bodies revolving 
in circles at the same distances ; that is (by Cor. 6, 
Prop. IV.), in the inverse subduplicate ratio of the 
distances. 

I For the perpendiculars are now the semiaxes minor, 
that is SF=BC, and the distance SB = AC, therefore 
velocity in the ellipse at the mean distance : velocity 
in the circle at the same distance 

Z^ (2AC)i J /2BC\t 
'■'■ BC' AC '-'--^ '•[ ACJ' 

CoK. 5. In the same figure, or in different figures 
having their latera recta equal, the velocity varies 
inversely as the perpendicular from the focus on the 
tangent. 

I Cor. 6. In the parabola, the velocity varies in the 
inverse subduplicate ratio of the distance of the body 
from the focus, in the ellipse it varies in a greater, 
and in the hyperbola in a less inverse ratio. 



HP 2AC-SP. 



1 the parabola, 



SP 2AC+SP 



SP^ 



SP 



in the hyperbola. 



CoE. 7, In the parabola, the velocity of the body at 
any distance from the focus is to the velocity of a 
body revolving in a circle at the same distance 
from the centre, in the subdupHcate ratio of 2 : 1 ; 
in the elHpse it is less, in the hyperbola greater than 
in this ratio. 



For, velocity i 
circle at the 



the conic section : velocity in the 
ime distance 



Xi_ (2SP)i f-^SP\* 
' SF' ~SP~'-\2SY'J ■ 



:: V2 : 1 in the parabola, 



'- yAOST'J '■^'■- \.AC) '■ 1 in the ellipse or hyperw] 
bola, and IIP<2AC in the ellipse, and>2J.Cii 
the hyperbola. 

Hence also, in the parabola, the velocity is every- 
where equal to the velocity in a circle at half the 
distance, in the ellipse loss, and in the hyperbola 
greater. 

CoE, 8. The velocity of a body revolving in any 
conic section is to the velocity in a circle at the 
distance of half tlie latus rectum, as that distance 
is to the peprendicular from the focus on the tangent. 

For, the velocity in the conic section : the velocity ia 
the circle at distance |i : : -^-p- ■ jy '■'■ h^ '■ 'S'F. | 

CoE. 9. Hence, since (Cor. 6, Prop, iv.) the velocity 
of a body revolving in a circle is to the velocity in 
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any other circle in the inverse subduplicate ratio of 
the distances, the velocity of a body in a conic sec- 
tion will be to the velocity in a circle at the same 
distance as a mean proportional between that 
common distance and half the latus rectum to the 
perpendicular from the focus on the tangent. 

For velocity in a circle at distance ^X : velocity in a 
circle at aistance SF : : SP : (ii/)*, therefore velocity 
in conic section : velocity in circle at distance SP 

::(hL.SPf:SY. 

Notes. 

223. To find the velocity in a conic section described under 
the action of a force tending to the focus. 

In the central conic sections 

^ ^ST''^ AG.SY*" AG.8F' 

or else V'-Fi^PV^ ^ g.Z>' fi.HP , 
or else, y -^^t^^ - sP"' AC SP.AC 

but HP^^AG-SP in the ellipse, 

and, HP= SP— 2AC^ in the hyperbola, force repulsive, 

= )SP+ 2 A Gy in the hyperbola, force attractive ; 

" ^ " 8PV -^ AG)' 
In the parabola, 

^ " SY'" SA.SP" SP' 
or else, P = J?'.iPF= -^p-, .2/SP= ^. 

224. The expression —^ ^2 - -j-?^ j for the square of the 

velocity in the ellipse reduces itself to that for the hyperbola 
under an attractive force by changing the sign of (7-4, which 
corresponds to the opposite direction in which -4 is measured 
in the hyperbola ; it is reduced to that for the hyperbola under 

UH 
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a repulsive force by changing the sign of /*, which corresponds 
to changing the direction of the force; and to that for the 
parabola by making AC infinite. 

225. To compare the velocity in ike ellipse or hyperbola vntA 
that in the circle at the same distance. 

Let U be the velocity in the circle, 

r;*- JUl. iSfP- -^- . • v» • jp •• 2 -* -— - • 1 

" SJP^ 8P^ ' * "^ AG 



The Hodograph. 

226. Def. If from any point lines be drawn representing 
in direction and magnitude the velocity of a particle describing 
an orbit under the action of a force tending to a fixed centre, 
the locus of the extremities of these lines is the Hodograph. 

This name is given to the curve by Sir William Hamilton, 
In his work on Quaternions. 

227. Since the velocity In a central orbit is -qy^ If 8Q be 

taken In /SF equal to -™r, the locus of Q will be the polar reci- 
procal of the orbit with respect to a circle, the square of whose 
radius is h ; and If it be turned about S through a right angle 
will be the hodograph of the orbit. 

228. If a conic section he described under the action of a 
force tending to a focus ^ the hodograph will be a circle. 

For, in the case of an ellipse or hyperbola, the velocity 
varies inversely as /8F, and therefore directly as HZ^ to which 
its direction is perpendicular, and the locus of iZ' is a circle. 
And, in the case of a parabola, A Y being the tangent at the 
vertex, 4 CT perpendicular to SYj 

8Y:AS::A8: 8U, 

therefore SU varies as the velocity, and the locus of ?7 is a circle 
which passes through 8. 



TUB U:.iUl.lGHAPlI. 
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229. General proj>ertUa of the hodograpk of a central orbit. 

In the figure of Prop. I., AB or Be and BG are propor- 
tional to the velocities with which the body moves along AB 
and £0\ therefore, if Oa, 00 represent tliese velocities in 
magnitude and direction, (i) a^S will be parallel to Ca or SB, 
and will represent the velocity generated by the impulse at 
£; and if Oy, OS, Oe... represent the velocities in CD, BE, 
EF ..., 0y, yS, 8e ... will represent the velocities generated by 
the impulses at C, D, E...; (ii) hence the perimeter of any 
portion of the polygon a3ySz will rcjjresent the sum of the 
velocities generated by all the impulses tending S in the cor- 
responding perimeters of the polygon ABODE; (iii) also the 
chord ai will represent the resultant of these velocities in 
magnitude and direction. 

Proceeding to the limit, o.0y&i.,.. becomes the hodograph 
of the central orbit which is the curvilinear limit of the polygon 
ABODE. 

Hence we arrive at the following properties of the hodo- 
graph of a central orbit. 

(i) The tangent to the hodograph at any point is parallel to 
the radius drawn to the corresponding point of the orbit. 

(ii) Any finite arc of the hodograph represents the sum of 
the velocities generated by the central force in the correspond- 
ing arc of the orbit. 

(iii) The chord of the arc represents in magnitude and 
dh^otion the resultant of the whole action of the central force in 
the passage through the corresponding arc. 

From Art. 227, it follows that 

(iv) If Tjjj and r', p' be the radius and perpendicular on the 
tangent at corresponding points in the orbit and hodograph 
r'p = h = rp', and the angles between r,p and r', p will be equal. 

Note. In this article and in Art. 227, h represents an area 
and not a rate of description of areas. 

Xllustrattons. 
(I) The hodograph for an ellipse, described under the action 
of a force tending to the centre, is a similar ellipse. 
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For CD 18 parallel to the direction of motion and propor- 
tional to the velocity. 

(2) The hodographfor an hyperbola^ described under the action 
of a force repelling from the centre^ is a hyperbola similar to the 
conjugate hyperbola. 

(3) The hodograph for a parabola^ described under the action 
of a constant force parallel to the axis^ is a straight line parallel 
to the axis. 

For the square of the velocity oc iSPoc iff F", and the locus of 
y is a horizontal ^ine, therefore, since 8Y\^ perpendicular to 
the direction of motion, and proportional to the velocity, turning 
the locus of Y through a right angle, the hodograph is a 
vertical line. 

(4) If p<i p be the radii of curvature at corresponding points 
of a central orbit and its hodograph^ r, r corresponding radii^ 

Pj P the perpendiculars on the tangents j then willpp'pp* = r^r*. 

Let PQj pq be corresponding small arcs, then /iPSQ is 
equal to the angle between the tangents at p^ q^ and pSq 
to the angle between the tangents at P, Q] 

, y . PQ pq 

and, If The the time in PQ, we have ultimately 

pSq __h_ P8Q_h PQ_-nr M_jr. 
T ~r.FV' T ~r" j. - f, 2' ~ ' 

(5) If Fbe the accelerating effect of the force in a central orbit j 
and F' that of a force tending to the pole of the hodograph by 
which it can be described as a central orbitj FF oc rr'. 

1 r 1 r' 

Fori^QO-3— , ir'ac-;5-r7; 
p pp p PP 

rr* 
pp r r 

NoT£. The motion in the hodograph considered as a central 
orbit, is not generally the same as that of the point which is 
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guided by the motion of the corresponding point in the origin^ 
central orbit, so as to generate the hodograph. 

(6) The only central orbits, whose hodographs are also central 
orbits, with accelerations tending to their poles, the motions being 
tie same as in the description of the hodograph, are those in 
which the acceleration varies as the distance.* 

Let 8 be the centre of force taken as the pole of the 
hodograph, P, P\ P" corresponding points in the orbit, the 
hodograph, and the hodograph of the hodograph. Then the 
hodograph being a central orbit, the tangent at F" is in the 
direction of the acceleration of P', hence it is parallel to SP', 
and therefore to the tangent at P. Also SP" represents P'a 
velocity, and therefore P'a acceleration in magnitude and direc- 
tion j hence P"iSPi9 a straight line, and the tangents at PP'' 
are parallel, therefore P"'b orbit is similar to the central orbit. 
Kenee SP cc SP" cc acceleration of P. 
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Given that the centripetal force is inversely proportional to 
the square of the distance from tke centre, and that the 
absolute force of the centre is known ; it is required to 
find the curve which will he described by a body which is 
projected from a given point with a given velocity in a 
given direction. 
Let Fbe the velocity, PJ" the direction of projection 
from P, *S' the point to which the force tends, and let 
P f7"be measured on PS, produced, if necessary, equal 
to twice the space through which the body must be 
drawn from rest by the action of the force at P con- 
tinued constant, in order that the velocity V may be 
generated; therefore since the absolute force is given, 
Pf is given, Draw PG perpendicular to PY, and 
PH 80 that HP, or IIP produced, and SP make 
equal angles with PG. Draw UG perpendicular "to 
Pff and join -S^?. 

• Tait, B,S,E., 67-£8, 
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Here three distinct cases arise : 

L UPUhe equal to 28P, S will be the centre of a 
circle described about PGU, and i8GP = lSPG 
= lHPG\ therefore SGj produced either way, will 
not meet PH. 




In this case, draw GL perpendicular to PS, and with 
S as focus and 2PL as latus rectum, describe a 
parabola whose axis is in the direction SG. 

Then PUi^ half the chord of curvature at P through 8. 

II. If P D^be less than 28P, L8GPh greater i\\BXiL8PG 
or lHPG^ therefore SG produced meets PHm H. 




In this case, with 8 and H as foci, and 8P+PHsl8 
major axis, describe an ellipse, then PUxs half the 
chord of curvature at P through 8. 

IIL If PD^be greater than 28 P l8GP is less than 
l8PGj and angles 8GP^ HPG are together less than 
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two right angles, therefore GS produced meets PJI 
in.ff. 




In this case, with S and H us foci, and ffP — SP aa 
transverse axis, describe an hyperbola, then PU is 
half the chord of curvature at P through S. 

In all those cases, a body may be supposed to revolve 
in the conic section described, under the action of the 
force tending to iS, Art. 164, and the velocity at P is 
that due to fulling through one-fourth of the chord 
of curvature through S, or half PU, under the action 
of the force at P supposed constant, and is therefore 
equal to V, the velocity of the projected body ; also, 
since SP and SP, or IIP produced, make equal 
angles with PG, PY is a tangent, therefore the 
direction of motion is that of the projected body. 

Therefore, the circumstances of the two bodies are the 
same in all respects which can influence the motion 
at the point P, and they will therefore describe the 
same orbits ; that is, the projected body will describe 
a conic section of that kind which corresponds to 
the velocity. 

The orbit, therefore, will be an ellipse, parabola, or 
hyperbola, accordingas P Uis leas, equal to, or greater 
tlian 2*SP, that is, since V* = F.P U, according as F' 
is less, equal to, or greater than 2F. SP, or twice the 
square of the velocity in a circle whose radius is SP. 



Cor. 3. Hence if a body move in any conic section, and 
be disturbed from its orbit by any impulse, the orbit 
in which it will proceed to move may be discovered. 
For, by compounding the motion of the body with 
that motion which the impulse alone would generate, 
the motion and direction of motion will be found, 
with wliich the body will proceed from the point at 
which the disturbance took place. 

Cor. 4, And if the body bo disturbed by any con- 
tinuous extraneous force, its course can be deter- 
mined, approximately, by calculating the changes 
wliich the force produces at certain points, and 
estimating from analogy the changes which take 
place at the intermediate points. 



If a body P move in the perimeter of any conic section, 
whose centre is C, under the action of a centripetal 
force tending to any given point J?, and the law of 
force be required, draw CG parallel to RP and 
meeting in G the tangent PG to the conic section. 

Then, by Prop. vii. Cor. 3, the force tending to R'. 
the force tending to C::CG' : CP.RP', but the force 
tending to C varies as CP, therefore the force tend-w 

ingtoiiac^p. ■ 

Observations on the Proposition. 
230. In the solution of Prob. IX. it is assumed that if, in 
any conic section, G be the intersection of the axis and normal 
at P, and GU, parallel to tbe tangent, meet SP in U, PU will 
be half the chord of curvature at P drawn through the focus j 
this property may be proved as follows, 

1. In the ellipse and hyperbola, let PG meet the conjugate 
diameter in J-; then CD.PF^AG .BC,&QiL PG .PF=BC^\ 
P£_PF_aD 
•'■ PO PF BC' 



A 
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PU_Pa_BG_ CD 
•*' 'UD^ BG^ PF" AG 

.*• PU^ -jYf = half the chord of carvatare at P through 8. 

Also, if OL be perpendicular to SP^ PL will be equal to 
the 8emi-latus«rectum. 

For H7> = nTi\ •*• PL=i —TTi =half the latus rectum. 
PQ PE^ AG 

2. In the parabola, 

^=1^, andP(7=:25r; 

.'. P£r=2/fiP= half the chord of curvature at P through 8. 

PL SY 



Also, 



pa 8P' 



28Y^ 
.•. Pi= ^p =2;S^ = half the latus rectum. 

231, To shew that if the central force vary inversely as 
the square of the distance^ a hody^ projected from any point in any 
direction^ will describe a conic section. 

Let 8 be the centre of force, P any point of the orbit 
described, PP* an arc described in a small time. Draw 8Y^ 8Y' 
perpendicular to the tangents PY^ P'Y at P and P', and 
produce them if necessary to Qj Q'^ so that SY,SQ= 8Y'. 8Q'=hj 
then 8Qj 8Q represent the velocities at P, P' in magnitude, 
and are perpendicular to their directions; hence QQ represents 
the velocity generated by the force P8^ and is perpendicular 
to P8] that is, the tangent to the locus of ^ at ^ is perpen- 
dicular to 8P. Now the angle P8P' described in a given small 
time, varies inversely as 8P\ so also does the velocity generated 
in the same time ; therefore QQ'cc L P8P\ and, by Lemma IV., 
if PP^ be any finite arc of the orbit described, QQ^^ the cor- 
responding arc of the locus of Q, will vary as the angle PSP^j 
and therefore will vary as the angle between the tangents at 
Q and Q^^ which is a property peculiar to a circle. Hence, the 
locus of Q being a circle, that of Y is either a circle or a 

II 
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siraight line, being the inverse of the locus of Q. Hence, the 
feet of the perpendiculars from the centre of force on a tangent 
to the body's path lie in a circle or straight line, which is a 
property of a conic section only, since straight lines drawn 
according to a fixed law can only have one envelope. 

Therefore, the path will be an ellipse, parabola, or hyperbola^ 
according as 8 lies within, upon, or without the perimeter of the 
locus of F. 

Note. The radius of the curcular locus of Q is 

QQ^ _ /^ . A _ /^ 
F8F " r» • r» " A ' 

232. Geometrical construction for the conic described hy a 
body projected with a given velocity in a given direction. 

Let Fbe the given velocity, PY the given direction. Draw 
BY perpendicular to PF, and produce if necessary to Q^ so 
that SQ^V^ then SQ.8Y=^h ia given. Draw QO parallel 

to P8 and equal to ^ , and, since the tangent to the circular 

locus of Q is perpendicular to /SP, is its centre and is, by 
symmetry, on the axis of the conic described. Draw 8Z per- 
pendicular to 8Pj meeting PY in Z^ then ZD perpendicular 
to 80 is the directrix of the conic. 

Note. Let 8Zj QO Intersect in Jfef, since the angles at 
2?, Mj Y are right angles, 8D.80 = 8Z. 8M= 8Y. 8Q = A, and 

6./SZ?=semi-latus-rectum = — , therefore /SO =-7-, therefore V 

fi' h 

is compounded of ^ and -y- perpendicular respectively to OQ or 

8P and 80. 

233. Equations for determining the elements of the orbit 
described by a body projected from a given point with a given 
velocity in a given direction. 

Let V be the velocity of projection, a the angle between 
8P and PY the direction of projection, fi the absolute force, 
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the orbit will be an ellipsci hjperbolai or parabola, according as 
F*< > or = — 

V <i, ^j or — gp. 

I. For the elliptic and hyperbolic orbits, let a, 5, Z, e be the 
semi-axes, semi-latus-rectum, and eccentricity, and let SP= Rj 
and -^ be the angle PT8 between PY and the transverse axis 
in the figures on pages 238, 239 ; 

/A. HP fl fc-r^' 



• • 



^■^=s("i) «• 



Also, Ai.i = A»= Pi? 8in«a; 

h"" ,^ ^ PJS'sin'a ,.» 

/. - = a(l-'6T = (ii). 

a ^ fjb 

Draw SY^ ^Z perpendicular to the tangent, and HKXo SYj 
then 8H cos SHK=^ HK^ YZ^ {HP± SP) cos /SPF; 

.*. 2ae cos^ = 2a cos a ; 

•'• ecos^ = cosa (iii). 

Also, 8Hsm8HK=^SK=8YTHZi 

/. 2ae sin ^ = (SPT EP) sin a 

= {5T(2aT5)} sina; 

/. e sin'^= f— Tlj sina; 
tan-^s f— TlJ tana 



• • 



(l-— )tana (iv). 



The equations (i) and (li) determine a, J, and e, and (iv) de- 
termines '^ immediately from the given circumstances of pro- 
jection, (iii) is also a convenient equation for determining the 
position of the axes when e has been previously found. 

Instead of (iii) or (iv) we might employ the equation 

—5=: 14 e C0S-4fijP= 

2Jti fA 

to determine the angle A8Pj which also gives the direction of 
the axes. 
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II. For the parabolic orbit, fig. 1, page 238, 8T*=8P.A8j 
and the tangent makes equal angles with the axis and SP] 
therefore A8=^B sin'a, and y^^a^ which determine the position 
and dimensions of the orbit. 

234. To find the elements of the orbit described under the 
action of a repulsive force varying inversely as the square of the 
distance from the point from which the force tends. 

Let JjTbe the point from which the force tends, HP=B^ 

fjL.SP _ ji_ HP--2AC fi (R \ .. 

HP.AG^ HP AG " B\a J ^^' 

The other equations are similar to those in Art. 233. 

Illustrations. 

(1) A body is revolving in a circle under the action of a force 
which tends to the centre and varies inversely as the square of the 
distance from it. When the body arrives at any point j if the force 
begin to tend to the point of bisection of the radius through the 
body J to determine the orbit described by the body. 

Let CA be the radius, 8 the new' centre of force. Then, 
since the force is finite, the velocity at A is unaltered, and ^ is 

an apse of the new orbit. Also (vel.)* in the circle = ^^ < -J^ ; 
hence the body moves in an ellipse ; 

and fi'-^h^= -^ ,8A^ by (ii); .*. -i=f ande = i. 

Instead of equation (ii) we might determine e from the con- 
sideration that A is one extremity of the major axis ; 

.•. 8A — a{l±e); ,\ l±e = f, and 6 = ^, 

since the upper sign must be taken, and therefore A is the 
greatest focal distance. 

The orbit lies entirely within the circle, since the force at A 
is increased, and therefore the curvature is greater than that 
in the circle. 
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(2) If ike new centre of force he in the bisection of the 
radius whichj if producedj passes through the body^ to determine 
the orbit. 

The orbit must be elliptic since ^Ta = i < ^ ; 

also SA=^a{l±e)] .*. e = ^, 

and Af in the new orbit, is the nearest point to 8. 

In this case the force, and therefore the carvatnre, is dimi- 
nished, which accounts for the orbit being exterior to the circle. 

(3) A particle^ acted on by a force which varies inversely as 
the square of the distance^ is projected from a fixed pointy with a 
velocity which is to the velocity in a circle at the same distance as 
V5 : 2, making an angle tan'^^ with the line joining the point of 
projection to the fixed point ; shew that the eccentricity of the 
orbit is ^, and that the major axis is perpendicular to the distance 
of projection. 

""-«•5 = ^^-!)'^«. 

Ma(l-6")= F».i?\| = /^jBby (il); 

therefore a = f-B, c = i, and R being the seml-latus-rectum, Is 

perpendicular to the major axis. 

2 

Or, since c cos-^ = cosa by (HI) ; .'. cos-^ ^^ji^ ^^^* 5 hence, 

the angle between the direction of projection and major axis is 
the complement of a, that is, the major axis is perpendicular 
to the distance of the point of projection. 

(4) A body revolves in a circle under the action of a force 
tending to the centre and varying inversely as the square of the 
distance. Find the orbit described j if the force suddenly tend to 
a point 8 in the circumference of the circle^ at an angular dis^ 
tance ^Ql* from the body. 

Since the velocity is unaltered at A by the change, 
fi II (^ 8A 



8A 8A 



£(.-^),.....^, 
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that is, A 18 the extremity of the minor axis of the sew orlnt^ 
hence the major axis is parallel to the tangent at A, or perpen- 
dicular to CA, and the centre is in the bisection of CA. 

The curvature is less than that of the circle, because the 
normal force is diminished hy the change. 

(5) A body, revolving tn an ellipse, under the action of a 
jbrce tending to a focus S, has the direction of its -owtiAn altered 
at a given point of its path, the velocity remaining unaltered; 
to determine the corresponding change in the position of the 
major axis. 

Since the velocity, as well as the distance 5P, in the new 
orhit is the same as in the old, the length of the major axis ia 
the same ; therefore Pff is the same in the two orbits ; that is, 
the other focua lies in a circle whose centre is P, and SP, PS 
make equal angles with the new direction. 

(6} Tojlnd at what point of an elliptic orhit a slight alteration 
may be made in the direction of motion^ the velocity remaining 
unaltered, so that the direction of the major axis may be the same 
as before. 

The direction of the major axis being unaltered, SH must 
be a tangent to the locus of H, hence P must be at one of the 
extremities of that latus rectum which does not contain the 
centre of force. 

(7) Prove that if, when a body is at the extremity of the 
latus rectum which does not contain the centre of force, the 
direction of motion be deflected through a small angle, without.— 
altering the velocity, the alteration of the eccentricity will be to 6 
circular measure of the angle of deflection as PC : AC 




For, let P be the position of the body, HM' the small arc q 
the circle described by E, which nearly coincides with thi 
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direction of the major axis, MPW \b double the angle of de- 
, H-S ES EM' 



.: change of eccentricity : deflection of direction 
^EW Eff ._ 



EP:AC 



f8} If a hody, moving in an ellipse about the focus, he acted on 
hy an impulse towards the focus when it arrives at the extremity/ 
of the latua rectum^ the axis major will he unaltered in direction. 

For, the force being central, h ie nnaltered ; therefore, if SL 
be the serai-latus-rectnm, n-SL ia unaltered, or SL is the 
semi-latus-rectum of the new orbit, and the axis major ia per- 
pendicular to SL. 

(9) A particle moving in an tlltpse under the action of a 

force tending to the focua hat a very small velocity -r impressed 

upon it in the direction of the focus; find the corresponding 
changes of the eccentricity and position of the apse. 

By (6), page 147, the velocity at -P ia the resultant of the 
constant velocities ? and 4- respectively perpendicular to SP 




and ASA'. And, since the impressed velocity is towards S, h ia 
unaltered ; hence the components of the velocity in the new orbit 

are j perpendicular to SP and -~ to the new axia SM' ; 

therefore -~ m direction PM' ia the resultant of i- in PM 
h A 
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and ^ ID PS. Let i.MSM' = J!i in circular meamre, ti 

e sinar = n coaPSM, and e costr = e + n ainPSJlf, 
or, neglecting squares of small qnantltieB, 

eei = nco3PSM, e'-e = namPSM. 



1 . The Telocity in an ellipse at the greateet distance is half thai 1 
with which a body would move in a parabola at the aame distance j 
required the eccentricity of the ellipse. 

2. A body, moving in a parabola about a centre of force in the 
focus, meets at the vertex with an obstacle which diminiahes the 
square of the velocity by one-fourth, without altering the direction 
of the motion; shew that the body will afterwards move in an 
eilipfie whose axis major is equal to the latus rectum of the 
parabola. I 

3. A body revolves in an ellipse about a centre of force in thsl 
focus S. Shew that there ia always some determinate point ^1 
which the absolute force may be supposed to change suddeuly 
from ft to nu, so that the subsequent path of the body may be 

a parabola about S in the focus, provided » is not situated beyond 
the limits i (I + «) and i {I - e). Prove also that the latus rectam 
of the ellipse : that of the parabola :: n : 1. 

4. A particle, describing an ellipse about a force id the foe 
comes to the point nearest to the centre of force ; find in what ratU 
the absolute iorco must then be diminished in order that thi 
particle may proceed to describe a hyperbola, whose eccentricity il 
the reciprocal of that of the ellipse. 

5. The ratio of the axes of the Earth's and Yenns's orbifl 
is 18 : 13 ; find the periodic time of Tenus. 

6. A body is projected, with a velocity of 100 feet per minute,! 
from a point whose distance from a centre of force, which varies 
inversely as the square of the distance, is 32 feet, the velocity in a 
circle at that distance being 80 feet per minute ; find the periodic 

7. If at any point of an ellipse, which is the orbit of a particle 
moving under the action of a force tending to the focus, the 
direction of motion be turned through a right angle, the Telooity 
remaining unchanged, prove that the sum of the squares on the 
minor axis of the new and old orbits will be equal to the square on 
the diameter parallel to the tangent in either the old or new orbit. 
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8. If a body be projected with a g^ven Telocity about a centre 
of force which yaries inversely as the square of the distance, shew 
that the minor axis of the orbit described will yary as the perpen- 
dicular irom. the centre of force upon the direction of projection ; 
and determine the locus of the centre of the orbit described. 

9. A body is moving in a g^ven hyperbola under the action of 
a force tending to the focus S; when it arrives at the point P, the 
force becomes suddenly repulsive, find the position and magnitude 
of the axes of the new orbit ; shew that the difference of the squares 
of the eccentricities of the new and old orbits varies inversely 
aSiSP. 

10. A comet moves in a parabola about the Sun and a planet 
in a circle of which the radius is half the latus rectum of the para- 
bola; shew that the planet will move through about 76° 22' of 
longitude, while the comet passes &om one extremity of the latus 
rectum to the other. 

11. The perihelion distance of a comet moving in a parabolic 
orbit is half the radius of the Earth's orbit, supposed circular. 
The planes of the orbits coinciding, find the time in days from 
perihelion to the point of intersection of the orbits. 

12. A body is moving in a g^ven parabola under the action 
of a force in the focus ; and, when it comes to a distance from the 
focus equal to the latus rectum, the force suddenly becomes re- 
pulsive ; determine the nature, position, and dimensions of the new 
orbit. 

13. A particle is describing an ellipse under the action of u 
force tending to the focus ; if, on arriving at the extremity of the 
minor axis, the force has its law changed, so that it varies as the 
distance, the magnitude at that point remaining unchanged, prove 
that the periodic time will be unaltered, and that the sum of the 
new axes will be to their difference as the sum of the old axes to 
the distance between the foci. 

14. PO is perpendicular on the directrix from any point of 
an elliptic orbit described by a particle about the focus S, and 
when tiie particle is at P the force suddenly tends to instead 
of 8, prove that the new orbit may be a parabola if ^ > ^, and that, 
in this case, SP passes through the intersection of the two circles, 
one described on SH'&a diameter, and the other with centre S and 
radius 8A, the shortest focal distance. 

15. A particle P is moving in an ellipse about the focus 8^ 
and has a normal impulse which generates a velocity equal to the 
velocity at the end of the minor axis. Prove that the particle will 
now describe a parabola, and that the angle through which the 

direction of motion is deflected is tan'' ^^ . 

KK 
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16. A particle is projected from a g^ven point with a g^yen 
velocity F, and moyes under the action of a force /luB"', prove that 
there may be two directions of projection for which the direction 
of the major axis will be the same, and if a be the angle between 
these directions, e, e' the eccentricities of the two orbits, 

/i {e' ±e)^ V^R sina. 

17. A body moves in an ellipse about a focus, and is at the ex- 
tremity of the minor axis when its velocity is doubled. Find the 
new orbit, and shew that the body will come to an apse after 
describing a right angle, if the ratio of the axes of the given ellipse 
be 2 : 1. 

18. A body is revolving in an ellipse under the action of a force 
tending to the focus /S, and, when it arrives at the point P, the 
centre of force is suddenly transposed to the point & in PS pro- 
duced so that PS' is equal to the major axis of the ellipse, and the 
force becomes repulsive ; shew that if HP be produced to JB! and 
Pj£P = PHf the length of the transverse axis of the hyperbola 
described will be SP, and H' will be the other focus. 

XXX. 

1. Prove that the periodic time of two bodies round each other 

is Tr K 9 where 2a is their maximum distance, and m, m' their 

^/{m + /» ) ' ' 

masses expressed in astronomical units. 

2. Of all comets moving in the ecliptic in parabolic orbits, 
that which has the latus rectum of its orbit equal to the diameter of 
the Earth's orbit will remain within the latter for the longest period, 
the Earth's orbit being considered circular. 

3. A particle is moving in an ellipse about a centre of force in 
the focus, and the centre of force is transferred to one end of the 
latus rectum as the particle passes through the other. Prove that 
e, e', the eccentricities of the old and new orbits, are connected by 
the relation e'^ = I + 4e^. 

4. The same parabolic orbit is described by two particles acted 
on respectively by forces, one constant, and the other tending to 
the focus. If they start from the same point, they will reach the 
vertex in equal times if the difference between their initial velocities 
is to that of the particle acted on by the constant force as 2TA : SSP, 
where T is the point in which the initial direction of motion meets 
the axis SA, 

5. Two equal perfectly elastic particles describe the same 
ellipse, in the same period, in opposite directions, one about each 
focus ; prove that the major axis of the orbit is a harmonic mean 
between those of the orbits they will describe after the impact. 
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6. Prove that the rate, at which areas are described about the 
centre of a h3rperbolic orbit described by a particle under the action 
of a force tending to a focus, is inversely proportional to the 
distance of the particle from the centre of force. 

7. Two ellipses are described by two particles about the same 
centre of force in the focus ; the eccentricities are i and ^ V3 
respectively, and- the major axes are coincident in direction and 
equal in length. Compare the times which each body spends 
within the orbit of the other. 

8. A particle is attracted to a centre of force varying inversely 
as the square of the distance, and is projected from a fixed point so 
as to describe a parabola ; prove that the tangent to the path at 
the other extremity of the focal chord through the fixed point 
envelopes a parabola of which that point is the focus. 

9. If a number of equal'* particles be projected from the same 
point with equal velocities so as to describe ellipses in one plane 
under a force tending to the common focus, these ellipses will all 
touch a fixed ellipse which has one focus at the centre of force and 
the other at the point of projection. 

10. A body revolves in a parabola under the action of a force 
tending to the focus, and when it arrives at a point whose distance 
from, the axis is equal to, the latus rectum, the force is suddenly 
transferred to the opposite extremity of the focal chord passing 
through the body. Shew that the new orbit will be a hyperbola 
whose axes are as 2 : 1, and that the conjugate axis and the direc- 
tion of motion at the point make equal angles with the focal chord. 

11. A particle is describing an ellipse about a centre of force in 
the focus, and the absolute force is suddenly diminished one half; 
shew that the chance of the particle's new orbit being a hyperbola 
is 9r - 2^ : 2ir, all instants of time being supposed equally probable 
for the change. 

12. Two particles are revolving in the same direction in an 
ellipse under the action of a force tending to the focus ; prove that 
the direction of the motion of one as it appears to the other is 
parallel to the line bisecting the angle between their distances from 
the focus. 

13. A force tends to the centre of a given circle, and varies in- 
versely as the square of the distance ; prove that all elliptic orbits 
which can be inscribed in any triangle inscribed in the circle will be 
described by a particle, under the action of the force, in the same 
periodic time. 
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14. Two equal particles are reTolving in the same direction in 
the same ellipse, under the action of a force tending to a focus ; 
shew that if they become rigidly connected when they are at the 
extremities of a focal chord, they will afterwards move about their 
centre of gravity with an angular Telocity which varies inversely 
as the length of the chord, and that, wherever this takes place, the 
initial velocity of the centre of gravity will be the same. 

15. A body revolves in an ellipse about the focus from nearer 
to farther apse, and the angle which its direction makes with the 
focal distance is constantly being increased without altering the 
velocity ; shew that the motion of the apse line will change from 
progression to regression, when the true anomaly of the instantaneous 
orbit is ^ -f 2 tan'^e, e being the eccentricity. 

.16. A particle is describing an ellipse about the focus ; when it 
comes to the extremity of the minor axis the absolute force is 
diminished by one-third. Determine the position and dimensions 
of the new orbit, and prove that the distance between its focus and 
its centre bisects and is bisected by the semi-minor-axis of the 
original orbit. 

17. When the earth is at an end of the minor axis of its 
elliptic orbit, a small meteor falls into the sun, whose mass is 
n X sun's mass, prove that the year is diminished by 2n of itself. 
Prove also that the apse line turns through the angle n tan X, 
where cos X is the excentricity of the earth's orbit. 

18. A body is describing an ellipse about a centre of force in 
the focus, and when its radius vector is half the latus rectum it 
receives a blow which causes it to move towards the other focus 
with a momentum equal to that of the blow. Shew that, a the 
angle between the tangent and radius vector being < fir, the 
eccentricity of the new elliptic orbit will be - cot 2a, ratio of the 
old and new major axes = cot' 2a - 1 : cof a - 1, and that these axes 
are in the same line. 

19. If a small velocity be communicated when a body moving 
in an ellipse about the focus is at the extremity of the latus rectum, 
in a direction parallel to the axis, shew that the change of the 

eccentricity will be — , and that the angle through which the axis 
will be turned = — . 

20. If at any point of the elliptic orbit of a body, moving under 
the action of a force tending to the focus, the force cease to act 
for a given very short time, find the angle through which the line 
of apses will have turned and the change of eccentricity, and shew 
that they will vary as the components of the force respectively 
parallel and perpendicular to the line of apses. 
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SECTION VII. 
ON RKCTnJNEAR MOTION, 

PROP. XXXIL AND PROP. XXXVI. 

To find ike Utne of motion and the velocity acquired, when a 
body faUs through a given space from rest, under the 
action of a force which varies inversely as the square of 
the distance from a fixed point. 

Let S be the centre of force, A the point from which 
the body begins to fall. 




Let APA' be a semi-ellipse, whose focus is S, and axis 
major A8A\ AQA' the circle upon AA' as diameter, 
MPQ a common ordinate; let C be the common 
centre, and join CP, CQ, SP, SQ. 

If a body reTolre in the ellipse under the action of the 
force tending to S, the measure of whose accelerating 

effect at a distance SP is c,n; » 

time mAP : time in APA' : : area ASQ : semi-circle A ^4' 

:: mctor ACQ + tnaugleSCQ : Beiai-circhAQA' ; 
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therefore time in ^P = ^' . ^O-^^o^Q+fO-QM , 

This is true whatever be the magnitude of the minor axis 
BCy and therefore when it is indefinitely diminished, 

in which case the diameter of curvature atil =—-— =0, 

and therefore the body has no velocity at A ; that is, 
the elliptic motion ultimately degenerates to a recti- 
linear motion in which the body starts fi-om rest at A. 

Also, since AS.SA' = BO% SA' ultimately = ; 
.-. SC=^SA ; .-. time in AHf=(^) .(avcAQ+QM). 

Again, the velocity in the ellipse at P is | ^ ap ^P — f ' 

and, when the minor axis is indefinitely diminished, 
the velocity at Jf, in the rectilinearmotionof the body, 

^ ( 2fi(AS-'SM) )^_ ( 2fi.AM \^ 
I AS.SM \ "■ \AS.Sm) • 

CoR. If a body be projected directly towards or from a 
centre, to which a force tends which varies inversely 
as the square of the distance, the time and velocity 
acquired in a given space may be determined by 
means of an qllipse, parabola, or hyperbola, whose 
latus rectum is indefinitely diminished, so con- 
structed that at the point of projection the velocity 
is properly represented. 

Notes. 

m 

235. It must not be supposed tbat tbe motion will be repre- 
sented tbrougbout by the ultimate motion in an ellipse, wbose 
axis minor is indefinitely diminished, in which case the body 
would return to A] for, since in this case the ellipse passes 
through 5, we are precluded From applying the results of the 
second and third sections in determining the motion of the body 
after arriving at S] but we may correctly apply these results to 
determine the motion before arriving at 8. 
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Li (Hrder to detennine toe motion after arriTiDg at S^ we 
nmsl oboerre that at 8 the force is zero, since its direction is 
indeterminate, although, when the bodj is at any point Teiy 
near to 8, there will be a yeiy great force tending towards Si 
on approadiing 8j therefore, the velocity will continnallj in- 
Gzease, and the body will pass through S with very great 
'W'elodty; but the motion will be retarded, according to the same 
law, as rapidly as it was generated, and the body will proceed 
lo a distance equal to 8A on the opposite side of 8. 



PEOP XXXVIIL 



To find the time of motion and the velocity acquired when 
a bodp falls through a given space from restj under 
the action of a force which varies as the distance from a 
fixed paint. 

Let 8 be the centre of force, A the place firom which the 
body begins to move ; make SA = I^Aj and on ASA' 




as major axis, describe a semi-ellipse j4P^4' and a semi- 
circle AQA\ and let MPQ be a common ordinate. 

Suppose a body to revolve in the ellipse, under the 
action of the force tending to S^ the measure of whose 
accelerating eflfect at P is a^.^SjP, then time in -rlP 
oc aieaASP oc sector AS Q oc arc -4 $ ; 

therefore time in AP : time in ABA' :: aicAQ : vASj 

arc A Q 1 



and time in AP = 



V/^ * '^AS Vm 



arc AQ 
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and the same is true when the minor axis is indefi- 
nitely diminished, in which case the velocity at A 
vanishes, since the diameter of curvature vanishes. 
Therefore the elliptic motion is reduced to the recti- 
linear motion of a body originally at rest at A^ and 

the time in AM is thus shewn to be --- x — j-^- . 

Vm as 

Again, the velocity in the ellipse at P 

=:^fi.SDj where SD is conjugate to SP 
= sffji.(AS'+BS'-SPy] 
therefore the velocity at M in the rectilinear motion 

CoR. Time fi:om Aio S= ^-r- , or the time of reaching 
8 is the same whatever be the initial distance. 



SECTION VIII. 
PKOP. XL. THEOKEM XIII. 

If the vehcUies of two bodies ^ one of which is falling directly 
towards a centre of force and the other describing a curve 
about that centre^ be equal at any equal distances they 
will always be equal at equal distances^ if the force depend 
only on the distance. 

Let S be the centre of force, and let one of the bodies be 
moving in the straight line APS^ the other in the 




curve AQq, Suppose the velocities at P, Q to be 



APPENDIX. 257 

equal, and let Qq be an arc of the carve described in 
a short time. With centre S and radii SQ, Sq 
describe circular arcs QPj qPj let S Q meet pq in m, 
and draw mn perpendicular to Qq. 

Since the centripetal forces at equal distances are equal, 
they will be so at P and Q, and Pp, Qm may represent 
them ; Pp is wholly effective in accelerating P, Qn 
is the only effective part of Qm on Q, the component 
nm being employed in retaining the body in the curve. 

Also, since the velocities are equal at P and Qy the 
times of describing Pjt?, Qq are ultimately proportional 
to Pp, Qqy when the time is indefinitely diminished. 

Hence force at P in PS : force at Q in Qq : : Pp : Qn^ 

and time in Pp : time in Qq:: Pp : Qq^ 

.'. vel. acquired at jt? : vel. acquired at j' : : Pp' : Qn. Qq^ 

but Qn.Qq=Qm' = Pp'i 

therefore the velocities added in Pp and Qj' are equal, 
and the actual velocities at p and q are equal. 

By proceeding in the same way through any number 
of small times, the proposition is proved. 

XXXI. 

1. If a particle slide along a chord of a circle, under the 
action of a force tending to any fixed point, and varying as the dis- 
tance, the time will be the same for all chords, provided they ter- 
minate at either extremity of the diameter which passes through 
centre of force. 

2. If the velocity of the earth in its orbit were suddenly de- 
stroyed, find the time in which it would reach the sun. 

3. A particle moves from any point in the directrix of a conic 
section, in a straight line towards a centre of force, which varies 
inversely as the square of the distance, in the corresponding focus. 
Prove that when it arrives at the conic section, if X be the latus 



rectum, the velocity will be (-4-) . 
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GENERAL PROBLEMS. 



XXXII. 

1. Find the limit of = ^ -. when n is 

indefinitely increased. 

2. ABGD is a quadrilateral, which is slightly displaced into 
the position ah CD in its own plane, CD remaining fixed; prove 
that the small angular displacements of the sides DA^ ABj BO 
are ultimately in the inverse ratio of the perpendiculars upon the 
side AB drawn from the points D^ E^ C] E being the point 
of intersection of DA and OB. 

3. If a point P move so that the product of its distances 
from a fixed point 8 and a fixed straight line is constant, and 
if ST be the polar subtangent, and the tangent meets the fixed 
line in F, prove that TV will be bisected in P. 

4. A particle describes an elliptic orbit about a centre of 
force in the focus 8\ if F, V be the components of the velocities 
in the directions P8^ D8 at the ends P, D of two conjugate 
diameters, prove that ( F. SPf + ( F'. 8Df will be invariable 
throughout the motion. 

5. A body is describing an ellipse about a centre Of force 
in the centre, and its velocity is observed when it arrives 
at its greatest distance, and again after a lapse of one third of 
its periodic time. If these velocities be in the ratio of 2 : 3, 
prove that the eccentricity of the ellipse will be Vf • 

6. Given the velocity and direction at two points of a 
central orbit, find the locus of the centre of force. 
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7. Shew that in the elliptic orbit described under the action 
of a force tending to a focua, the angular velocity round the 
other focus varies inversely as the square of the diameter parallel 
to the direction of motion. 

8. A particle slides down the arc of a vertical circle, 
starting from rest at a given point ; find the point where it 
will leave the curve. 

9. If at any point of an ellipse, described under the action 
of a force tending to the focus, the velocity be increased in 
the ratio w : 1, prove that the latus rectum will be increased 
in the ratio n' : 1. 

10. Supposing the major axis of an ellipse = 200 feet, the 
eccentricity =3^? ^^^ ^^® periodic time 10 days; find the 
number of square inches in the area swept out by the radius 
vector in 1". 

11. When a body describes a parabola about the focus, the 
intersection of its direction with the axis of the parabola moves 
most rapidly when the body is at the extremity of the latus 
rectum. 

12. Shew how to find the weights of equal bodies on 
planets which have secondaries. 

13. A body describes a hyperbola under a repulsive force 
tending from the farther focus, and when the body arrives at 
the vertex, the force suddenly becomes attractive ; shew that, if 
the new orbit be a parabola, e' the eccentricity of the hyperbola 
= 3 ; if the new orbit be an ellipse of eccentricity €, e' ± e = 2. 

14. From every point of an ellipse particles are projected 
in the direction of the tangent with velocities such that, when 
acted upon by a centre of force oc D^ to one of the foci of 
the ellipse, they proceed to describe parabolas. Shew that the 
directrices of these parabolas all touch one or other of two fixed 
circles, whose radii are equal to the major axis of the given 
ellipse. 
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XXXIII. 

1. ABG^ ahC are two right-angled triangles, tbe angle at 
being a right angle, and their perimeters are equal. Prove that, 
as ab moves up to AB^ the distance of the point of ultimate 
intersection of AB and ah from the middle point of AB is half 
the difference between CA and CB. 

2. r, T' are two neighbouring points on the outer of two 
confocal ellipses; TP, TQ, TP\ TQ' tangents to the inner, 
P, F being ppints which coincide when T moves up to T. 
Prove that ultimately PF : QQ' :: TP^ : TQ". 

3. In a parabola described under a force to the focus shew 
that if the direction of motion meet the directrix in F, then the 
velocity of V will vary inversely as the abscissa of the corre- 
sponding point on the curve. 

4. A parabola, whose vertex is -4, is described by a body 
under the action of a force in its focus S. If, with S as centre 
and 8 A as radius, a circle be described cutting the axis again 
in B and the radius vector 8P in Q^ prove that BQ will represent 
the velocity at P, and hence find the law of force in the 
parabolic path. 

5. Shew that if a body describe an ellipse of very small 
eccentricity under the action of a force tending to a focus, the 
angular velocity about the other focus will be very nearly uniform. 

6. Shew that the intersection of the string of a cycloidal 
pendulum, which makes complete oscillations, with the base of 
the cycloid moves uniformly along the latter. 

7. If a closed string, lying on a smooth horizontal plane, 
pass loosely round three vertical pegs in the angles of an equi- 
lateral triangle, and if a bead be projected along the string so as 
to keep it stretched tightly, shew that the tension of the string 
will have two minimum values, and that they will be inversely 
proportional to the free lengths of the string in the two cases. 
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S. The latas rectum of a coraet'e parabolic orbit is equal to 
the diameter of the earth's orbit supposed circular ; if the earth 
describe an arc of its orbit equal to the radius iu 58j days, find 
how long the comet will take to move &om one extremity of tltsi 

latus rectum to the other, 

9. When a particle moves from rest in a smooth equiangult 
spiral tube under the action of a constant force tending &om the 
polo, Btarting from the pole, shew that the pressure on the 
curve is constant. 

10. The angular velocities of a body moving in an ellipse 
about a force in the centre are 4° and 9° per hour at the 
extremities of the major and minor axes respectively; find t 
periodic time. 

11. Find the locus of a point, in order that the resultai 

attraction of a uniform rod upon it may pass through a giv^ 
point, equidistant from the extremities of tbe rod \ the law c 
attraction being that of the inverse square. 

12. Prove that if the velocity at any point of an elli] 
described about a centre of force in the focus be resolved t£j 
every point into two velocities in the directions perpendicular 
to the focal distance and the axis major, the greater of these 
velocities will be the actual velocity in the orbit at a poiut where 
the direction of motion makes an angle with the axis maji 
whose sine is Je. 

13. A particle is acted upon by two forces, tending to 
foci of an ellipse whose major axis is 2a and varying accon' 

to the law 






<^)''<" 



absolute intensities being the same; 
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Shew that, if it be projected along tbe tangent to the ellipse 
with a certain velocity, then it' will eoutiuue to describe the 
ellipse freely, and its velocity, in any position given by the foc^^ 

distances r, r', will be n ( — -—. — ; — J, n being the moaoj 
angular motion of the ellipse under a force -;i to a focus. 
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XXXIV. 

1. Prove that the area of an ellipse cut off by any chord 
PQ is ^ab (0 — sin0), where a, b are the Bemi-axes of the ellipse, 
and ip is the angle subtended at the centre by the points on 
the auxiliary circle corresponding to P, Q. Deduce from this 

that the area cut off by any chord of a parabola is ^ — 57 1 

■where I is the length of the chord, 8 its inclination to the axia 
of the parabola, and L the latus rectum. 

2. An ellipse and parabola whose axes are parallel have the 
same curvature at a point P and cut one another \a Q; if the 
tangent at P meet the axis of the parabola in T, prove that 
PQ will he equal to four times PT. 

3. Having given rad. of earth =4000 miles nearly, shew 
that gravity In latitude \= G il — -^ J , the earth being con- 
sidered spherical, and Q gravity at the pole. 

4. A heavy particle is projected horizontally from any 
point in the interior of a surface of revolution, whose axis is 
vertical, the velocity being that due to the height above a given 
horizontal plane of the point of projection, find the form of the 
Burface so that the particle may always remain in the horizontal 
plane of projection. 

5. A body describes a circle to the centre of which it is 
connected by a string ; it is attracted to a point in the circum- 
ference by a force varying as the distance; shew that, if the 
string be always kept stretched, the greatest and least velocities 
will be In a ratio less than V^ '■ 1- 

6. Find, when possible, the point in an elliptical orbit at 
which, if the centre of force were transferred to the empty 
focus, the orbit would be a parabola. Prove that such a point 
cannot exist unless the eccentricity of the elliptical orbit be 
greater than -J^ — 2. 
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7. A particle describes an ellipse aboat a centre of force 
in the focus, and another particle describes the circle upon the 
major axis aboat another force in the same point in the same 
periodic time. If the particles start simultaneously from the 
vertex, prove that the line joining them will be always per- 
pendicular to the axis. 

Also shew that the velocity at any point in the circle will be 
inveisely proportional to corresponding focal distance in the 
ellipse. 

8. A body moves in elliptic arcs about a centre of force 
varying as ™ — r^ situated in a perfectly elastic plane perpen- 
dicular to the plane of the orbits; shew that those arcs are 
portions of similar ellipses whose major axes are equally inclined 
to the elastic plane, and that the time between the first and third 
impact is equal to that between the second and fourth. 

9. A body is projected about a centre of force oc (dist.)"* 
perpendicular to the distance; shew that as the velocity of 
projection is increased, the centre of the curve moves through 
the centre of force to infinity, then suddenly starts back to 
infinity on the other side of the point of projection and returns 
to it. But when the force oc dist. the nearer focus moves to 
a given point and then suddenly starts at right angles to its 
previous direction. 

10. A body is describing an ellipse about the focus 8j and, 
when it arrives at the mean distance, the force is doubled; 
shew that the new line of apses passes through the foot of the 
perpendicular from the other focus upon the tangent. 

11. In an elliptic orbit about the focus, when a particle is 
at a distance r from the focus, the direction of motion is turned 
through a small angle Sa, shew that the corresponding change 

in the apsidal line is -^ f 1 + e' — ) , 2a being the major axis, 

and € the eccentricity. 
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12. Prove that, neglecting tbe diaturbancea produced by tho 
planets on each others orbits, tbe statement of Kepler's third 
law should be amended to " The cubes of the mean distances of 
the planets from the sun are as tbe squares of the periodic times 
multiplied into the sum of the maases of the sun and the planet. 

13. Prove that, when the distance between the centres of 
the sun and the earth is r, tbe attraction between them is 

-mt • a. y ■ -; ) where T is tho periodic time, 8 tbe mass of 

the Bun, E of the earth, in astronomical nnita, and a is the meaQ 
distance between the centres. 

14. Prove that the pei-iodic time of a body deBcribing an 
elliptic orbit under an attraction to a fixed point within the 

ellipse is — ' - , where p^ is the perpendicular from the centre 
of tbe ellipse on the polar of ; assuming the acceleration of 
the body at distance r from to be — j , where p is the per- 
pendicular from the body on the polar of 0. 

XXXV. 

1. A tangent and normal are drawn at any point of a 
catenary, prove that when the area of tbe triangle formed by 
these straight lines and tbe directrix is the greatest possible, the 
distance of the point from tbe directrix is twice the length of 
the arc measured from the point to the vertex. 

2. A curve is traced out by a point P in a straight line 
of given length, which moves with its extremities in the arc 
of an ellipse ; shew that tbe area included between tbe ellipse 
and tbe locus of P is ircc, c and c' being the distances of P 
from the extremities of the line. 

3. If a circle touch two coils of an equiangular spiral, one 
internally, the other externally, the line joiuing the pole to 
the centre of the circle will bisect the angle between the radii 
vectores of the spiral drawn to the points of contact. 

MM 
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4. P oscillates in a circle, of which S is the highest point, 
SP intersects the horizontal diameter in Qj and Bj C are the 
extremities of Q^a path. Prove that the sqaare of Q^s velocity 
YnnesBaBQ.QC.SQ'. 

5. A particle moves in an elliptic tnbe under the attraction 
of a material line joining the foci, each element of which attracts 
with a force varying inversely as the square of the distance. 
Shew that the velocity is constant; and find the pressure on the 
tube when the particle is at the extremity of the minor axis. 

6. An attractive force equal to j^: — ri resides in each focus 
of a smooth elliptic groove ; if a particle start from the end of 
the major axis with a velocity — ^ — - , it will reach the end of 

the minor axis in a time . (^ ~ o) > ^j ^i ^ being the semi- 
axes and eccentricity. 

7. A body is attached to the end of a string, which just 
winds round the circumference of a circle, in whose centre there 
is a repulsive force = /a (dist.). Prove that the time of unwinding 

as -r- • -A^lso find the tension of the string at any time. 

8. A body moves In an ellipse under the action of a force 
tending to a fixed point in the transverse axis; prove that 

the force at any point P varies as -7^55 j where L is the point 

in which OP meets the diameter conjugate to that passing 
through P. 

9. An elastic string just fits a fixed straight tube when 
it is of its natural length ; it Is fixed at one end, and pulled out 
at the other, so as to double its length; a particle, fixed at 
the free end, Is then projected at right angles to the string 
along a smooth horizontal plane with the velocity which it 
would acquire In falling freely, under the action of gravity, 
through a space equal to the length of the tube; prove that 
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the weight of the particle must be f or f of that which would 
double the length of the string, in order that it may describe an 
ellipse whose eccentricity is ^. 

10. Prove that, if the velocity in the hodograph of an orbit 
be proportional to the angular velocity of the corresponding 
point in the orbit about the centre of attraction, the orbit will 
be an ellipse about the focus. 

11. A particle is describing a parabola under the action 
of gravity; when it is at one extremity of the latus rectum, 
gravity is replaced by a force tending to the other extremity 
of the latus rectum and varying as the distance, such that the 
accelerating effort in that position is equal to that of gravity. 
Shew that the ratios of the axes of the ellipse described to the 
latus rectum of the parabola are 2 V^ cos^tt and 2 V^ sin ^tt. 

12. If 8 be the centre of force, A the nearer apse, P the 
body, and a small velocity u be applied to the body at right 
angles to 8Py prove that the change in the direction of the 
apse line will be given approximately by 



^04 COB asp) SPsluASPy 



u 
h 



where e is the eccentricity of the orbit and h twice the rate 
of description of area about 8. 

13. If an imperfectly elastic particle fall from an infinite 
distance, under the action of a central force varying inversely 
as the square of the distance, and impinge, before arriving at 
the centre of force, on a small plane area inclined to the direc- 
tion of its motion, shew that, if the orbit after the first impact 
be a circle, the elasticity will be ^; and shew that after an 
infinite number of impacts, twice the major axis of the final 
orbit will be three times the distance of the plane area from the 
centre of force. 
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L 

1. Limits are in (1), as in (2), a in (3). 2. 3 and \. 
3> a:h. 4. Difference does not vanisb. 5. Triangles PBb, 
PCc ctjual ; .-. PB : PC :: Pc : Pb. 6- R the point of inter- 
BectioQ, B! its ultimate position. IJraw RS^ QT parallel to PB, 
Bhew that BS: PB :: BO : BC, tilt., and QTiBS-.iBO 
•.BR; .: R Ci BR :: QT : PB :: AC : AB. 7- By reault 
of (3) p. 9. 8. In tangent at P to the given circle. 9. AB 
the common chord of circles APQ, APQ', meeting PQ 
in M; .: PM.MQ = AM.MB^FM.MQ, whence P'.l/= QM. 
10. CN.NT=QN'' = A'N.NA, e^" being ordinate of aux- 
iliary circle, and A'N = '2CN ult. U- R tlie point of inter- 
Bection, RU its ordinate.; RAP = PJIP, .: RU' ^ UAP 
^iAS AM, similarly for ^*V and subtract. PJ/ must be 
greater than UMor'2A9. j 

1. If A, B tend to equality A-B : A>A'-B' : A'^ 
whence shew that A-A':B-R>A:B. 2. PS parallel 
to BC, shew that PS : BQ :: WC : AG. 3. As in I. 11, 
flhew that ^C"- CJf: AC- CN^ :: 53™+ TM':RT'-\- TN^, 
.-. OM* - CN* I TN' - TAP :: AC - CW : PiP :: AC : BC\ 
Also PM>TM, deduce that OJ/* : ^C"<^6'" : ^C" +BC 
4- Shew that o' — 3?' + y' : i/* ;: a" + i" : 6', deduce that 
a* - a;' + y' : n'* — a? + y" : : J" : J", and thence that n'-a^ + y 
= i". 5. ^SO, ^B'C be two inscribed triangles BC-BC 
= BB' cos A + CO' cos A, BB' coaC=AB'-AB, &c. 6. CV 
parallel to iiF, CT: CV:: AT:AV, CT= CVu\t. PU.QU 
: QT.PTw BIT: CT* :: AB" : AC. 7. S'T : 8R :: CS' 
: CR; .: ST-=SE ult. AT.BT'. AT.BT :: PV : S'T" 
::CT.RT:SR' and CT.RT^ CR.RTu]t. = PR^ = iSB!'. 
8- Triangle OAB turns about into the position Oirfc, the 
foot of the perpendicular on AB moves along AB. 9. PQ 
Bin SPQ : pqsioS^p :: 8Q : 8p, PQ, pq being ultiraatclv 
tangents intersect in B in the directrix ; .■. PQ : pq:: SP.Pt> 
-.Sp.pB and PD" :pp':\ SP.Pp: Sp.Pp. 10. Triangle 
.4SC= triangle -^ic; BC, be intersect in P] BD, CD perpen- 
dicular to AB, AO; AD ia diameter of circle about ABC; 
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Ad that of circle about Ahcj AM perpendicular to Dd is the 
common chord. PAT, FB perpendicular ABj ACj PN.Bb 
= PJK. Cb, and Cc = Dd sin MAC, Sec; .'. PN: PBi: smMAO 
: MAB, hence A MAB ^lPAG. 

III. 

r' 1 

3. Fig. p. 25, parallelogram JVi = -5 KL x - AL. 6. Fig, 

p. 25, vol. by Pn round -ffX = ir ( Lw' — in*) -Rw = thww . 2Lm . Pm^ 

ultimately ^ir-AL.2(l^^)AL.^LK. Vol. round ffiSr= 

7r (^fi-i^)».^^. 10. PM'a:AM.A'M. nrPM'.MN:nrHK\AH 

T f T \ 1 

:: - (2^(74 -^J3 j -: 2.4 (7+ -4^3"; hence hyperboloid : cylinder 

IV. 

1. PF diameter bisecting Q8q. QVx 8Px ST'; ^QV. 8Y 
oc 8Y'. 2< Mass is to that of a homogeneous circle, den- 
sity that of given circle at circumference, as 2 : »» 4 2. 4. Let 
n be the number of squares, each straight portion of the serrated 

edge ^^a — i^ tan ( j "" t~ ) ' ^^ ^^ number. 5. AM contain- 

AH AH 

inff r divisions = r' — 5- and MN= (2r 4 1) —5- • 6. a a small 

area near P, PJf, CiT perpendicular to the axis of revolution, 
2(27rPJf.a) =27rCjEf X area of ellipse. 7. r^ inscribed paral- 
lelogram oc - sin -jjY ) and the sum f 1 — cos -jtt ) QC FO 

ultimately azFH^GF. 8. area^Ci> = ^^'^^^ and 
-r^ = limit -TT. = —tt: • 9« If OB=a.OA. area will be 



/05 



ro. 



2 ( .OAeA and n (e»- 1) = a, ult. 

V. 

1. Fig. p. 34, sect. A CP(x^ sect. ACQcx:jLACQ. 2. Prove 
that the areas of sections made by the same plane parallel 
to the base are equal. 3. Fig. p. 25, join AK cutting PM, 
QN in P', Q. Vol. by PN=^irAA8.AM.MN', .-. vol. by 
PNi 47r^/S.area P'Ny. AM: P'M :: AH: KH:: KH : 4.A8i 
.-. vol. by APKH= irKH. AAHK. 4. Vol. by PN x area 
P'N, Moments with respect to AL are equal; .*. centres of 
gravity coincide. 5. Fig. p^ 26 (4) mass oi MNcc AM^ MN<c 
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vol. generated by PN. Mass of An= C x cone. K fiAiP be 
density at Jf, prove that |ft=C.ir tan'o. 7. CABj CADB 
the sector and square revolving about CB. PQ a small arc, 
PJf, QN perp. on (7-4, Pm, ^/i, on -4Z>. VoL by Pn : voL 
by PN:-. \CA^ - Ci/*) mn : 2 . CM. PM. MN, ult :: PM.mn : 
2CM.MN1: 1:2. 

VI. 

L Vol. by P^QC moment of vol. of corr. slice of cone, as in 

V. 3* 2. In a curve of sines let ^^ = sin - ^ , QN an 

ordinate near PM^ take ^P' an arc of a circle, radius AC= AM^ 
P'Q^MN, P'M' perp. to AC, PM.MNci: P'M'.P'Qaz 
surface generated by P'^ a 3I'N\ Hence area APM^CA'M" 

=(7.-4C( 1 — cos-jy^ ) , and to determine the constant (7, when 

AHP 
AM is indefinitely small, ^AM.MP=C.AC,2, -rYn «It. ; 

.-. C=BC. 3. Let P, Q, ly correspond to P, 0, D on the 
auxiliary circle,PG : Ci>::P'e':C7i>'::P'^:CP'. 4. P'M\ 
P'N' perp. from P' near P; then area PJ/' = wi.area PAT, 
volumes are as JOf'.Pif:2xYiY'.PiY.Pif= 7^1:2. 5. ^P^' 
the semicircle, centre (7, C5 perp. to AA\ MPP\ NQQ perp. 
to tangent at -4, cutting off small arcs PQ, P'Qi surface 
generated by these = 27r [MP+ MP') PQ = Air. AC.PQ ; then 
see p. 38 (8). 6. Al'CA major axis of exterior ellipse, P'M* 
:BC'::A'M.A"M:A'C'] .'.P'M^'az SP. HP cx^ CB' ao PGP", 
surface generated by PQaz PQ.PMaz PG .MNcx: FM.MN. 

7. P, p adjacent points on the hyperbola, Q, q on its conju- 
gate ; PMj pm perp. BC intersect the asymptote in -B, r, QRN^ 
qrn perp. A C. Prove that PM : QN :: AC : BC : : Nn : Mm. 

VII. 

2. In the ellipses make Z. PSH the same, produce 8P to Q, 
making PQ = PH. SH: SQ is the same, triangle 8QH is 
equiangular. Shew that SPH is equiangular. 4. In the 
base take AB bisected by the centre 0, describe a square 
ABCD and let OD meet the semicircle in P, P is an 
angle of the square required. 5. the centre of any 
circle touching the lines AB, AC] AD drawn through the 
given point D meets this circle in P, Q; DO, DO" parallel to 
PO, QO meet AO\n 0', 0" the centres of the circles required. 

8. Surface of a right cone is made up of an infinite number 
of triangles of equal mass, which may be collected in their 
centres of gravity and re-distributed uniformly over a circle, 
whose centre is the centre of gravity of the surface. In the 
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oblique cone the triangles are of unequal mass and the centre 
of gravity of the circle is not its centre. 



1. Curves can be drawn 
SF 



2. ST.SF'ic sr-cc 



up- 



in which RQ, Rq have any ratio. 
3. As in Lemmas VII., produce 



AD to a finite distance. 4. Shew that QN-PM: ON- OM 
i:PM:Z OM nit. 5. The fixed line ia the directrix. 6. PM 
perpendicular to AB, AT.TB= PT'= MT.TC, TM=2AT, 
iHt., J£'-BP' = AF'^JM.AB=AT.AB,u\t. 7. SPPQ 
is a quadrilateral in a circle ; .'. L SP¥= L SQP'. 8. Pp, Qq 
intersect in the diameter bisecting the chorda, prove the tri- 
angles C^, CQq equal. 9. PjI/ perpendicular to vertical 
diameter PA; (vel.)" down PA, PT are as 3IA : MT:: 1 : 2. 
10. 8F(HP-I1P')=SP' (SP'-SP); ultimately normal PG is 
perpendicular to PF' and SF - 8F= FF sin 8F0. 
IX. 
1, Circles on SP, SP' have SY perpendicular to PP' for 
common chord. Envelope ia the pedal. 2. OPQ, Opq con- 
secutive radii, PM, QR perp. to Opq, Nn to OPQ, ult. «^: 
PM::Nn:nP, QS : qR :: tiQ : Mi; .-. 7iQ\nP:: QR:FM 
;: OQ'. OP) .'. nQ=OQ. 3* P^ F' consecutive positions of 
the vertex, J", T' intersections of corresponding' sides, P, P' 
are in semicircle on TT', and TT' is the chord of contact ult. 
Normal to locus of P bisects TT' and passes through centre 
of ellipse. 4. Chord joining F'F nit. passes through 8; SB, 
PM,F'M' perp fixed line, P^" perp. SB, (SF'-SP)PM 
= SP'{PM-P'M% .: 8F.FM=8F'.8N; .: NB^^SB, 
and SF=2SD. 5. AB diam. of circle round AQR, AA' = 

AD sin ABA' = ~. — j KmARA'. 6. P\ P consecutive points, 
smA ' ^ ' 

Srperp. SP meets FF in T, TV perp. PV, F'm, Fn perp. 
fi'P,PJr. SP'- SP" = AB{PM-P'M-}, 2SP.Pi7i = AB.Pn; 
.: 28F' - AB . FU, 2FM= PU; centre of circle is in the fixed 

line. 7- eh an ordinate near EB^ BU suhtangent at E, -rrp 

= lim. — jrr~ = -rf,FO. cos --j-h" ■ Prove that BE =FC cos 
Bb AB AD 

^^ and £P.P'Cr' is constant. 8. «P. z, PS^ = constant. 
AD 

8P : 8P- SF :: L F8A : l PSF, circular measure, ST : SF 

:: aP.lPSP': SF-8P'u\t.::LP8A:li .: 52" constant. 

8. ABinS- BT. = 8P.lFSA. 
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X. 

1- In the ponatruction of Art- 57, tbe locua of P Is a line 
parallel to OAB. 4. As [2) p. 76. 5. Tn 6g. p. 67, produce 
KA to H, so that All=l, draw SO perpendicular \a HAK=a, 

the curve in a parabok, vertex 0, latua rectum — , pasaing 

through A. Space in time t = Ja (3(' + i"). 6. Velocity 
curve is a parabola AP, time measured on the axis, acceleration 
Qc PM: 2AM, Art. 54. 7. Acceleration a: 2AM: PMxFM, 

Art. 54. 

XI. 
1. At the time coirespondinj;, the acceleration changes 
discontinuoualy. A point of inflexion impUea that the ac- 
celeration passes a maximum or minimum values. 2- If 
/i . SP, fi . S'P bo the accclerationa of the forces on the 
particle at P, that of the reauitant force will be (^ + /*') OP, 
where G is centre of gravity of /i at S, and fj.' at S'. Time 
" w (^ + /i')"*- 3- Curve described as in Art. 57 ia a parabola. 
4. Curve of Art. 57 is a atraight line inclined at tao~'/* to 
the line of motion; (vel.)' at distance x = /j. [x' — a"), 5. AP, 
ap their velocity curves; draw chords AP, ap. Uniform 
acceleration which would generate velocity PM is t&nPAM^ 
therefore, if Z PAM= tpavi, AM: am is constant, therefore 
alao AP: ap, i.e. area AP, ap are similar. 6. Let C be a 
point at which the two forces are equal, whole force towards 
C on the particle at Pec CP. 7. After impact M comea to 
reat, M gains A'a velocity. If they meet at B' ; m's time in 
BS+ SA' + A'B^M's time in PSS' = twice wi'a time in 8A'; 
.: SB'=SB. 

XII. 

1. iSP.^^SASA; .-.SP'^GiSA'. 3. 2CD'=CP'; 

hence a' + b'' = 3CZ)'>Sb'. 4. By Art. 85, lPCA = lPTA: 
.-. CP= CD. 5. They are inversely aa PF:AC: CP, and 

CP=^CD. 6. ^.PG = {2BGy = i.PF.P0, CD = 2PF, 

CD' = 2A0.BG. 7. {l)GJy = 2PG.PF=2BG\ AC^-BC 
^CP\ (2J 4PJi' = ^0'-CJlP, 3Pi/" = ^C'-CP'=JCP". 
8. By Art. 85, iPST=lSTP=^8PT. 9. Chord parallel 
to the axia = iSP; diatance from its middle point to the direo- 

trix = 3fiP. 10. 35P=2SP. U, ^SA^ = 4.8Y^ = iSP.SA. 

11. PQ and CP are equally inclined to the axis, circle on PQ 
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as diameter has PCP' as a common chord. 2 CP= PQ cos 2PCAj 
and AG^= CP^ cos2PC4. 12. Portion proposed = -j-^ . -j^ 

= pp- . 13. Diameter of curvature = -p^- = — ^^^ — m 

loth hyperbola and ellipse, and PF is the same in both; 
•". AC.BC 18 constant for all the ellipses. 14. In fig. p. 104, 
T)roduce ?Z4, ^^ to V\ 8'j making AU'^AU, AS'^^AS, 
8' U' is the directrix, U' fixed. 



XIII. 

1. Chord through A =4^P. -^.— = ^p = -^- . 

2. Normal at ^ = radius of curvature = semi-latus-rectum. 

3. JfG^, if' G^' subnormals for P,P'. PP' sin (? = JOf'= (?(?'. 
PP' _ GG'^iuG 1 _ sin^^y _ cos'G 1 ^ pk ^ 

V" p-^^ ''p'~^^^^pg-^~pg"^p^' ®- ^*'''^^ 

in direction P^ are as PT» ainTPQ : QT» sinT^P:: PT" : QT*. 

„ ^ Cir GM 8P.HP ^,. ^^, ^ ^^ 

7. p cos G^ = -= . -p-^ = — 47>a— ^^7 CM- p cosG : Oif : : 

e^OiP : AG*. 8. ^P^ tangent at the point of contact meets 
asymptotes in T, ^; PT=CD in both curves, and Pi^ is the same 
in both. 9. PQ common chord, j?g' diameter parallel to PQj 
P', Q', p\ q^ corresponding points in auxiliary circle. PQ : 
P'Q'::jpq:j)'q'. Prove that e'P'C= 2^- ^tt; .•.P'C' = 2^(7 
sin 2^. 10. bisects radius CA^ AB chord perp. to the sub- 
tenses, 08 perp. to AB. 8 is the focus, 8A the semi-latus- 

rectum. 11. y = a? is the tangent, P^ = »* + ^*, ^jB = —7« = 

^ ^ iOiy A.8P.EP rrp_,op ,« oj> 

2V2S' 12. SF=-j^^ gp^^p ,EP-i8R 13. <2iJ 

polar of P for confocal touching PQ, QPF^ RPF= a, HPF 
= 8PF=0, QHP=PHB = 0, Q8P=P8R = ff. Produce 8Q 

to fl-, so that QW^QH. By A^^-P, ^^ = ^' = 5^^«. 

5^ _ sin (g + /8) 8Q _ sin(a-i9) 1 _ f8m(a+j8) 

PQ~ sin^ » PQ~ sin^ ' •'* PQ \ 8P 
sin (g - /8) ) 1 , 1 1 _ /1 _1_\ cos /3 

''■ fiP j«^2^' *'''*' PlQ ■•■PB" Up"^^ cosg 
2Pg' 

~ Oir cosg * 

NN 



XIV. 

1. Complete yliJJJf. AOBF=^ADEF, AOBE-iABD 
-ABD. 2. (2J/,fl» perpendicular to PT; pa = 2P(3; .-. iJi»" 
= iQM\it. 3. BM, CN perpendicular to AT, BM-iCN, 
and BT= CT ulf. 4. a, 6 diameters of curvature of AP, 
AQsx A, AFQ cliord tlirough A, MFPR parallel to tangeut 
AT. PM. QN perpendicular to ^7; AP:AQ:: AM : AN 
AM' AN' 

■ ' -.b:: PP' : BR". 5. Inscribe n rectangles 



■ • Pi/ • QN 
laACBo! wWcU PlfNQ is 
Bxe&AGB 



HPM]. 



=,S(PJ/.J1CT) 



AB 



Similarly for the tangent. 6. Any small arc 

PQ of AB Ilea between tbe circles of cnrvatnre at P and (?, 
wbich lie one entirely within tbe other. 7. SP. 8Z= SY', 
iSP' - SPj SZ' + iSZ' - SZ) SP- SY' - SY' ; .: (Art. 86) 
iSZ.FV iSP.SZ^^^ PY , SY 

V + 



BY "^ P7' -2*^1 ■• ISP^YV'~'' 
J = /i(a+#); .". area = JS/*'fa + — j ^=J^*(a'+a 

S. YSA = iPSA or JPS^, radius of curvature» 



PP 

"PSP' 



I. a = fta, 

i + 1*')*- 
pp. 

PSP' 



p. »' 



chord through 8=iSPor |SP, parabola or cardioid. 

10. ^PCi>i?thepentagon,BJI/,CiVperpendicularto^.E. Con- 
sider the curve as parabola of curvature, vertex C. Prove 
that BM=i OS, AU=MN «It. ; tbe ratio is ( i 4 CN: ABON. 

11. Bm parallel to Ab meets GP in m. be: Bm :: Pb: PP, 
Bm:BO::PM: CM; .: be: BO :: Pb.PM : AB.AO nit.; 
.-. bc:Vc :: Pb.PM: Qb.QN:: PIP : QN' by Lemma XI., 
cases; .\bc.AM:b'c'.AN::mi:l. 12. Seg. ^P=f tri- 
angle A TP, A TRB - seg. ^PP + i seg. ^P + J seg. BP, 
seg. APB : seg. AP : leg. PP : : (in + «)■ ; rf ; »", .: ATBB: 
«eg. ^PP : : (m + «)■ + i (m' + »■) : (ra 4 n)'. 13. BO'=AO' + 
AB'-SAO.AM; AB' = 2A0.AM=.iAG.AT, page 9 (3); 
.-. BCf^ ACf-lOO.ATuM. 14. eOC is a ngbt angle, 
0(2"+ OQ'-WP', and 0^, 0(2' turn half aa fast as OP. 

XV. 

1. P, (2, i? consecutive angles of the polygon, 0' near Q, 

A PgP = A PQB ; .-. tangent at Q parallel to P^. 2- EFOB 

a rect. inscribed in ABC, GH on PC, £ on AB, F on AG. 

AD perp. BG meets SF in A', rect. EFOII: rect. £ir/)J7 
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•.iBG: BD. Let KEirD^KEHD, KE, H'E meet in L, 
rectaoglea K'E, EH are equal and about diagonal i?i; 
.'. jlRDB^ I ABDvfhextEKDS or EFOBis&ms.^. 3- Shew 
that PC and tangeut at P make equal angles with the major 
axis, P beiug an angle of the rectangle. 4. PQR8 minimum 
parallelogram, Pft RS shifted slightly so that PQRS^PQ'R'S', 
shew that PQ and RS are bisected by the points of contact. 
5. Prove for the ausihary circle. OQQ' near OPP', OA'.P'M' 
-OA.PM=OA'.Q'M' -OA.QN, and PQ : P'Q' :: OP: OQ'; 
.-. OA'. OF. CM' =0 A. OP. CM, .: 0A'\ CM' = 0P\ CM, 
OG=c, CA=a. {c + a)\x'=[{c-xy + a'-x']ic, .: 2c (x'+ax) 
= (c* 4 a") (a; - x) - 2a [x" + ax] ; .•. x + x = a. 6. Suppose 
AB fixed, BC, AD to intersect in 0, CD turns to C'D' 
about 0; .-. a Of?i>= a OC'i>',^SCi) being a max. =^PC'Z)'; 
.-. aOAB'=aOBG\ 0A.BB'=0B.CC- or 0A.OB=0B.0O. 
7. TT' a small arc, T'P\ T'Q' tangents to interior oval, 
PP^QP', radii of curvature are inversely aa zl TPT : lTQT. 
8- PVW, P'JJ'W equal commoQ chords through P, P', inter- 
secting the major axis in XJ, U' and each other in K, triangles 
XJPT, U'PT' are isosceles, Art. 85. Q, Q in aux. circle, cor- 
respond to P, P; join QU,QT, QU', Q'T, and let UQ, U'Q' 
intersect in V, then L VVV = s.x\g\e. between QT, Q'T 
.,QOQ; ... ee^^ G| .„, «p = i.M.«C« 
^'^ ^^ PF sina 

= tF'Ji; .•.Jf7=3Pr. PP'cosa=Tri7'cos;3and- " 



WW \ 



PV 
= LPVP= "'^^'"^ ; .-. tan^ = 3tana. 9. ^SC,^'5'C' 

consecutive positions; BG, B'G' intersect in Z), PI3 = i>(? ult. 
. G^ff is triangle formed by the tangents, prove that BB s\nCBQ 
= GG'stnBGO; .■.BB'-.CC ■.■.BG:GC,theaceths.tBG.CKAK 
= 0Q.HA.EB. 10- POF, QOQ' normals at P, Q, tangent 
at Q is parallel to PF, QG bisects PF, PC bisects QQ'; 
project into a circle, P into p, &c. ; 5c and pc perp. to pp', jy' ; 
■*■ PP') ??' '^'^* ^^ equal arena. If PG, QG be perpendicular 
normals intersecting in an axis, perp. normals tlu-ough F, (^ 
near P and Q, cutting the axis in G', G", F'G" normal at P" 
near P, area cut off by P'(?' = area by Q'G" = s.rca by P"Q'\ 
and PC and F'G" are on opposite aides of PG, .: the 
required normals a-" i""''"-"! "* *'^ *> 



a inclined at 45 to the axes. 



XVI. 
1. Prove that it ia ult. PM : QM : : QM+ AQ : QM::\'.^. 
2. Art. 115. 3. «TT./- =7r./-^,. 4. Fig, p. 115, 
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PO cuts circle on diameter 08 in p^ shew that SLrcpS^orcBP 
= B8. 5. Epicycloid degenerates to a cycloid, length = 86, or 
see Art. 120 ; and n . 27r6 = 27ra. 6. QB diameter through the 
point of contact Q^ P the generating point, A its initial position 
on the fixed circle A Q, tangent at Q bisects AP at right angles. 
Shew that PM perp. QB touches circle through A of twice the 
diameter of the fixed circle. 7. PO radius of curvature touches 
the evolute, Z. BOP= a, PJ) the diameter, A PDS is of constant 
form. 8. S moves perp. to 8Pj at a constant angle to the 
straight line AP. 9. Fig. p. 129, PU^AP, ?7 fixed, ?7J[f con- 
stant =-40. 10. Q the corresponding point in the hyperbola 
SQ.8P=8A\ iSF.>g(2 = 5P". 

XVII. 

1. Ppj Qq corresponding arcs, i%, pt tangents, pm perp. Pt^ 
Bq^ AQ cut in w, Lptm==/. QAq = L QBq^ ultimately p : Pp 
::fy:2pm::pt:pm::BQ: QnySiniPp = 2Qn. 2. Fig. p. 117. 
PV^PV' constant, difference of areas = 2 (Pp. FF'.zi^^'F). 
3. Pp^ Qq intersect in B^ PB = ^pB^ pB diameter of rolling 
circle, ^jBP and pCm are similar, PQqp=SpqB = 4pB,pq coa BpP 
:=2pin.mn. 4. Fig. p. 123. c centre oi APE^ ^ilf perp. to cQ, 
arc AM of circle on Ac as diameter = arc -4^, M generates an 

epicycloid touched by cQ, 5. In Art. 120, — for i gives 

it) 

EP\ GP. 6. Fig. p. 123. CB perp. AO. Tangential force 
ac OBcx:AOcx:FO. 7. Force at Q in PA oc PB and PA : PB 
is constant. 8. SP^ 8'P'j consecutive positions of r, intersect 
in 0. 80 = p. 8P has turned to 8'P through an angle equal 

to the angle between the tangents at P, P* ; .'. = ; 

.'. — = ^ — r = ; — - . 9. pq. p'q consecutive radii of 

r psmq> r^psm^ jtj.? jt j. 

curvature touch the spiral at qq\ Lp8q is a right angle, area = 
2 [\pq^ X pqp) == 2 [\8p^ cosec*a x p8p) = JSP* tana cosec*a, 
Art. 127. 10. AC^ PT tangents at J, P; 0(7, JlfZ7perp. PT, 
0G=PM, and AC=-AP, Art. 133, P\ M\ C consecutive posi- 
tions of P, iL C: CC smCC'0 = PP' cos T=^MM\ a CC'O 

XVIII. 

1. A=F./S'PsinS'Proc sin^SPy. 2. Curvature changed, 
but not direction, 3. Time^x: APMoz AM.MP. 4. Normal 

= 28Y. _^^ 4^,00-^+-^,. 6. Velocity <x(7i>; CD ^ 

= AC 'BC not less themBG. 6. CZ>' + OP' constant. 7. In 
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. ^fTETr. - u-^I-tI • 8. Are«^^S 
area^ &X ti7r+3\/3 

•.s.Tii&A'B'S::^iTa'-a.ae:iTra'-^a.m. 9. -PCP' a diameter. 

Vel. at fxvel. at P' is conataDt. 10. V„ V rr. HZ, BY, 

and i (HZ+ SY)u conatant. U. Fig. p. 99. z TYF 

= lYSP = lSPO. YY' <a,iiYY'P:PP:: SY' -.FO «It.; 

.-. vel.of FxiPF=vel.ofPxSl'=coii>tant. 12. 8Z, SY, 

, to tangentB at P, Q, intereect any circle throngh Y, Z 

', Z, SY\ SZ' are a. velocities at Pand Q, and Y'Z : SY' 

:: YZ:SZ, vel. compounded with that of Px ~ov- 'vy ^^^~ 

Btant; since YZ.AS= SY.SZ AnYSZ imi. YSZ-\PSQ. 

XIX. 



tv. 



Ti_ 

"aXS* ^' "^el- at Pm iZZ. Sum required 3c £Z+ STcc PF. 

PF 
3. Component perp. to SPcc QD . -=- , If 5 be inclination of 

fixed direction to the axis, eccentric angle of P, resolved 
vels. at P and Da: a sini^ cosfl — i coa^sinff and a co80 coa5 

+ J3in0sln^. 4. 7r+2e=m(7r 

"ZS' '^''"'^^ (« + 1}^5=SP, ^ilf=n.^5, ^»«=^^5. 

7. Vel. of rx ^, Bee XVIII. 11 ; /. P7oc SZ, and p qc SY. 

8. Tangents intersect in 2", P'$ and PJ" in V^ C^blsecta PP' 
and Pa and .-. PZ7; .-. veU. at P and g are aa TC?": T^. 

9. OD, CD- parallel to TP, TP\ TG bisects PZ»' In M, 2CM 
represents resultant of vel. of P' and reversed vel. of P, and 
2 CM; CTh constant —sin2i^ ; 1 ; 2i^ difference of the eccentric 
angles of P, P'. If they move in opposite directions, and ( be 
the intersection of PT and tangent at the other end of diameter 
through P', Ct will represent their relative vel. 10. PS>QSj 
A, A' nearer and fui'ther apse. -,4fl = -d7'for a minimum angle 
R8T. P moving towards A, PSA-BSA = RSA- ASQ- 
P moving towards A\ Q8A + RSA = PSA' + A'SR; and 
A'8R+IiSA=QSA-^A'SQ; .: 2ESA=P8A'-yASQ. U. AP 
half the siring, P begins to move with vel. v relative to A, and 



k 
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force on /* lends to A moving uniformly, therefore P moves IS 
a circle with velocity v, which rolla on a line PQ perp, AP, 
)^-7tI = vx lime of meeting. 12- PD parallel to tixed line, SV 
perp. tangent PY intersects PD in Z, SZP is & triauglo of 

veloc'itiea oy.. ^the vel. perp. SP\& constant, Kai PZ = e . SP. 

Take PB-.SPi: SP: PZ, triangles PSD, PZS are similar; 
iia^w SU, ZN ^erp. PD, SP. SY.SZ^SN.SP; .: Syia 
constant; .: Di7=e.SNi« constant, /. i)Jf perp, PZJ is fixed, 
tjii 8P=e.PI). 13. (7) p. 105. 14. Art. 139. 

XX. 

1. In Boxiliary circle a A QQ' + a A'Q(^ + 2 seg. . Q^^i 
2 sector QCQf. 2. seg. APfx parabolic area APM- A AP3£ 
xPM'. 3. PM perp. to AS, arc AP+PAf<x, sector ACP 
+ A SCP. 4. Fig. p. 115, (vel.)' at Poc BMx SP*, vel. at P, 
perp, SP, has equal components perp. OS and OP; .'. constant 
force tends to 0. 5. Projections of areas ot areas qc times. 



XXI. 



, Ex VTx R\ 3. 



-p cc it, — w- const! 



I 



4. /= attraction of the earth, V, v velocities at the equal 

Yl^f-at-f f-^-J-^X^ ^l^.l""^- /tff-JL' 
B ■' ^'li ■''■' ^~288~a89' « • V "V / "■ 

5. T: %;; ^u': 32.2, y=187r, ratio is 547r* : 16.1. 6- 3F 

= — . 7- d = the number of feet in a mile, t^ = — -— . 

r Mg Xiag 

9. w = angular velocity of the earth, tension of the string in the 
two cases 3 [ V"*")'^ '"i»ss of 24lb3. ; .-. 407rm x24x57C0gr. 
= 32.2x39gr. 10. /i the coefficient of friction, t^ = ^u^^ 
?= length of moving part. ^H 

XXII. ^ 

1. Perp. from the intersection are inversely proportional to 
the sides. 2. DCS, EAh\ FED parallel to AB, BG, OA, B 
lies in the intersection of ^Z>,Bi;, CP. 3. A B, AG, BO threa 
tangents, AB=AC, P a poiut in a circle touching AB, ^Cat 
B, C, if a, 0, 7, be perp. from P on BO, CA, AB, shew that 
tt' = jS7. 4. centre of circle circumscribing ^.CC; BA', OA', 
perp. to OB, 00; shew that perps. from A' on AB, AC &re as 
A 6 : AB inversely as the velocities, .-. S Ilea in AA'. 5. PT^ 
BT tangenta at P and B, PT^ CB intersect in (, TU parallel to 
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Ct TU 
BG meets DC in U, J7Zperp. FT, vel. at Pec -^oc ppo:. jj^, 

TU: UZ:: vel. at P: vel at B, .: centre of force liea in TU 
perp. A C, for all poBitions of P. 

XX in. 

1. By (1) p. 181, TanAT■.^fg•.■.u'-2g.GA±3gCM•.g.CJ. 
W—P u' SP- W 

2- 2a = greatest angle, — = — = — =2 (1— cosa),co8a = — — = — . 

3- S, Sy the pegs, are foci of the Bcmi-ellipae described by the 
ring, BG its greatest distance from 8S, L SBS' = '2a, 2Tco&a 
~ W:W:: 2^BC-i- radius of curvature at B iff :: '2 cos'a : 1. 

4. No pressure at Pthe point of leaving, .'. g. -jj, = -wtj/-! • 



5. at = change of direction in time t, p 
about 8 



57'10": 61'10". e = -016905. 
„ ain TPS hor. vel 



8P 



8P 



PO 
= ^ult. = -^. 6. {1-ey 

7. Angular velocity 

8. Tang. ace. cc SPac arc, 

time depends only on the ratio of the bounding radii. 9. DE, 
PJfperp. ABi'roai starting point and at any time. Pressure at P 

-W.^-.W:: ^T§^-.9, ■■• pressure -.W:: BM-^ EM: BQ. 
10. Arts. 13,, HO, i^= 5^^ = ^.= 5^ . 

XXIV. 

1. Ace. of C relative to A is the resultant of ace. BG. uf and 
AB.ai'y of G rel. to B and B rel. to A, and equal to AG.m* 



in direction CA. 
3. At the vertex. 



2, -" - = !•-". 



SP' = AG.BC. 



SF' per. time' 

in (6) p. 184, .■ = 2M(i-i). 

acc. effect of pressure = 2fi ( ^j - -„„) -„2 i pKBSure 

4. As In SVIIL, U, V : V : SY : JPF, and 
5. r = distance of the particle from the vertex, 
ia the resultant of /ir, g and B the acc. effect of the 

e; .". fir— g coaa — — ■, and g — fir cos'x = B Bina> 0^ 



-■■'■gy,- 

F.ipr= r: 
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AY 
••. fir lies between ^ cosa and ^ secou 6. PVcc CL^.-jj^^ 

TT 1 AT> P^ A^^^^T^ A0_^ CN 

^ "^ AY'.PV'^ ^^-^y *'''* 'PF " CT' ^ " CT^ ^'AG 

1 PM 
oc AN. 7. PO meets CQ conjugate to CP In Jf. jFoc jyy^ . y^ 

^ j . Pif X -^^ . PAT ordinate to CZ> ; PM. GN^ GD", 

2CN=PP. 8. Ang. vel. round H<x =— — oc ^rp op * 

9. In (5), p. 183, AD = ^AG^ GM^IAC. 10. As in (6), 
p. 184, (vel.)* at ^ - (vel.)* at P= 4a/A [^ - -^^ ; .-. (vel.)* 

at ^x^l - ~,j = 4a/i ^ji - ^) J •'• ^' = c^ °^ p^ > *^^' ®^®^* 
of pressure on tube X p = ^g^Tgp - (;gp + ;^j —^ 

11. Prove that v* = v/ - ^ + XJ* + ^ - X. GP\ also that - = 

a vUr ' p 

f^ +4^cos5P(3^+X.CP,cosCP(?: .-. ,;''= -^,.(4a'-2rr') . -^ 

+ \CD'=^ ^ - ^ + X (a'+ J'- CP*) ; therefore the ellipse can 

be described if v/ = Xa' . 12. v, = vel. at P, 21 the 

ace. effect of the tension, A8^ B8 the least and greatest distances 
= aTc, prove that v^- ^=2;. (^ - 1) , ^'=2; + ^cos5PO, 

and Va' = a2',+*-^;^ iM'i »^)' ^' ^® * maximum 

when r^ = a^ -c^^ and T„< jT,; least vel. is at B when T„ = 0, 

i?3 least. 

XXV. 

1. Ar=^7r^ + -B'. Express A in terms of /x. 2. Sum of 

perps. on parallel tangents is constant. 3. LM intersects dia« 

meters through /S in 0, OL : DM : : 8L : >S3f ; PF the same 

/IT t tr M 8Y 8Y 2lt 1 • T x" 

for L and Jif. 4. -r- + — r— = "i^ = ~d ^ periodic time. 

5. P/SQ any chord, ace. at P x inversely as 8P\ P^, and the 
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Bnm named or 



fj_ 1 \ 1 

\8P "^ sq) -m 



6. Force oc (SP-y 



=2{0E'^-0S'). 8. VT la the aame at P and Q, .: Toe SF. 
Prove that Sr- S7' = Pg. 9. PS a diam. Aog. vel. at P 
V^xnQPY V^mPRQ V ,. . „ 

^-PP- 10. /*130f-« + l 



Art. 190. 7. - 



aboat Q^~ 



PQ PQ PR 

dimensions, .-. ni + J (n -1) = 0. 11. See Prop. XI., Prob. VI., 
AliteTf p. 221. 12. PP parallel to the axis, being infinite is 
constant, and 8G = SP. 13. Project the ellipse into a circle 
described in the same peiiodie time, p, g projections of P, Q, 
small area PR,pr are described in same time, forces at P, p are 
08 the subtenses parallel to OP, Op, i.e. ::'0P: Op, .: force 
4 V OP 1 ^^ fOq\' 

to Poc -TT- . -TT— j cc OP. — ^ I . 

- -- ypj/ 



Op ' Op'.pq' 



\pq/ 
XXVI. 



I, For, by Art. 195, at the point considered 



mVCP* 



8. Fig.p.„.,|^-,-^=5^« 



21" 



■£«0 



3. Fig. p. 129, -p5^« 



BQM 
UPM 



neUPM 

OM * OM.PU' 



~ cc — ^ ,,— o 



■ AM.M(, 

PM' 



and - 



4. i^ the ace. at P in both caacB. y''=^F. SP 



PV PQmPaU 
MV 

Qlii~ pn' 

in both cases. 5. PM tho common ordinate. AM=uT,^ni 
AM. MB=PM' = L. AM. uiithn BB.mti in both, therefore at P 
normals are equally inclined, and if be the centre, 0M= Mtf, 
or OB-L = iL. 

XXVII. 
1. /»=^1» constant; .-.^■x — . 2. zi"Sr being 

constant. 3. Being I' cos a. 4. Since the vel. V/* + a is that 
in a spiral, Jtt- ,3 is the spiral angle, and time to the centre 

= a" cot^-i-2/i. Art. 127. 5. la a spiral of angle a, Tel. = -pp, 
time from j4 to i = -r-—. , which ia true when a is inde- 



finitely dim 

r- ■ ^" 

if 8ina= — 



wished. 



2/** cos a ' 
6. Angular velocity = — 
»'-i,'" = 2(J'cosa-ii) (r 



) seca, ult., 



Fco&a~Itxv. 7. »j u' Telocttiea of approach at distantie 
2., 2.', •.'■-»' = 2'^(«-.') ult.-/o'f-l, + -t") (»-»')-/'«''< 
{-^ — ; J uU. v' =/a* ( -; — i ) . Draw PJtf ordinate to Bemi- 



clrcle on 2a, Cf the centre, CM=s, v = */{fa) - 



MM', 



MM' OM.MM ' 
' V ~ PM 
V- 



P'M' - PM 



"V^ 



V(7 



•J[fa)- 



VO) 



,ult. 



T^^^; 



8/o_ 



V-2a f . /b' 



-/o, w' + 7' = 2 ( r* - a/) = -jv = (vel.)' in equiangular 

spiral. 8- After a short time T. let oic be the position of the 
he BbsmB 

trianerle, velocities in Aa, Bh = \-- , Xy. A = L Bah = 

° ' ' a' 0^ ^ c 

= T\ — T— , hence aha is similar to ABC^ if ia'b' = B<ib, 

aa' : Aa :: ah : AB, hence if Aa, aa subtend at S the same 
angle 0, S will be the focus of the spiral deacnbed by A ; let 



SAa = 0, 



SA Bia[0+g] 
8a ~ 



1 + dcotS 



AB 



aB _ sin {B + 0) 



1+0 cotB+ - 



=<^{cot^+cotC), 



■ ^ = ^ 
''' 8a ab" 

.: cotB = cotA-\-cotB+cotC, .: SAB=SBC=SCA, anitiiB 
spirals have a common focus, subtending at AB, BG, CA the 
supplements of B, 0, A. 

XXVII. bis. 
1. (Vel.)* in circle ^ fj.CF'' = fi.CD\ 2. {Vel.}* in circle 
= /ic*, in (1), (2), (3), c is ft semi-axis; square of the other 
semi-axia is (1) c"-^m, (2) n'c', (3) c". In orbit (4) 2c' = Clf, 
ah = c'', a, 6 = (\/5+l), inclination of major-axis to c=5 tan''2. 
3. Semi-ases are c and 2c, 4. fic" = fA*, a = 2c, e' — 1 = i, 
6. h and CD are unchanged, radius of curvature = CD^ "J ft, -h A. 

6. ecc. angle of D is ^ir, CD' = f a' + it" : i" : : 9 : 4, 3a' = 86*. 

7. /^ = attraction of unit mass at unit distance, ffi = maBS of 
parallelepiped, OH perp. from centre of gravity on the smooth 
race, force tending to B at F = /j,m.IiP, periodic tirae=2w 
-hV(/"")- 8. Vel. of m = 'Jfi,.a, semi-axes perp, to b are 

- — — -7.0 and — ^^ .'.a. 9. ^uB^ = liCD. h=iii,Br, 

o* -1- i" = 3<i6, J cosV + 2 sinV = 1, IQ. i* the point of pro- 
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jectK 



I, vel. QC AP, e 



: CP.AP, r 



lien CP=AP. 



diy 



, area a 

11. P, P' the points of projectio 
ellipses are similar and project into two concentric circles. 

12. Let the two particles be at extremitiea of conj, (iiametera 
CP, CD, and in small time T let P be at P', CD' conj. to CP\ 
V/i . CD, Vt* . CD' are velocities at P, P\ .: V^ . D-ff = vel. 
acquired in PP' = nCP.T ult, .-. DD' = ■^fL.CP.T = Tel. at 
D X T, and the particle in the conj. hyperbola is at ff when 
P is at P', thus if once at extremities of conj. diama. they will 
be always, and «"-«" = /*( CD' . CP') = fi. {a' - S'). 13. At 
P the point of intersection {vel.)'' = fiCD'' = fiSP.SP in botb. 
CP' = a'-b''-i CD' = a^ + V~ CD\ also a'-b*= CS''=a'+b\ 
14. Distance described by a particle at P=CD, at the end of the 
given time it will be at the angle opposite C of the parallelogram 
CPRD, the theorem follows by the aux. circle. 15- Vel. perp. 
8P=>Jft,CD Bin SPY = ^^. CD. PF-i- PE, constant. 

XXVIII. 

1. OX, CY are directions of conj. diameter, and all pass 
throngh D in CX in a quarter of the periodic time, which is the 
same for all, \//t . CD being the vel. of projection. Resolving 
Tel. and ace. in CX, GY, all are equally accelerated parallel to 
CXf .'. lie at any time in a line parallel to GY, whether the 
ace cease or not ; hence the tangents to their paths at any time 
pass through the same point in CX. 2- (i) Ace. perp. conj. 
axis is the same for all, and initial vel. is zero, (ii) Hyperbolas 

are similar, .•. -=ma = jTfri or ang. vel. equal. 3. AP equal 

and parallel to CB, vel. at P=\/fi..GB, GP, CB are semi-eonj. 
diameters of the quarter ellipse described in the second period. 
Vel. at B= A/fj.. CP= <Jti.BA'. Time from 5 to ^' = time from A 
to P. 4. S the centre of force, BAB' the arc, (vel.)" at B = 
l"-S5'),S^'-SS" = (idiam.)' eonj. to SB. 6. In the 
BpiVal V' = fiSP-''.SP=fi'SP.SP; .: in the elliptic orbit 
2SP' = a' 4 5" and SP' sin a = ab. Q. f the ace. effect of the 

constant force, c = natural length of string; »- = 0(1+ — -J, 

f 

= initial length, {vel.)' = - 6', 

a, h are axes of the ellipse, h <C; i.e., vel. of projection < vel. ia 
circle at distance equal to length of unstretched string ;* the 
ellipse ia deserted when r = c, the string becoming slack, 



motion = cot' 



(ve!.)''=*- («'+ 6'- c'}, angle between c and the direction of 

— -j~ . 7. «, /3 aemi-axeB of orbit 



afi = CS.GM,a'+^ = CS' + CP- 

GS'.CM\.:a'ia' + ff'-a') = aU . 

6. & the inclinationa of GP to the axes, prove that tan"^ 



prove that a" ( Ci" ■>- 6') = 
GP^=h^-vS'; 



^ — J" * o' a* 

dinations of r\ \ 
estreinitiea. ^' 



Sij .-.tan^: tanfl 



■ h' 



to major axis, ^ /S eccentric angles of their 

-y3 = t VMi sin (^' - /9) = -r (r'sinfl' rcoa^- 

' fl. • fl, »^'Bina m. 1 TT 1 27r , 

r cosfl ram a)™ - — -, — -. JLiine = -T— . - = — -r =oiie day. 
'ah tj ji. & Vi ^/ fj, ^ 

9. P, Q the particles at any time moving in directions TP, TQ 
with vela, which are as TP', TQ, reversing P's vel, Q'a vel. rel. 
to P is in PQ, and if P' Q' be the corresponding chord in the 
aux. circle, since GP', GQ' revolve with equal vel., P'Q and 
,-. PQ moves parallel to itself. 10- G centre of gravity of 
a PQR, /J.. GP ace. to O. PC biseots QR in p. pR" : CD* 
::GP'-Gp';GP'::3:i. v/ = /t.CD'' = ^iiQR\ Corresponding 
6 in aux. circle is equilateral, .•. times from P to Q and QtoB are 
equal Pfl" + PQ' +QR' = ^QR' + 2P/ = % (GD' + CP'), 
,.\^(v,^ + v,'-\-v,'} = ^t^{a:'-i'h'']. 11. APB, AP-B' the two 
ellipses, PP' joining the two particles inclined at 6 to CA, 
Reverse ace. on P', rel. ace. of P=/iPP' coafl, /»PP' sinff 
parallel and perp. to CA^ rel. vel. a.i A = >Jfi {b + b'] = \//i {a — a) 
= vel. in a circle, .-. PP' = a — a', 8x time. 12. iAa major axis 
of orbit ; B', C points on aux. circle, rad. Aa, corresponding to 

B, G, time Ln BC = uT* x I B'A G' = pTi sin- ^^" ^ f ^ ^. 

area ot cu-cle 
= ft'* a\h~' (2irm). 13- -Jii.CJ) = vel. of projection from P, 
DQP, i*' ff-^ consecutive orbits, common tangent at Q, Q' meets 
CD, CD' in (, (' and CP in T; QV, Q' V ordinates at Q, Q' are 
equal, .-. Ct= Gl' ; .: ult. QV is normal at Q; CP' = CP, 
CTi CPi:CP:CV, hence P'T: P'V :: PT: PV. .: iP'Qt 
^IFQT. 



HP _ 2n/i 
' SP~~SP 



2u 

HP 



XXIX. 

Also h is unaltered. 4. ■ 



^)^ 
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■■"-^ .^7^,a{l-e)=a'[e'-l),.:n = e. 6. Nearly 225 days. 



6. About 8'40". 7. In both orbits V-- 



M HP 



-/*-, P/SP-coaV^/t-, b'-\-b-'=SP.SR 8. BC' : SY' 
: ; HP : 8P, prove that HP ia cooatant, locua of (7 ia a circle, 

a M a fi It' Fa 4a -t- it 

10. A( = |a.4o = 4a* circ. meas. of angle described by planet. 

— X 180° = 76°.22' nearly. 11. Time : a yearirj.i^^.^: 27rfl", 

time J8 39 days nearly. 12- HP parallel to the axis and 

'=-iA8y.:ASH=^Q\ SH=SPiinQO, .■.e = v'3. 13- -,=f*'a, 



li'.CD^ = -- conj. dial 

t^ + ^ = 2a", 2a0 = ab. 14. 

=1-«. 15. r'+^ = ? 



I equal; a, /3 the aemi-axea, 
SP\ _2fie 



'^V~ag)-~sp- 



^ the angle, ^^'^'•f> = ^ = ^p 
= yrfyi ■ 16. Locua of 5 ia a circle, two points H, H lie in 

the same lino aa 5, a = \HPH , e + e = -— ± --— ■ = ■ — . 

17. o is transverse axis of the hyperbolic orbit, H'P in HP 

produced = 2a, and if a = 2i, SPH' = GO\ .-.H'SP^SQ'. 

, H-F=S'F~2a'^2a-SP. 



18,^-1 = 1,_A„«P= 



XXX. 

1. G centre of gravity of P and P'. 

Force on ^=-7 = -npi • ( ^ J towards G fixed. 2. 2c, ia 

the diameter and lafua rectum A'=/t . 2a, prove that V(c-«)(c+2a) 
is a maximum, two nearly equal values a, a' make the time the 
Bame..-.i^+^^t£±jgj^4(.4-a-H.')(a-.') ^.^^^^^ 



GP GP' 



f=i{c — a) and c = 2a. 3. Prove that in the old and new orbit 
i'=«2A and a : a' : : e' : I - e'. 4- w, w init. vel., prove that 



l (iAM-Bif)PM iW . 

v.SY " . CO» TP3P ■'■ > ■ 



«. (rel./ 



' of IN «od m rotud £ and ^= - - sad — .vc iBterchuiged, 



■--^(rr'H 



cz 



1 



Ece. 



6. Kite = -^y- Dlt X — « .^^-^a: ^^. 7. 

angles in the two anx. circles of tbe point of istenection are 
8(r and 60', periodic times are eqoal, times proposed are as 
sf3 {2ir + 3) : 8ir - 9. 8. CSF the foc»l chord, tangenU at C, 
P intersect in SZ perp. CS. PZ^ P'Z' intersect in Q, circle 
BoearonDdCQ^'^, henceCQ.C5=C^'. 9. Cfixed. S, E' 
the empir foci of two con§ecutiv-e orbits intersecting in P, 
.•.FH=PB\aad SP+ PH= SC + CH, .: SP+PC^ SC+iCH 

constant. 10- SP=SAS,PSQ=lSPyh=^h,~=ii,iAS=\PQ, 

^-;^(2 + ^),^ = J, i- = 4a-, fiP» PS + 2« - 5P«, 
Cff=2v'5P(?. Prove tbat90' + PSr=ir(2P. U. New orbit 
is an hyperbola if SP<AC, chance is area BAJfS: area of 
ellipse =ir — 2e:'2TT. 12- Resolve as in (6), p. 147, and 
apply Q'i yeL reversed to P. Vel. of P reL to Q is resultant 

of equal vels. j perp. to SP and SQ. 13- ABC an inscribed 

triangle, AD, BE perp. to BC, CA intersect in H the empty 
focus of an inscribed eltlpse; AI) and the circle intersect in Q, 
BQ and BC in P, 8Q=SP+PB; major axis constant for all 

ellipses. 14- Velocity of centre of gravity is -j- perp. to the 

axis, and angular velocity is ^ . ppj- 15- Change takes place 

when the body 13 at the extremitv of the latus rectum through 
H,an-e^)XAQSPH=2ae,ASP'=ii^ + 2XAu-'e. 16- a' = 2a, 
36■ = 'J^ BH' = ZB8, ifbisecta EH', .: CE parallel to SH', 
8E' meets BOB' in G, GC = ^BO, SO: GE' :: SB; BE' 
b ,„ M _ M'+") 



BG = QC' \ axia is turned through fan"' 



2a& 



. 17. ^ = ^ 



1 + «. Periodic time changed in ratio 1 :(H-m)"* 
EE'smBSE _ 2nQV(l-e') _ 



=1:1— 2n; axis turns through 

18. Old vel. = 2coaax new vel, and h unaltered, .'. 
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8e'-(l + e')* l-e» , , 

■ . , _ , ' = _ , , and e COB -^ = — COB 2a ; - cot 2a < 1 . 

19. I* = impressed vel. ■sr = displacement of the axis, r + " 
/i , e'ft eu e'u, , , , A' e' — e A' — A uh 
A n ' h h ' fi' e h /i ' 

«r ^ = |i (A'- A) + « = 2k. 20. PF- = u(, A uDaltered, P'SF=. 

/S = ""J-^ = Jl , resolve parallel to SP ' and ^ S, ^ sin ^ = ^ 

X sin [B+m]- J^ (9, ^ sin 5 = ^ Bin (5 - )3) + ^ w, .-. btb- = ^ coa 0, 
(e'-e) sin 5 = yS- era- cos ^ = /3 ain'fl, 6-6 = ^ sin 0. 
XSXI. 
1. APa. ctord from A, OB perp. 0^ from the fixed point, 
force in AP tends to B and variea as the distance ; time depends 
on JS: .^Pa constant ratio. 2. About 64f days. 3- («1.)' 
«tPfrom Q=2^PQ^SP.SQ, SD=SQco»0, e.Si)=SP{l + ecostf). 
4. O'Q, OH, AOD perp. BC; BU-.BQ: BD :: j(<!CosB+a) 
:ia:cco3£, hence HQiDH. and 00' = 30'G. Force tends 

toC.motionharmon.c. g. ^^^= ^^- , PC^=^^^-^^. 

"«■ (-'•)' = ?^=:^(^-4f)' -i^5-d;.a(l-0 = 
■^Tn-i^^jS'' sin'o. 7. j4, 5 the fixed points, AD the natural 

length, and C bisects ^B, nx weight of particle = modulus, P the 

.- 1 . ■ 3/1 /BP-AD AP-AD\ 
pai'ticle at any time, ace. towards v = ng\ — -jyL -jj: — I 

= »1^^, (velO'^^lCT'-CP"). 8. (vel.)' on reflection = 

M (a* ~ ia'). Time dli-ect to centre = ^tt -^ V^i t'™^ added by 
reflection = 2tt .f- V/^. 9. fl, ^tt— S the angles of incidence and 
reflection, taD5 = ecotfl, (vel.)* at M= ii.{AG* -CM*), after re- 
flection = ^(^0*-CJf") {sin"^ + e* cosV), sqiiare on scmi-axia 
perp. CM=e{Aa*~CM''). 

XXSII. 

1. Limit is ^. 2- -AB revolves round E to ai, EM, DN 
perp.^jB. lADa: iAMa{=lAEa)::AE:AD\:EM:DN. 
3. p near P, PM, pm perp. fixed line, TU perp. J/P, prove 
that SP-Sp:pm-PM::8P:PM ult. and PU=FM. 



: CN. 

aogle of -P=y. C/>' = K + i^'=!*'- *• ^ straight line 

tbrongb the intersection of the tangenU making with them angles 

whose aines are inversely as the velocities. 7. „„ x . 

8> Starting a given distance from the horizontal diameter, 
it leaves at two-tliirds of that distance, 9- A is increased iu 
the ratio n: 1. 10- JirVH- 11- Vel. of Tac vel. in SP 

oc -^y. . ^Ts QC -op . 12. M, c mass and radius of a planet, 
n, a the periodic time and mean distance of the secondary, 
^.4- 13. (l)^'^--r7^; or (2)^li?,.nd 
o(l ±e) =a'(e'+ 1). 14. The direclricea touch the circle whose 
centre is the other focus and radius the major axis of the 
ellipse. ^M 

XXXIII. ■ 

1. Prove that Bi : Aa :: AB+AC: AB + BC, alS 
:: PB.BO : PA.AC, hence FA-PB : PA+PB:: AB{BO-AC) 
+ BO'-AC':ABI,AC+BChAB;.:PA-PB = BC-AO. 
2. R.adii of cure, at P, Q are as TP" : TQ', and TP, TQ are 
equally inclined to the tangent TT, .: TP.L TPT= TQ.L TQT 
ult. 3. SV, SP have equal angular vels., vel. of F X sin SVD 

+ 6F« SP-, Sr,mSVD = 2AS, ... vel. of r« (§p)'« 
HP^Zrr *• .^eperp.^e. BQ-.AB-.-.SY-.SP-.-.AS-.ST. 
i'orcexBQ'-.SPxBQ'-.SY'xAB'-.SP: 5. See XXXII. 7. 
6. Fig. p. 117. BS : PP' :: iPS : PP' :: iAB : BQ, ult. 
vel. of Pec BQ, ... vel. of It constant. 7. A, B, C the three 
pegs, bead P describes two portions of ellipses with uniform veh, 
of which P, C are foci, A and P on same or opposite sides of 
PP+6'P 
" BF.CP'' 
::fo.2a:o'. 78 days. 9. (Vel.)' = 2/cosa.;SPseca, p = 

SPcoseca. W- „■ (i - .)■ = fio. J (1 + .)■ ° 180 ' ' " *' 

periodic time = — ^ in hoBrB = 25 days nearly. 11. AB the 

rod, G fixed point; P point In a circle about AGB'^ attraction 
on P bisects -dPfi and passes through <7. 12. PJ* tangent and 
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PU perp. 8P meet major-axis in 2", U) PM perp. TU must 
r'^-^^-.'^j^-.-.PT-.UPM-.PU, .'.2PM^e.PU. 
, (vel.)'at P _ f I , 1 , 1 \ 
P 



bisect aTPU,'^. 

13. If no pressure at P, - 

hence (vel.)' at P=^ (- 
^ a \ic 






4a' — 2)-r'\ 



, (>••+'•. 



-)- 



irr' 



, alao[vel.)" generated by the forces from ji to P 
the variable part is the same as in the above. 



1. p, q correapond id the aux. circle to P, Q. ^ = inclination 

of ^ to the major-axis. Area PCQ = — xaeatatpCq, -tanifr 

25 
■>>tan&, tan'^ = -j tan^, .m^ = Jtt ult. when J=co . pq 

•* 2a sin^t^, I i\n0 = - pq B!n-^ = 2£ sin^i^ult.,.'.^ vanishes ult. 



AtBa PCQ-. 



.'■alt 



r, (?slnfl)', 2- Common chord 



of circle of curvature and either conic Is inclined to the axis at 
the same angle aa PT, and is .-. PQ. Tang, at Q meets PT in 
U, diam. through U bisects PQ and meets the parabola in H, RT 
is tang, at R. 3- rad. of earth = 4001) x 1760 X 3 in feet = «, 
w = ang. vel. = Stt -^ (24 x 60 x 601. QCE=\, QM perp. the 
axis CP. QM.at is vel. in §'s circular path; a cosX.w", ace. 
to jtf, is resultant of Gin QC'andj; ^''=tf'+2Gacos\.M'coa(sr— \) 
+ (ocosX.cu")'; neglecting w', ^ = G - aw* cos'X. 4- P3/ radius 
of circle described by P ; (vel)' = 2g . AM; PO, PT normal and 

tang, to BorTAce,^^^ : g :: PM : MO, .: 1AM.MG = PM' 

= TM.MG, end AT=AM, property of parabola. 5. F=vel. 



at P. I 



3* least when r greatest at A and is posii 

r" = aT + 2tia', V : F" :: 6/ta' + aT : 2/ia' + aZ" < 3 : 1, 

6. ]lp = ^> Hf^iaiia-MP), .: i7P=(V5-l)a<a(l+e). 



pp 



390 ITEWTOS. 

7. PSP^ Q8Q eorr. cUa. of eDipse uid cirde. ^SP : ^5 

rrTdft:»»", -•.PQaperp. j4S. TeL in orele tx g^ oc ^^-^^ 

'^'Sa* 'PP"^ HP' ^ -PC^tl*^»":!»*"'^'» fi«t and second 

I inpA^ ; roinplete ellipse PQF'R, eccoad mrc will be ibe'reSecHoa 

of i^AF io toe plaoe as a muror. 9. A tbe point of projectioa, 

^C dtuiges froQi ^5^ to OD, (7 on same aide as 5, tbea 
dimmiBfaea from x , C od tbe opposite nde. Force cc dist. 5.4 
is one aemi-axls, tbe otber x veL 10- a tbe new meaa 

distance, ^ = ^ (2 - ^) , a = ja, CiT = Ja = JfiS: E'M, HZ 

perp. SiZand tangent at B, -ff 'Jf: -HZ: : SJf: ^ff IT WPR^^U. 
. . . ., , ,. EH-iXiSPH 2BPcoaff.&^ 
change in tbe ajwidal line = -^jj — — = ~ 



5« 



&t 



-. (2ae-rcoBPSH)=—,\2ae'-r+a<l-^\. 12. Seesxx. 1. 

13- a', r' diatuicea of J^&om centre of gravity O of .Sand 5, 

wbldi is at rest or moves onifonnly. -, = -r^ — ^7-. -r, . 
■' r" {E+ Sf r' ' 

2 = ''^° (5 ■»■ ^ attraction between £aod 5=-^. 14. CF, 

OZ perp. tangent PT; COmeetaiTia 7*, polar in ^, and PJf 
parallel to polar in 3f, .-. CT.CM= CQ.CO, whence GT.MQ 

= CQ.OT. PO meets CZ» in U. Ace. to = ^. ^ 
~ a*l^ OZ' ' 0Z~ OP OT MQ'p' 



, .•- ace. to O 



= -^ ( J '') I'oce periodic time = 
X£SY. 



1. Fig. p. 131. QT', QG' tangent and normal at Q, 
centre of curvature t.TPG=t.TQG\ .-. !^TQT'=GPQG' nit. 
OP=PG, .: PT'xlTQT'^SOP.PQ, PT'^BPO', lUPM= 
lPGT=&0\ .: PM=2PU=2AP. 2. Take $Pfl any poai- 
tion of tbe line, Rp = QP, wben OP has revolved through tt, P 
comes to p, P and p trace the whole curve, let bisect QR^ let 
(JS turn through a small angle to Q'R aboot 0, P', C, p 
the new positiona of P, O, ^, corresponding area between 
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lorn, of P and ellifse -i(OQ' -OP' + OS'-Op') X t.QO<jf,- 



= 1 [2 (OC + CVl - 2 (CP"+ 0C')\ xlQOQ,:-. ivholc area 
= ^ (I (c' + c)' — i (c' — c)'} = Tree'. 3. tho centre of the circlo 
toQcning at P and p, SP, 8p meet the circle in (>, y, p T, PT 
tangents. pQq = SpT= 8PT=PqQ, .: Pq, pQ parallel, and 
^0 biaeeta pSP. 4. P\ Q conaecutive positions of P, Q, 
BOA Tertical diam. meeting BG in 0. SP.SQ=SO.SA. 
/ l^. . D „ SP'-SS' I I BQ.QO 

(™l.)' at P-2y. gj « 

Q«_SQ' vol. of q sa 

PP'~ SP' ■■ vol. of P 5P 



««" SB- 



and 



« Sg". 6. See (12) p. 39. 



Tea, attraction bisects SPH. and at B' 



2^ sin CBH 



pressure at 



nates to the ellipse ar 
(TeI.)'.tP-^.i 
MM' c'QM' + i 
^" 2 •J(iui) ■ QM 



6. PP' a small arc, QPM, qP'ir ordi- 



d aux. circle. Prove, as in (' 
time m PP = - — j-. — .- = 

2 ^{jlQ) 



, and 2 {MM'. QM) 



), p. 184, that 
i\l{lM,) ON 



iMM'\ 
' + Jf). 7. PS the 



s(M)_,^,,.,;„3toB.^-^(K 

unwound atring at time ( = arc^ Q of ihe circle, centre C, P' Q' 
KGBX PQ, PQ ia tbe radius of curvature of the path, tang. ace. 
a li.CA, .; AP=\,j..CA.t\ PP\AC=Qg.AQ=^AQ-'- AQ'). 
.: AP.CA^^AQ'^^fi.CA'.t;', when AQ^'2-ir .UA, (=27r-r-V^. 
Vel.=Ai.C-4.i, PQ = >Jfi.GA.t, .: ace. effect of tension =2;iiGA.l. 
. ^ 1 PL PL. PF* PL" _ r 
8. F-^ -^Y* • cjy "^ OY' "^ OP"' ' " ^"^^ 

weight double the length. c=OC the length of the tabe. 



Tension in CP= 



, CP. d the aemi-axia perp, 0(7, .*. '2ga 



^(?, d'=\<? or |c'; . 



= f or |. 10. ace, in orbit x 



vel. in hodograph oc ang. vel. cc (dist.)"*, 11. L8S' the latua 
rectum L ; LD, S'D tangents at L, S' intersect tn directrix at 
right angles. n.iAS = g. {Vel.}' at L = 2g .DS^fi. (iAS)'. 
coDJ. diameters equal X and a' + b' = 2i', ab = L' sin Jtt, 
{a±b]' = 2L'{cos^-rr±aio^iT}\ 12. tir the change in direc- 
tion ; h'- h = u. SPf resolve parallel to the axis, (-p — j] x 

sin..4,S'P+ "^ aincr=u shASP, .: ^ e^= (u-\- f^.u.SP) s\aASP, 
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and — ^^ = l + c coBjiliSP. 13- the angle of incidence, v 

the Tel. of striking ; v ein0 = veL parallel plane after every 
impact, e'v cos perp. plane after n impact If first orbit I>e 

a circle, tan^asc cot^,'i?'(sin'5-f c' cos'^) = ei?*, .•.«. — = -, 

and/.e-i. Ifn=oo, (vel.)*= y 8in«5= ^ ^2-^), ^ = 

2 

= 2cos'^=:; , .•. 4a=:3n 

1 + c' 



THE END. 
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